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The role which hypergeometric functions have in the numerical and symbolic calculation, especially in the fields
of applied mathematics and mathematical physics motivated research in this paper. In this note, a general formula
for the sum, with the Kummer confluent hypergeometric function 1F;(a; b; 2) is derived and given in terms of the
function 5F(a; b; z). The idea for this investigation comes from the theory of generalized Gauss-Rys quadrature
formulas developed recently by (Milovanovi¢, 2018) and (Milovanovi¢ and Vasovi¢, 2022). Several results are

obtained as special cases of the main result.

1. Introduction

The generalized hypergeometric function ,F, is defined by

where the Pochhammer symbol (1), is given by

r(A+v)

(1, = 2t Dby = 1) = =5

and I'(4) is familiar Euler's gamma function
() = / #'e7'dr for Re(1) > 0.
0

In Wolfram's Mathematica, the function ,F; is implemented as
HypergeometricPFQ and it is suitable for both symbolic and numer-
ical calculation (Wolfram, 2003). For p = q + 1, it has a branch cut
discontinuity in the complex z plane running from 1 to co. When p < q
this series converges for each z € C. For some recent results on this
subject, especially on transformations, summations and other applica-
tions see (Milovanovi¢ et al., 2018; Milovanovi¢ and Rathie, 2019).

In the case p = g = 1 the function 1F;(a; b; 2) is known as the Kummer

confluent hypergeometric function and it has the following integral
representation (Olver et al., 2010, p. 326, p. 326)

\Fi(a; b z) :ﬁ/o 71— 1)’ e dr, Re(b) > Re(a) > 0.
@

In this note we obtain a general summation identitity for the Kummer
confluent hypergeometric function 1F;(a; b; 2). The idea for this inves-
tigation comes from the theory of generalized Gauss-Rys quadrature
formulas developed recently in (Milovanovi¢, 2018; Milovanovic¢ and
Vasovi¢, 2022). In the next section we prove this general summation
identity and consider several special cases, giving a corollary as a
simplest case of the general result. Some conclusions and possible ap-
plications of the obtained results are mentioned at the end of this short
note.

2. The main results: summation identities

For a general sum of the form

k

k 1 1
Z(fl)b <;> (V+A+s+e),_, <U+§+€) \Fi <v+s7§+e;y+/l+s+e;fx> ,
v=0 s—1
(2
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where e is 0 or 1, 4 > — 1/2 and s,k € N, in this note we prove explicit We note that

L . ; . ) — 1) 22) 5, T+ (s—1+¢)
expression in terms of the hypergeometric function F». RY2s—1+e.1.e)=1imR" (a1 :( 2Ute 2 2% (5
P YPers 22 ¢ s lrede)=imR o de) = Tterith) O

Theorem 1. LetA > —1/2, k,s € Nand 1 < s < k. Then we have

k k 1 1
Z(71)”<;>(v+/1+s+€)kﬂ_<1/+§+€> 1Fy <v+sf§+e;v+/1+s+e;fx>
v=0 s—1

1
(=1)""&! <,1+—) ot
= /s Fk =
T k=—s+DIA+k+e),, 2 72

7s+2,2k+€+/1+1;7x>,

‘ To find the corresponding value R,(f) (25— 1+¢€,4,€,x) = lim,_oRZ (a,
where ¢ is equal to 0 or 1. 1, €, x), we consider the series

Proof. We start from the formula for Gegenbauer polynomials (Prud-

. ‘ 1 1
nikov et al., 1986, p. 529, Eq. (10)) (71)A (s—k=+7), 2F> (sfi(175)+y,s+§€+y;sfk+y,s+e+l+k+y;fx>
a k_a+21-1
a—1¢.2 =1/2 ﬂrz A z (_1) a l+e—a 1 1
- o (Nde=2 ), (2
e e Q) ="rar P (T3, " (s-50-07), (s+247), (o
l—*(ﬂ_,'_l F<a+€> =(-1 ) (s +7)AZy 0 (S_k+}/)b(s+g+/1+k+}/)y v
o 2 <aa+l I+a—e¢ kl+a+€1,1+k~ a2x>
1 - 22\ ’ ’ ‘ v Because of
F( +g+é+ﬂ+k> 2" 2 2 2
for 0<v<k-—s,
(&) . (s—k+y) o l
M ka, ) —CTDL e rsii<u<k
which holds fore =0 or1,a > 0,1 > — 1/2 and Re(a) > —e. ’ P (s—k+v—1)V or Fostlzvsh

Lets € N and 1 < s < k. First, we consider the right-hand side in (3)

for @ = 1. For these values of s we put we conclude that the first k — s + 1 terms (forv =0, 1, ..., k — s) of this

series, in the limit case, vanish, so that we consider the corresponding

2s+7y)— 1, €=0, 4 series with terms starting from the indexv =m=k —s + 1, i.e.,
a_{Z(HV) 1, “
where 0 < |y|« 1. Since 1 1
- s—i(l—e)er s+§e+y (—x)"
1 1 1 1 —1)"(s—k+y) v L.
gz“i(lfe)ﬂ, %:ngﬂ, azé—“iﬂﬂ 0 ”Lz;ﬂ (s—k+7),(stet+itk+y),
1 1
l+a—e l+a+e &) Y_§(1_€)+y S+§6+]/ (_x)w»m
72 =s+vy, fis+€+}’ :(7 S k+YAZ v+m vim )
=0 S7k+Y)p+m(S+€+/1+k+y)b+m (Der)‘
and
l+e—a f1+a—e k . . . .
> =(-1) —a k) = (=D (s —k+7),, Using the elementary identity (p),m = (p + m),(p),, and letting y — 0,
k k

we get
we split now the right-hand side of (3) into two parts, replacing there
the previous values for a, (s—1)! (s _ ?) (S + g)
R (25 —1+e4, e,x) =(-1)"" n -

1 a+ s+e+i+k
i r+5)r(*59) ( I
R(l)(a A 6‘) :(_ 1) (2/1)2k+c 2 2
A 22k+e)! _d+a+e gy lte (k+1+5)
F(42 +A+k xmi D) 2/, (_x)v
! ! g 2k+,1+1+e) +m)! v
) F/1+7>F<sff+e+ )
(-, )Tty (s_m(s_ﬂ) ()
22k +¢)! I(s+e+i+k+y) — (-1 2 Jis 2/ kst s+
and (S+1€+/1+k)kﬂ“(k7x+1)!
x 2F2<k+f+—,k+5+1;k—s+2,2k+e+/1+1;—x).
2 l+e—a aa+ll+a—e  l+a+te 22 2
R (a,he,x) = 2 I — —k, 2 +A+k;—x

=(=1)(s—k+7);
) Now, we obtain the right-hand side of (3), under the assumed con-

1 1
X2 F5 (S_E(l —€)+y,s+=€e+y;s—k+y,s+e+A+k+y;—x ).

2 ditions, as a product of R,((l)(ZS —1 +¢,4,¢) and R,(f)(z.s -1+ e,4,6,x):
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(b) k=4,1=1/2

-10 -0.5 00 05 10

Fig. 1. The sums (8) (left) and (9) (right) for x € [-1, 1], when 1 =1/2, k=4ands =1, 2, 3, 4.

RHS =

(= ) @A)y g (g re)o- (s ‘1%> (++3

Do

22+ e)! T2k +e+i+D)k—s+ 1)

22 2

- 1 ~
xxk*‘*]2F2<k+f+—,k+f+1;k—s+2,2k+e+/1+1;—x>.

On the other side, for a = 1 and z = /%, the integral in (3) reduces to

1! _ :
2 / P =) ey (V) dr,
which, after using the polynomial representation of the Gegenbauer

polynomials

. [n/2] 71 v ﬂ s oy
Calx) = ; (I/‘(n)—( 2)1/)! (2"

and taking @ = 2s — 1 + ¢ (as before in (4), with y = 0), we get the
following expression for the left-hand side of (3)

1 k ( _ l)b(’l)Zk 22(k—u)+s 1 N .
LHS =- —vte ts—7+c+k—y 1—¢ A=1/2 _—xt dr
2; N2k — 20 + o) /0 (1—0)"Te

k €
_ ( — 1) i ( N l)b(/]')k+b+622b+ /l t'y7%+6+”(1 _ t)/?—l/Ze—xt dr.
(k=v)!2v+e) Jo

v=0

LH.

gy V@ (e (s e ro(s-

v

1
><1F1<u+s—5+e;v+l+s+e;—x>,

ie.,

1
x1Fy <1/+s—§+e;y+l+s+e;—x>,

Finally, comparing (7) and (6) we obtain

K [k 1 1
S (-1 (;)(v+i+s+e),\;s<y+i+e> 1 F <y+sfi+e;y+/1+s+e;fx>
s—1

1—¢€ ( +e)
s+ —
2 kestl 2 k—s+1

- \/ﬁr(z+%>

1

xxH“ze(Her— k+£+1;k—s+2,2k+e+ﬂ+l;—x>

22 2

s—1 1 —s+1
(-1) k!</1+§)kad‘ +

_ P
Gk—st DGt kto, > 2( *

€

22 2

However, it can be expressed in terms of the Kummer confluent hy-
pergeometric function (1) by takinga =s—1+e+v,b=s+v+1+¢,2
= —Xx, so that

Corollary 1.

192

A 2k+e+1)I2k+e+A+1)(k—s+1)!

1
4o k+€+1;kfs+2,2k+e+l+l;fx>,

which had to be proved.

Theorem 1 for e = 0 and € = 1 gives the following sums:
ForA>—1/2,k,s€ Nand 1 <s <k, we have

(k—v)!(2v+¢)! Tv+2+s+e)

(_21)k]dr(/1)2>i(— 1) (S) (v+A+s+e),_, (l/+%+e

).

(6)

)
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k
1 1
E ()1/+1+¥) (1/+§) 1F1<I/+s—§;1/+/1+s;—x>
s—1

v=0
3 (=1 K2+ 4) !
 (k=s+ DA +k),,

1
ze(k+§7k+1;k—s+2,2k+ﬂ+1; —x)

(8)

and

L~

[k 3 1
(=1) (;) (v+A+s+1),_, <U+§) 3 (v+s+§;u+l+s+ 1;—x)
s—1

v=I

1 D\
(-1) k!(HE)kﬂ +

T (k=s+DI(A+k+1),,, ©)

3
2F, <k+1,k+§;k7x+2,2k+ﬂ+2;7x>.

In the case s = 1 the function 5F, reduces to 1F;, because k —s +2 =k
+ 1, so that Theorem 1 gives the following result:

Corollary 2. Let A > — 1/2 and k € N. Then we have

k

1
( ) w+i+1 )k,11F1<I/+E§I/+l+1§—x)

1/:0
1
(HE)
=~ Tk P k4+=2k+A4+1;— >
(k4 2)1 '( 2
and
d 3
Z <>v+/1+2)k 11F1<y+ U A+2; x)
v=0

72%1«" k+ 2k +A+2;—x
(k+a+1),,~ !

The sums from Corollary 1 are displayed in Fig. 1 as function in x, in
thecasek=4and A=1/2ands =1, 2, 3, 4.

Remark 1. The case s > k is obvious. The general sum (2) should be
written in the form

zk: bri+e),, Fi(vts—irevtrats+

- s—=+e€; s+e;—x
v l/+/1+k+€)\k ! 27 P
Rl)(2s 1+e,4,¢) is given by (5), and Rk (25—1 +e,4,€,x) is given

directly by

1 1
(=1)*(s — k), F2<s—§(1—e)7s+§e;s—k,s+€+/1+k; —x).
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3. Conclusion

In this paper, new summation identities for the Kummer confluent
hypergeometric function have been obtained. As possible applications of
given summation identities, we mention applications in representing
results from the theory of orthogonal polynomials, theory of special
functions, integral equations, etc. (Mastroianni & Milovanovi¢, 2008,
2009; Asanov et al., 2017).
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