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518. ON SOME INTEGRAL INEQUALITIES"

Gradimir V. Milovanovic

A. OSTROWSKI([1]) has proved the following theorem:

Theorem A. Let f be a differentiable function on (a, b) and let,
if' (x) I~ M. Then, for every x E (a, b),
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REMARK. If f: R R is a differentiable function defined on [a, b] and such that If' (x) I
~M (V x E (a, b)), then the inequality (1) h aIds for every x E [a, b] (see [2]).

G. W. MACKEYin [3] has given the following result.

Theorem B. Let f be a differentiable real-valued function defined on [0, 1] and
such that

1f'(x)I~M for O<x<1.
Then
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These results are presented in the monograph [4, p. 297].
In this paper we shall give some generalisations of these results.

Theorem 1. Let f: R --o>-Rbe a differentiable function defined on [0, I] and
such that

Then
If' (x) I;;,M for O<x< 1.

(3)

where

and

ak

Proof. Let E(f;k)=f(xk)-~ f f(x)dx.
Ak

ak-I
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According to Theorem A and the Remark, we have

i. e.

(4)

Since

according to the inequality (4), we obtain (3).
Thus the theorem is proved.

Corollary 1. If Xk = ak or Xk = ak-l' from (3) it follows

Corollary 2. If Xk = ~ (ak-l + ak)' from (3) we obtain
2

Corollary 3. If ak= ~ (k = 0, 1, . . . , n), from (3) it follows
n

(5)

k k- 1
If Xk = ak=- or Xk = ak-l =-, from (5) we have
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This inequality is stronger than the inequality (2).
1 2 k-l .If xk=-(ak-l+ak)=-, from (5) we obtam
2 2n
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Inequality (6) is given in [5, p. 151].
Now let D={(xl"'" xm) Ia;<x;<b; (i= 1,..., m)} and let jj be the

closure of D.
We now propose the following generalisation of Theorem A.

Theorem 2. Let f: Rm --+ R be a differentiable function defined on jj and let

I

of

l

;;;,M;(M;> 0; i= 1,..., m) in D. Then, for every X=(xl"'"
xf1l)E D,

10Xj
bl bm

I

f(xl' . . ., xm) - m
1 J... J f(YI"'" Ym) dYl" .dYm

II ITCb;-aj) al am

;~1

(7)

Proof. Let X = (xl' . . . , xm) and Y = (Yl' . . . , Ym) (XED, Y E D). Accor-
ding to TAYLOR'Sformula, we have

(8)
m

" 0 fCC)
f(X)-f(Y)= L - (Xj-Y;)'

;=1 OX;

where C=(Yl+6(xl-Yl),...,Ym+6(xm-Ym» (0<6<1).
. Integrating (8), we obtain

(9) f(X)mesD- J. "J fey) dY=.~ J. "J
ofCC)(x;- Y;)dY,

D .=1 D
0 X;

m

where dY = dYI. . . dYm and mes D = TI (b; - a;).
;=1

From (7) it follows

and
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respectively, owing to the assumption
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we have
hi

J...J IXi-YjldY=:j~: JI Xj-Yil dYj
D 0i

Since mes D>O,

[
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]= (mes D) (bj-aj) ~+
Xj-~

.
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inequality (10) becomes

[
( a.+bY
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Thus the proof is finished.

The Theorem 2 can be generalised as follows.

Theorem 3. Let f: Rm- R be a differentiable function

I

of

I

~Mj (Mi> 0; i= I,..., m) in D. Furthermore, let
o~

-defined, integrable and p(X»O for every XE D. Then, for every XE D,

defined on D and let

function Xf--'?p (X) be

f(X) -
J-.) p(Y)f(Y)dY

D

J- . -f p (Y) d Y
D

m

2: Mj J. ..Jp (Y) IXj - Yi [dY
<

i~1 D
= J-.} p(Y)dY

D

This Theorem can be prove similarly to Theorem 2.
We use the following notations:

m,niEN (i=I,...,m);

O=aiO< ail <. . . <aini= 1 (i= 1,..., m);

k=(kp..., km), X=(xp..., xm)' Xk=(Xlk!,.'" Xmkm);

D={X[O<xi<l; i=I,...,m};

D (k) ={Xk Ia; k. 1 <X;k' <aik' (k;= 1,..., nj; i= 1,..., m)};, 1- I I

E(f;k)=f(Xk)- m
1

J ... J f(X)dX.

II A;k. D(k)
;=1 '
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Theorem 4. Let f: Rm-R be a differentiable

I

of

I

;:a;M;(Mj> 0; i= 1,..., m) in D.
o Xj

Then

function defined on D and let

(11)

where

Proof. According to Theorem 2, we have

(12)

nJ nm - -Since U
'" U D(k)=D, we have

k1=1 km=l

nl nm

~ 2: ... L Alkl"'AmkmIE(f;k)l.
k1~1 km=l

Using (12), the last inequality becomes

1 m

(
ni

)=- L Mi L H(Xiki; ki) .
2 i=1 ki=l

The proof is finished.

Corollary 1. If Xikj = aiki or Xiki= ai,ki-h from (9) it follows
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Furthermore, if Aiki = ~, holds
ni

I ! ... !feX)dX-
1 ~ ... ~ feXk)

I

~~ ~ Mi.

I n. . .n ~ 2 n.Dim k1~1 km=1 i~1 I

1
Corollary 2. If Xiki =

2:
eai, ki-l + aiki)' holds
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I

~
~ ~Mi (~ Aik:)'

D
k1~1 km=1 1~1 k1~1

Furthermore, if Aiki = ~, we have
ni
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I

~~ i Mi.
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