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A B S T R A C T

The role which hypergeometric functions have in the numerical and symbolic calculation, especially in the fields
of applied mathematics and mathematical physics motivated research in this paper. In this note, a general formula
for the sum, with the Kummer confluent hypergeometric function 1F1(a; b; z) is derived and given in terms of the
function 2F2(a; b; z). The idea for this investigation comes from the theory of generalized Gauss-Rys quadrature
formulas developed recently by (Milovanovi�c, 2018) and (Milovanovi�c and Vasovi�c, 2022). Several results are
obtained as special cases of the main result.
1. Introduction

The generalized hypergeometric function pFq is defined by

pFqða1;…; ap; b1;…; bq; zÞ ¼
X∞
ν¼0

ða1Þν⋯ðapÞν
ðb1Þν⋯ðbqÞν

zν

ν!
;

where the Pochhammer symbol (λ)ν is given by

ðλÞν ¼ λðλþ 1Þ⋯ðλþ ν� 1Þ ¼ Γðλþ νÞ
ΓðλÞ ;

and Γ(λ) is familiar Euler's gamma function

ΓðλÞ ¼
Z ∞

0
tλ�1e�t dt for ReðλÞ > 0:

In Wolfram's Mathematica, the function pFq is implemented as
HypergeometricPFQ and it is suitable for both symbolic and numer-
ical calculation (Wolfram, 2003). For p ¼ q þ 1, it has a branch cut
discontinuity in the complex z plane running from 1 to ∞. When p � q
this series converges for each z 2 C. For some recent results on this
subject, especially on transformations, summations and other applica-
tions see (Milovanovi�c et al., 2018; Milovanovi�c and Rathie, 2019).

In the case p ¼ q ¼ 1 the function 1F1(a; b; z) is known as the Kummer
nces and Arts, 11000, Beograd,
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confluent hypergeometric function and it has the following integral
representation (Olver et al., 2010, p. 326, p. 326)

1F1ða; b; zÞ ¼ ΓðbÞ
ΓðaÞΓðb� aÞ

Z 1

0
ta�1ð1� tÞb�a�1ezt dt; ReðbÞ > ReðaÞ > 0:

(1)

In this note we obtain a general summation identitity for the Kummer
confluent hypergeometric function 1F1(a; b; z). The idea for this inves-
tigation comes from the theory of generalized Gauss-Rys quadrature
formulas developed recently in (Milovanovi�c, 2018; Milovanovi�c and
Vasovi�c, 2022). In the next section we prove this general summation
identity and consider several special cases, giving a corollary as a
simplest case of the general result. Some conclusions and possible ap-
plications of the obtained results are mentioned at the end of this short
note.

2. The main results: summation identities

For a general sum of the form

Xk

ν¼0

ð�1Þν
�
k
ν

�
ðνþλþsþϵÞk�s

�
νþ1

2
þϵ

�
s�1

1F1

�
νþs�1

2
þϵ;νþλþsþϵ;�x

�
;

(2)
Serbia.

d 26 January 2023
niversity. This is an open access article under the CC BY-NC-ND license (http://

mailto:gvm@mi.sanu.ac.rs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.kjs.2023.05.014&domain=pdf
www.sciencedirect.com/science/journal/23074108
www.sciencedirect.com/journal/kuwait-journal-of-science
https://doi.org/10.1016/j.kjs.2023.05.014
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.kjs.2023.05.014
https://doi.org/10.1016/j.kjs.2023.05.014


G.V. Milovanovi�c et al. Kuwait Journal of Science 50 (2023) 190–193
where ε is 0 or 1, λ > � 1/2 and s;k 2 N, in this note we prove explicit
expression in terms of the hypergeometric function 2F2.

Theorem 1. Let λ > � 1/2, k, s 2 N and 1 � s � k. Then we have
Pk
ν¼0

ð�1Þν
�
k
ν

�
ðνþ λþ sþ ϵÞk�s

�
νþ 1

2
þ ϵ

�
s�1

1F1

�
νþ s� 1

2
þ ϵ; νþ λþ sþ ϵ;�x

�

¼
ð�1Þs�1k!

�
λþ 1

2

�
k

xk�sþ1

ðk � sþ 1Þ!ðλþ k þ ϵÞkþ1
2F2

�
k þ 1þ ϵ

2
; k þ ϵ

2
þ 1; k � sþ 2; 2k þ ϵþ λþ 1;�x

�
;

where ε is equal to 0 or 1.

Proof. We start from the formula for Gegenbauer polynomials (Prud-
nikov et al., 1986, p. 529, Eq. (10))

Z a

0
zα�1ða2�z2Þλ�1=2e�xz2Cλ

2kþϵ

�z
a

�
dz¼ð�1Þkaαþ2λ�1

2ð2kþϵÞ! ð2λÞ2kþϵ

�
1þϵ�α

2

�
k

�
Γ
�
λþ1

2

�
Γ
�αþϵ

2

�

Γ
�1þαþϵ

2
þλþk

�2F2

�
α
2
;
αþ1
2

;
1þα�ϵ

2
�k;

1þαþϵ

2
þλþk;�a2x

�
;

(3)

which holds for ε ¼ 0 or 1, a > 0, λ > � 1/2 and Re(α) > �ε.
Let s 2 N and 1 � s � k. First, we consider the right-hand side in (3)

for a ¼ 1. For these values of s we put

α ¼
�
2ðsþ γÞ � 1; ϵ ¼ 0;
2ðsþ γÞ; ϵ ¼ 1;

(4)

where 0 < |γ|≪ 1. Since

α
2
¼ s� 1

2
ð1� ϵÞ þ γ;

αþ 1
2

¼ sþ 1
2
ϵþ γ;

αþ ϵ

2
¼ s� 1

2
þ ϵþ γ;

1þ α� ϵ

2
¼ sþ γ;

1þ αþ ϵ

2
¼ sþ ϵþ γ

and

�
1þ ϵ� α

2

�
k

¼ ð�1Þk
�
1þ α� ϵ

2
� k

�
k

¼ ð�1Þkðs� k þ γÞk;

we split now the right-hand side of (3) into two parts, replacing there
the previous values for α,

Rð1Þ
k ðα; λ; ϵÞ ¼ ð � 1Þkð2λÞ2kþϵ

2ð2k þ ϵÞ!
Γ
�
λþ 1

2

�
Γ
�αþ ϵ

2

�

Γ
�1þ αþ ϵ

2
þ λþ k

�

¼ ð � 1Þkð2λÞ2kþϵ

2ð2k þ ϵÞ!
Γ
�
λþ 1

2

�
Γ
�
s� 1

2
þ ϵþ γ

�

Γðsþ ϵþ λþ k þ γÞ
and

Rð2Þ
k ðα;λ;ϵ;xÞ ¼

�
1þϵ�α

2

�
k
2F2

�
α
2
;
αþ1
2

;
1þα�ϵ

2
�k;

1þαþϵ

2
þλþk;�x

�

¼ð�1Þkðs�kþγÞk
�2F2

�
s�1

2
ð1�ϵÞþγ;sþ1

2
ϵþγ;s�kþγ;sþϵþλþkþγ;�x

�
:
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We note that

R̂ ð1Þ
k ð2s�1þϵ;λ;ϵÞ¼ lim

γ→0
Rð1Þ
k ðα;λ;ϵÞ¼ð�1Þkð2λÞ2kþϵ

2ð2kþϵÞ!
Γ
�
λþ1

2

�
Γ
�
s�1

2þϵ
�

ΓðsþϵþλþkÞ : (5)
To find the corresponding value R̂
ð2Þ
k ð2s� 1þ ϵ; λ; ϵ; xÞ ¼ lim γ→0R

ð2Þ
k ðα;

λ; ϵ; xÞ, we consider the series

ð�1Þkðs�kþγÞk 2F2

�
s�1

2
ð1�ϵÞþγ;sþ1

2
ϵþγ;s�kþγ;sþϵþλþkþγ;�x

�

¼ð�1Þkðs�kþγÞk
X∞

ν¼0

�
s�1

2
ð1�ϵÞþγ

�
ν

�
sþ1

2
ϵþγ

�
ν

ðs�kþγÞνðsþϵþλþkþγÞν
�ð�xÞν

ν!
:

Because of

lim
γ→0

ðs� k þ γÞk
ðs� k þ γÞν

¼

8><
>:

0; for 0 � ν � k � s;

ðs� 1Þ!
ðs� k þ ν� 1Þ!; for k � sþ 1 � ν � k;

we conclude that the first k� sþ 1 terms (for ν¼ 0, 1,…, k� s) of this
series, in the limit case, vanish, so that we consider the corresponding
series with terms starting from the index ν ¼ m ¼ k � s þ 1, i.e.,

ð�1Þkðs�kþγÞk
X∞

ν¼k�sþ1

�
s�1

2
ð1�ϵÞþγ

�
ν

�
sþ1

2
ϵþγ

�
ν

ðs�kþγÞνðsþϵþλþkþγÞν
�ð�xÞν

ν!

¼ð�1Þkðs�kþγÞk
X∞
ν¼0

�
s�1

2
ð1�ϵÞþγ

�
νþm

�
sþ1

2
ϵþγ

�
νþm

ðs�kþγÞνþmðsþϵþλþkþγÞνþm

�ð�xÞνþm

ðνþmÞ!:

Using the elementary identity (p)νþm¼ (pþm)ν(p)m and letting γ→ 0,
we get

R̂ ð2Þ
k

�
2s� 1þ ϵ; λ; ϵ; x

�
¼ ð � 1Þs�1

ðs� 1Þ!
�
s� 1� ϵ

2

�
m

�
sþ ϵ

2

�
m

ðsþ ϵþ λþ kÞm

xm
X∞
ν¼0

�
k þ 1þ ϵ

2

�
ν

�
k þ 1þ ϵ

2

�
ν

ð2k þ λþ 1þ ϵÞνðνþ mÞ! ⋅
ð � xÞν

ν!

¼ ð � 1Þs�1
ðs� 1Þ!

�
s� 1� ϵ

2

�
k�sþ1

�
sþ ϵ

2

�
k�sþ1

ðsþ ϵþ λþ kÞk�sþ1ðk � sþ 1Þ! xk�sþ1

� 2F2

�
k þ ϵ

2
þ 1
2
; k þ ϵ

2
þ 1; k � sþ 2; 2k þ ϵþ λþ 1;�x

�
:

Now, we obtain the right-hand side of (3), under the assumed con-

ditions, as a product of R̂
ð1Þ
k ð2s�1þϵ; λ; ϵÞ and R̂

ð2Þ
k ð2s � 1 þ ϵ;λ; ϵ;xÞ:



Fig. 1. The sums (8) (left) and (9) (right) for x 2 [�1, 1], when λ ¼ 1/2, k ¼ 4 and s ¼ 1, 2, 3, 4.

RHS ¼ ð � 1Þkþs�1ð2λÞ2kþϵ

2ð2k þ ϵÞ!
Γ
�
λþ 1

2

�
Γ
�
s� 1

2
þ ϵ

�
ðs� 1Þ!

�
s� 1� ϵ

2

�
k�sþ1

�
sþ ϵ

2

�
k�sþ1

Γð2k þ ϵþ λþ 1Þðk � sþ 1Þ!

� xk�sþ1
2F2

�
k þ ϵ

2
þ 1
2
; k þ ϵ

2
þ 1; k � sþ 2; 2k þ ϵþ λþ 1;�x

�
:

(6)
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On the other side, for a ¼ 1 and z ¼ ffiffi
t

p
, the integral in (3) reduces to

1
2

Z 1

0
tα=2�1ð1� tÞλ�1=2e�xtCλ

2kþϵð
ffiffi
t

p Þ dt;

which, after using the polynomial representation of the Gegenbauer
polynomials

Cλ
nðxÞ ¼

X½n=2�
ν¼0

ð�1ÞνðλÞn�ν

ν!ðn� 2νÞ! ð2xÞ
n�2ν

;

and taking α ¼ 2s � 1 þ ε (as before in (4), with γ ¼ 0), we get the
following expression for the left-hand side of (3)

LHS ¼ 1
2

Xk

ν¼0

ð � 1ÞνðλÞ2k�νþϵ2
2ðk�νÞþϵ

ν!ð2k � 2νþ ϵÞ!
Z 1

0
ts�

3
2þϵþk�νð1� tÞλ�1=2e�xt dt

¼ ð � 1Þk
2

Xk

ν¼0

ð � 1ÞνðλÞkþνþϵ2
2νþϵ

ðk � νÞ!ð2νþ ϵÞ!
Z 1

0
ts�

3
2þϵþνð1� tÞλ�1=2e�xt dt:
Pk
ν¼0

ð�1Þν
�
k
ν

�
ðνþ λþ sþ ϵÞk�s

�
νþ 1

2
þ ϵ

�
s�1

1F1

�
νþ s� 1

2
þ ϵ; νþ λþ sþ ϵ;�x

�

¼ ð�1Þk2k!ΓðλÞ
ffiffiffi
π

p
Γ
�
λþ 1

2

�
ð�1Þkþs�1ð2λÞ2kþϵΓ

�
λþ 1

2

�
Γ
�
s� 1

2
þ ϵ

�
ΓðsÞ

�
s� 1� ϵ

2

�
k�sþ1

�
sþ ϵ

2

�
k�sþ1

2Γð2k þ ϵþ 1ÞΓð2k þ ϵþ λþ 1Þðk � sþ 1Þ!

� xk�sþ1
2F2

�
k þ ϵ

2
þ 1
2
; k þ ϵ

2
þ 1; k � sþ 2; 2k þ ϵþ λþ 1;�x

�

¼
ð�1Þs�1k!

�
λþ 1

2

�
k

xk�sþ1

ðk � sþ 1Þ!ðλþ k þ ϵÞkþ1
2F2

�
k þ ϵ

2
þ 1
2
; k þ ϵ

2
þ 1; k � sþ 2; 2k þ ϵþ λþ 1;�x

�
;

However, it can be expressed in terms of the Kummer confluent hy-
pergeometric function (1) by taking a ¼ s� 1

2þ ϵþ ν, b ¼ s þ ν þ λ þ ε, z
¼ �x, so that
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LHS ¼ ð � 1Þk
2

Xk

ν¼0

ð � 1ÞνðλÞkþνþϵ2
2νþϵ

ðk � νÞ!ð2νþ ϵÞ!
Γ
�
λþ 1

2

�
Γ
�
νþ s� 1

2
þ ϵ

�

Γðνþ λþ sþ ϵÞ

� 1F1

�
νþ s� 1

2
þ ϵ; νþ λþ sþ ϵ;�x

�
;

i.e.,

LHS ¼ð�1Þk
2

ffiffiffi
π

p
Γ
�
λþ1

2

�

k!ΓðλÞ
Xk

ν¼0

ð�1Þν
�
k
ν

�
ðνþλþsþϵÞk�s

�
νþ1

2
þϵ

�
s�1

�1F1

�
νþs�1

2
þϵ;νþλþsþϵ;�x

�
;

(7)

Finally, comparing (7) and (6) we obtain
which had to be proved.
Theorem 1 for ε ¼ 0 and ε ¼ 1 gives the following sums:

Corollary 1. For λ > � 1/2, k, s 2 N and 1 � s � k, we have
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Xk

ð�1Þν
�
k
�
ðνþ λþ sÞk�s

�
νþ 1

�
1F1

�
νþ s� 1

; νþ λþ s; � x
�

ν¼0 ν 2 s�1 2

¼ ð�1Þs�1k!
�
λþ 1

2

�
kx

k�sþ1

ðk � sþ 1Þ!ðλþ kÞkþ1
2F2

�
kþ 1

2
; kþ 1; k� sþ 2; 2kþ λþ 1; � x

�

(8)

and

Pk
ν¼0

ð�1Þν
�
k
ν

�
ðνþλþsþ1Þk�s

�
νþ3

2

�
s�1

1F1

�
νþsþ1

2
;νþλþsþ1;�x

�

¼
ð�1Þs�1k!

�
λþ1

2

�
k

xk�sþ1

ðk�sþ1Þ!ðλþkþ1Þkþ1
2F2

�
kþ1;kþ3

2
;k�sþ2;2kþλþ2;�x

�
: (9)

In the case s¼ 1 the function 2F2 reduces to 1F1, because k� sþ 2¼ k
þ 1, so that Theorem 1 gives the following result:

Corollary 2. Let λ > � 1/2 and k 2 N. Then we have

Xk

ν¼0

ð � 1Þν
�
k
ν

�
ðνþ λþ 1Þk�1 1F1

�
νþ 1

2
; νþ λþ 1;�x

�

¼

�
λþ 1

2

�
k

ðk þ λÞkþ1

xk 1F1

�
k þ 1

2
; 2k þ λþ 1;�x

�

and

Xk

ν¼0

ð�1Þν
�
k
ν

�
ðνþλþ2Þk�1 1F1

�
νþ3

2
;νþλþ2;�x

�

¼

�
λþ1

2

�
k

ðkþλþ1Þkþ1

xk F1

�
kþ3

2
;2kþλþ2;�x

�
:

The sums from Corollary 1 are displayed in Fig. 1 as function in x, in
the case k ¼ 4 and λ ¼ 1/2 and s ¼ 1, 2, 3, 4.

Remark 1. The case s > k is obvious. The general sum (2) should be
written in the form

Xk

ν¼0

ð�1Þν
�
k
ν

� �
νþ 1

2 þ ϵ
�
s�1

ðνþ λþ k þ ϵÞs�k
1F1

�
νþ s� 1

2
þ ϵ; νþ λþ sþ ϵ;�x

�
;

R̂
ð1Þ
k ð2s�1þϵ; λ; ϵÞ is given by (5), and R̂

ð2Þ
k ð2s�1þϵ; λ; ϵ; xÞ is given

directly by

ð�1Þkðs� kÞk F2

�
s� 1

2
ð1� ϵÞ; sþ 1

2
ϵ; s� k; sþ ϵþ λþ k;�x

�
:
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3. Conclusion

In this paper, new summation identities for the Kummer confluent
hypergeometric function have been obtained. As possible applications of
given summation identities, we mention applications in representing
results from the theory of orthogonal polynomials, theory of special
functions, integral equations, etc. (Mastroianni & Milovanovi�c, 2008,
2009; Asanov et al., 2017).
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