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573. ON GENERALIZATION OF THE INEQUALITY OF A. OSTROWSKI
AND SOME RELATED APPLICATIONS*

Gradimir V. Milovanovi¢ and Josip E. Pecarié

A. OstROWSKI ([1]) has proved the following result:

Theorem A. Let f be a differentiable function on (a, b) and let, on (a, b), | f' (x) | = M.
Then, for every x&(a, b),

a+b

f(x)lfbﬂx)dx' ! (X_T)z -
P }§ Z-’_—_-—— (b—a) M.

G. V. MiLovanoviC ([2]) has generalized the Theorem A when f is function
of several variables. In the same paper [2], by use of Theorem A, the following
theorem, which generalize the result of G. W. MACKEY ([3], [4, p. 297]), is proved:

Theorem B. Let f: R—R be a differentiable function defined on [0, 11 and such that
1 ()| =M for 0<x<1. Then

[reax- S S ) |22 S (=) + (@ — x07),
‘0 k=1 2 2

where
0:a0<al< M <an= 1
and
N=ap—a_, G =x=a (k=1,...,n).

In this paper we shall give generalizations of these results when | f) (x) | = M
(VxE&(a, b)), and n>1.
Theorem 1. Let f : R— R be n (> 1) times differentiable function such that | f® (x) | = M
(VxE(a, b)). Then, for every x<[a, b]

M C=a)m T (b—x)n !
nn+1)! b—a

3

lrl, (f(xH:ii Fk)‘;i; fbf(y) dy I =

where Fy is defined by

(1) Fo=F, (f: m; %, a, by="—F [L 2@G—a) =/l D) x—b)

k! b—a
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Proof. Integrating by use of TAYLOR’s formula
fX)=f+ Z f"‘)(y) (x— y)"+ f‘")(i) (x =y,

where £=y+0(x—») (0<b<1), we obtain

b et b b
@ f@G-a- [[fdy=3 3 [1OO-pidy= [12@ -rrdy
oy k! n!

Putting 7, = [f(") M (x—y¥dy (k=1) and I,= ff(y) dy, by means of
partial integration on I., we have
— L{EDO) b D@ - L, (1=k=n-]),

ie.
=k (—Li_)=—b—a)F, (I=zk=n-1),

where Fy is defined by (1).
Since

n—1 n—1
> m—k)—L_)= —(b—a) Z Fy»
k=1 k=1
ie.
n—1 n—1
L+S L=nl,—(b-a) S F,
k=1 k=1

it follows, from (2),

1 b b
F@G-a)+b-a) 3 Fnly|=| [70@ G-yray|=7 [1xyldy
Pt H n.a

(x—ay"+1+(b—xy"+1}

T+ 1!
Thus the proof is finished.
For n=2, the Theorem 1 reduces to the following corollary:

Corollary 1. Let f:R—>R be twice differentiable function such that | "' (x)|<M
(Vx&(a, b)). Then

)
(x—a)f(a)+(b—x)f(b)) f ) dy| M(p—ay L 2 )

b—a 4

| HUGCE i

for every x&|a, b).
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Now we shall give an application of Theorem 1. Namely, in the quadrature
formula .

1 m
3 ff(x)dx—;z D+ 1S S F 4R, (),
=1 B op—t1j=1
where
O=gy<a< - -<a,=1,
N=a—a_,, a_=sx;=aq (=1,...,m),

Fij)skj (fim x5 a5, a)

E% {Cg—a,_ ) =D (a;_) — (x;— @) fD (ap)}

we shall estimate R, (f).

Theorem 2. Let f : R— R be n (> 1) times differentiable function such that | f® (x) | < M
(VY x&(0, 1)). For the error R, (f) in the quadrature formula (3), holds

4) | R, (f)|§”(n+1)‘ % {(xj—aj_l)nﬂ+(aj—xj)n+1}_
14
Proof. Let
_1 e AN 7
b= n (f(xj)-i_kgl Y i ) A ff(X) dx
Since
IR, (f)|-;ff(x)dx—~z M) = 'S |- S 0E]= S 15,
nog_ 1j=1 j=1 j=1

on the basis of Theorem 1, we have

[R,, (f)l“ Z {Cg—a_ )14 (@, — xp)m+ 1}

n(n +1)'

Thus, the Theorem 2 is proved.
We now present some corollaries of the Theorem 2.

Corollary 2. If x;=a; (j=1, ..., m) then

1
;R,,,(f)|=iff(x)dx—%zlxjf(aj)—%kz "fz AEFED (g
0 I=

=1

If, moreover, a,=]- (=1, ..., m) then
m

M
n(n+1)!m )

) R, ()=
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Note that for n=2, (5) reduces to

IR, (f)|—{ff(x)dx——z( (’ 1)+f( ))Flzm“

what represents the error of generalized trapezoidal rule (see [S], p. 95).

Corollary 3. If xj:%(aj_] +a;), (4) is reduced to

1 M m n+1
R = YRR
R ()] 2nn(n+1)!jg1 !
If, moreover, aj=i(j= 1, ..., m) then
m
M
R, (N)|=

2nmn (n+ 1)1

In this case, formula (3) is reduced to

(6) oflf(x)dx=jglf(2;ml> ”,lié (2m)’<k'1§:1<f(k 1)( ml)

e (L) R, ()

In special case for n=3, formula (6) becomes

[reom= 3 (1[5 s B oo (2)

j=1

)

where

1f"’ () |-

IR, ()=

576 m3 x
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