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ABSTRACT. The main purpose of this paper is to present a multi-parameter study of the famil-
iar Mathieu series and the alternating Mathieu series .#(r) and .#(r). The computable series
expansions of the their related integral representations are obtained in terms of higher transcen-
dental hypergeometric functions like Lauricella’s hypergeometric function F, é.m) [x], Fox—Wright
¥ function, Srivastava—-Daoust S generalized Lauricella function, Riemann Zeta Dirichlet Eta
function, while the extensions concern products of Bessel and modified Bessel functions of the
first kind, hyper—Bessel and Bessel-Clifford functions. Auxiliary Laplace-Mellin transforms,
bounding inequalities for the hyper—Bessel and Bessel-Clifford functions are established- which
are also of independent but considerable interest. A set of bounding inequalities are presented
either for the hyper—Bessel and Bessel-Clifford functions which are to our best knowledge new,
or also for all considered extended Mathieu—type series. Next, functional bounding inequalities,
log—convexity porperties and Turdn inequality results are presented for the investigated exten-
sions of multi—parameter Mathieu—type series. We end the exposition by a thorough discussion
closes the exposition including important details, bridges to occuring new questions like the sim-
ilar kind multi—parameter treatment of the complete Butzer—Flocke—Hauss 2 function which is

intimately connected with the Mathieu series family.

1. INTRODUCTION AND PRELIMINARIES

The series representation of Riemann Zeta function ((s) is defined by [81, p. 164, Eq. (1)]

C(s)zZn_s, R(s) >1,

n>1
and its integral representation is given as
1 < ps—l
C(s) = F—)/o Tdr () > L (1.1)
The close relative of the Riemann Zeta function known as Dirichlet Eta function (or the alternating

Riemann Zeta function) n(s) and its integral representation is given by [81, p. 384, Eq. (35)]

n(s) = 3 (-1)" ', R(s) >0,

n>1
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and

n(s) = % /000 A dz, R(s) >0, (1.2)

S e +1
respectively.
In the study of elasticity of solid bodies, Emile Leonard Mathieu (1835-1890) investigated the
celebrated infinite series of the form [54]

amzz%—ﬁl— >0, (1.3)

2 22
n?+r
et +r2?)

A remarkable useful integral representation for S(r) is given by Emersleben [21] in the following

elegant form

1 [ zsin(rz)
S(r)= - ———~dz. 1.4
m=7 [ (14)
The alternating Mathieu series
~ 2n
Sr)y=Y ()"t - >0, (1.5)
n%:l (n2 1 12)2
and one of its integral representation was established by Pogény et al. [74, p. 72, Eq. (2.8)]
~ 1 [ rsi
S(r) = —/ M da; (1.6)
r Jo e? 4+ 1

another kind integral forms for Mathieu and alternaning Mathieu series were obtained by Milo-
vanovi¢ and Pogany [60, pp. 185-186, Corollary 2.2], Tomovski and Pogédny [89, p. 7, Theorem
3.2] derived Cauchy principal value integrals for these series, also see [11, 13, 20] in this integral
forms respect. We notice that S(0) = 2¢(3), while 5(0) = 27(3) but that are not the only connect-
ing links between the Riemann (, Dirichlet 7 and the Mathieu series and its alternating variant.
The Mathieu series (1.3) and alternating Mathieu series (1.5) can also be written in terms of the
Riemann Zeta function ((s) and Dirichlet Eta function 7(s), respectively [13, p. 863, Eq. (2.3-4)]

(1) =2 (=) (n+1)¢@n+3)r™",  |r[<1 (1.7)
n>0
and
(N =23"(-1)" (n+)n@n+3)r*, || <1 (1.8)
n>0

The generalization of Mathieu series we can realize considering the related integral representation

extending the integrand by a welght function. Namely, re-write (1.4) into the form

(g e E e E[ 2

where J 1 stands for the Bessel function of the first kind of the order % Now, diverse points of

view occur which we can develop in several possible directions. We mention few of them:

Ji(ra)de, (1.9)

w\»—A

(i) The generalization methodology of the multiparameter unified and generalized Voigt func-
tion considered by Khan et al. [30] in which a finite product of different arguments sine

function is inserted into integrand.
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(ii) Replacing the product of trigonometric functions with a product of Bessel functions of the
first kind was done in the article by Srivastava and Pogény [86, p. 195, Eq. (4)]. Motivated
by (1.9) we can proceed using ONE general order Bessel function of the first kind J, (rz)
instead of J1 (rz) in (1.9) or, secondly, the product of sines from (i) we replace with a
prODUCT [[7%, J,, (rjx); min{vy, -+, v} > —1. By these methods we extend either the
integrals (1.3) and (1.5) or a fortiori the series (1.7) and (1.8).

(iii) As a further extension of Bessel function the multiparameter Bessel-Clifford function [16,
26, 27], which is actually a normalized and simplified argument variant of the Delerue
hyper-Bessel function [15, 16, 32, 33, 34, 36, 37], can be used in (ii).

However, the hyper—Bessel function unification of the input Bessel and modified Bessel

functions is of considerable interest.

(iv) A wide range of literature offered on the bounding inequalities for the Bessel functions
family members (see [1, 2, 3, 5, 6, 17, 18, 31, 54, 60, 67, 69, 70, 72, 74, 79, 80, 86, 90])
suggests to include a special chapter for obtaining and discussing bounding inequalities for

the multi-parameter extensions of the Mathieu—type series.

(v) Diverse mathematical models are connected with the here exposed theory of Mathieu series,
particularly with the general concept of the so—called (a, A)—series, see [70]. So, the inserted
7. Application section is devoted to certain applications of different type Mathieu series
and generalizations in quantum physics (Casimir effect’s mathematics); the 2D clamped
plates and membranes vibration model described by the fourth order homogeneous and
non-homogeneous differential equation A2 f = 0 associated with Neumann boundary con-
dition; the same type Neumann problem for the 3D prism (both investigated by Mathieu
himself); ODE description and definition of the Butzer—Flocke—Hauss complete Q and the
related study devoted to bounds’ magnitude which are derived by the celebrated Chaplygin

Differential Comparison Theorem.

The main objectives of this work are to present a multi-parameter study of the familiar Mathieu
series and alternating Mathieu series () and ﬁr) Series expansions are obtained in terms
of Lauricella’s hypergeometric functions by using generalized Weber-Schafheitlin integral. Rela-
tionships of the multi-parameter Mathieu series and alternating Mathieu series with the Riemann
Zeta function and the Dirichlet Eta function are also considered.

Next, a set of bounding inequalities are presented either for the hyper—Bessel and Bessel-Clifford
functions which are to our best knowledge new, or also for all considered extended Mathieu—type
series, while a short section concerning log—convexity and Turdn inequalities are given for all
considered extended Mathieu series.

The Applications section covers the topics listed above in (v), while a thorough discussion

finishes the exposed results.
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2. PRELIMINARIES. HYPERGEOMETRIC AND BESSEL TYPE SPECIAL FUNCTIONS

In the beginning part of this section we recall power series definitions of generalizations of
hypergeometric function which take place in our considerations.

The Fox-Wright function, which is a generalization of hypergeometric function, is defined as
follows [24], [92, p. 4, Eq. (2.4)]:

ﬁ I(a; + kA;)

(ahAl)a"' 7(67/ ) j=1 Zk
| ) s 2
(b1, 1)""a(lZ7 q E>0 HI‘([) +kB)
j=
where A; >0, j=1,---,p;B; >0,j =1,---,q. The convergence conditions for the series at

the right-hand side of (2.1) follow from the known asymptotic of the Euler Gamma-function. The

defining series in (2.1) converges in the whole complex z-plane when

q p
AZI‘FZBj*ZAi > 0.
j=1 i=1
1

If A =0, then the series in (2.1) converges for |z| < p, and |z| = p under the condition R(6) > ;5
where
P a p
p=114" 18" 0= b- Zak+— (2.2)
j=1 j=1 j=1 k=1
The Fox-Wright function extends the generalized hypergeometric function ,Fy[z] which power

series form reads

lp_[ (ar) Jk

ai, -+, ap R !
ok [ b b 11T a K
1 s Vg E>0 H(bl)k
=1
where, as usual, we make use of the Pochhammer symbol (or raising factorial)
I(r+k
(To=1 (Mr=7(r+1)(r1+k—1)= 7(“7) ), keN.

In the special case A, = By =1;r =1,--- ,p;s = 1,- -+, q, the Fox-Wright function ,¥,[z] reduces
(up to the multiplicative constant) to the generalized hypergeometric function
(ahl)v"' 7(ap71) ’ } F(al)"'r(az)) [ ay, - ,0p :|
z| = =———=+~ pFy z|.
(b171)7"' 7(bq71) F(bl)r(bq) bl,"' ,bq
The Bessel function of the first kind of the order v has the power series definition

1)k (2>y+2k
k' Fv+k+1)

p~=q

Ju( —2¢N;veC, (2.3)

while the modified Bessel functions of the first kind of the order v has the expansion

(£)V+2k

=) — —-2¢N;veC.
= ElT(v+k+1)
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Their multi-parameter analogues are the hyper—Bessel function by Delerue has the power series
definition (see the inventory article [15] and also [1, 12, 16, 37]):

3 v z k(m+1)
J(m)(z) = z ’El ’ Z (-D* (m+1)
v k>OF(ul+I~s+1)~--r(z/m+k+1)k!’

and its modified variant is'

m

>y 2 \k(m+1)
M) = —=2— )~ Z (1)
v m—+1 I‘l/1+k+1 T +k+ 1)k

For m = 1 we arrive at the classical Bessel and modified Bessel functions, while for m > 2 we
deduce the so—called Bessel-Clifford (or normalized hyper—Bessel) functions [28, p. 11, Eq. (2.5)]

— i v /(m+1)

5 i=1 J’Sm) m+ 1) 2/ (m+1) 1)k ok
CimM (£2) = . ( ) ) =3 = (F1)"2 (2.4)
Z7j§1 Vj/(m+1)l(m) (z)((m n 1) Zl/(m+1)) k>0 H F(Vj +k+ 1) k!
v ]:1

In the case m = 1 the Bessel-Clifford function is related with the standard Bessel function of the

first kind of the order v; = v via the equality [28, p. 11, Eq. (2.2)]
CM(2)=Cu(2) =275 J,(2V2). (2.5)
Another type generalization includes the four multivariable Lauricella generalized hypergeometric

series of m variables. We will apply an) (see the original definitions in Lauricella’s introductory

memoir [44, p. 113]) to infer some our main results. Its definition reads [85, p. 33, Eq. (1)]

m kj
m L
Fé )[0475?7/;33] = Z(Oé)k1+-~+km ()T a—— H %
k>0 1 (),
> j=
The convergence domain is y/|z1]| + -+ - + 1/|Zm| < 1 established in [44, p. 116].
Finally, the Srivastava-Daoust generalization of the Lauricella hypergeometric functions in m
variables defined by [82, p. 454]

. [(@): 0, 0] [(¥): @] [(B™) : ™) T
A:B’;..;BU™ _
SCiprie D) :
[(c) : a5 5] [(d) 2 85 [(d™) = 50m)] .
(m)
j e . plm)
H(aj)kle’-+~~+k 5™ H( )kuoj [1 (_j )kmw‘-’”) Ky X
=y ke LT Tl (2.6)
k0 11 it P om) il T
- Hl(cj)k1w’,+...+k ¢(m) H ( )klé’ H1 (dj )kmé(.m)
j= g j= )

where the parameters satisfy
0/1, 30143"' 75§m)7 ,5g?m) > 0.

IHere, and in what follows, we shall write the shorthand a = (a1, ,am).
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For convenience, we write (a) to denote the sequence of A parameters aj,- - ,aa, with similar
interpretations for (&), , (d™). Empty products should be interpreted as unity. Srivastava and

Daoust [83, pp. 157-158] reported that the series in (2.6) converges absolutely

(i) for all z = (21, -+ , @) € C™ when
C DO A BW
_ (£) (&) (&) (&) _ .
Ae=1+ 0) +) 67 =3 07 => ¢ >0 t=Tm,
j=1 j=1 j=1 j=1
(ii) for |z¢| < e when Ap=0,¢=1,--- ,m, where
®
C m b p® )
: : ‘ ) 8¢
o o T (S we?) T 60
— min [ j=1 j=1 Jj=1 \{=1 j=1
1 K1y 5 hm >0 ¢ A n © 0;@) B © RO
() T 4"
j=1 \é=1 j=1

:B’;....B(M) . . . . . . ..
When all A, <0, féﬁ.’... .’1])3<m> (x) diverges exclusively at the origin, that is, this series is formal.

3. MULTI-PARAMETER MATHIEU SERIES .%), ,,(T) AND .7, ,(T)

The extended Mathieu series S(r) and its alternating variant S(r) read

T o] .’L'M_l
Sup(r) = o) w1 Jy(re)de, p+v>1, (3.1)

S, (r) = 1/00 il J,(rz) da Tu>0 (3.2)
AT N fy er 1 Y o rTr=E '

where in both cases r > 0, ;> 0. Clearly S%é(r) = S(r) and E%V%(r) = §(7’)

Now, we introduce the multi-parameter Mathieu series and alternating Mathieu series .7}, ,, (1)

and 5’;7,,(7'); a= (a1, - ,an) as follows
oo xll«*l m m
T (1) = K (1) / - II7,0z) de, p+> v >1 (3.3)
o ¢ — j=1 j=1
— o0 l‘“_l mn m
Fuw(r) = Km(r)/ ey H Jy, (rjx) - da w4+ Z v;j >0 (3.4)
0 i=1 =1
™% 15 -1 m
Ky (r) = (§> Hrj , r € R
j=1

At this point we remark that the Mathieu series S(r) (so does its recently introduced alternating
counterpart S(r)), was considered by E. L. Mathieu for 7 > 0. Obviously, the definition (1.3)
allows r € R. Following Mathieu’s approach in taking the domain r > 0, we consider the first
orthant R as the domain for 7 for the multi-parameter Mathieu series, also since we remain by

this choice in real domain for .}, ,,(r) and Zﬂ,(r).
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Remark 1. It is worth to mention that by means of the relation

1 2
e?+1 er—1 e2®_—1’

in (3.4) and simplifying, we get the simple inter-relation
Fup(r) = Fpu(r) — 27hm ! yuﬂ'(% 7')'

Accordingly, the analysis of the alternating multi—parameter Mathieu-type series study can be treated

considering exclusively the multi-parameter Mathieu’s 7, ..

m m
Theorem 1. Forallp > 1, v+1¢€ RTH, p+ > v >0 andr € RY such that Y r; < p we

J=1 Jj=1
have
1 ) T1 i 1 - r?
Fuw(r) = fim(lh’/)z —— B )[§(M+ZVJ‘)7§(M+ZV;‘ +1);V+ L ——2} ;
n>1 “*J; Vi j=1 j=1 n

2

r
n2l’

Zy(r):nm(,u,u)Z# [( f: ) (M+ZVJ+1)V+1

n>1 n/““]; vj =1
where
T2 T (,U + Z VJ) moi —%
i) = et iy

Proof. Insert the binomial series expansion of the kernel (e” —1)~! =" _ ™™ into (3.3), valid
for the whole integration domain x > 0. The legitimate integral-sum interchange, which can be

proved e.g. by the dominated convergence theorem results in

m

S (T Z/ phtemn® Jy,;(rjx)-de. (3.5)

n>1 j=1

Making use of the generalized Weber—Schatheitlin integral [84, p. 2, Eq.(2.2)]

N " i1 (%) (M+ZV7)
/ xhlemow H Jy, (Bjr)dr = j;1

0 j=1 H+E vj
a = Tw+1)--Ty,+1)

< F|2 (,HZVJ) (HZVJH),,H Bl e

which parameter space consists from $(u) > 0, %(u + Z;nzl l/j) > 0and |Bi| + -+ |Bml| < |ul,

specifying in (3.5) a =n and §8; =r;; j =1,--- ,m, we conclude the first asserted formula.

The derivation procedure of the series expansion result for ZW(’I’) applies the binomial series
(1+em) 1 =3, (=1)"te ™ 2 > 0. Now, the path to the final formula is obvious. O

The next result gives an insight how our series expansion formulae are related to the one-

parameter initial Mathieu series (3.3) and(3.4).
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Corollary 1.1. Forall p,v+1>0, u+v > 0 we have

1 lu—"_l/?l,u"‘l/—‘rl 7‘2
«7“7,,(7“)2/-61(”,1/) Z W2F1[ 2( ) 2( ) __}

w1 v+1 n?
1 3 v —p+1 2
:Hl(,uyV)Ziﬂ_*_,,QFl[ 2(.U+ v) 2(1/ A1) ’ 27" 2}.
w1 (% +1r2) v+1 ne+r

Moreover, when pu+ v+ 1> 0 there holds

S (=prt s(u+v),s(p+rv+1) | 02
(-t [ s(p+v),s(v—p+1) ‘ r? }
=K v T a+v F ,
1(M )nzz:l (n2+1"2)% 1 vl n2_|_7~2

where

VAT D(u+v)
K1 (,U'v V) = T .

2 2 (v + 1)
Proof. Putting m = 1 in Theorem 1, then having in mind that now v = vy = v, r = r; = r and
the Lauricella Fél) reduces to the Gaussian o F function we have instead of (3.6) the integral (see
Watson’s historically developmental comments [91, p. 384 et seq., Eqs. (2) and (3)] concerning
this result who attributed the first formula to Hankel and Gegenbauer):
(3) Tty - [ 2t v),g(ptv+1) bQ}
artT(v+1) 2! 2

/ h e ], (br) dx =
0

v+1 a
N €I 750 [ Su+v) 51— ptv) | b? ]
(a2 + 025D+ 1) ° v+l PR

where the second equality follows by the Pfaff linear transform of the argument in Gaussian hy-
pergeometric function. Following the steps in the proof of Theorem 1, we conclude the statements

specifying a = n; b =r. O

The reconstruction of the sine functions product in multi—-parameter Mathieu series’ integrand in
(3.3) and (3.4), respectively, the Bessel function’s order should be specified as v; = %, j=1,---,m,

in our setting v = % The associated integrals read

1 pog -t 0
() =— / z P Hsm rjx) - dz, (3.7)

p——1
A/o ] Hsm r;T . (3.8)

To restore S(r) and S(r) in (1.4) and (1.6) it is enough to specify m = 1, u = 5 in the previous

couple of formulae. Hence, we have
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m
Corollary 1.2. For all p > 1 and r € R} such that ) r; < p, there holds

j=1

m 1 1 my 1 m 3 2
L1 :F( —) —mF(m) —( —)7—( — 1)§_§__ )
1 (7) pt g 7;1”#+7 gt g) st Hl)igi—s
= B m (=)t [1 my 1 m 3 r?
yu,%(r) F(N+2>;MFC §(M+ 2),§(M+5+1),57 |

m

such that p + Z v; > 1, and for all 7 € R, we have
=1

Theorem 2. For all p > 0,v +1€ R

m

(1) = Ln(r) 3T 1 Z vy 20)) (4 D (v + 2k))

k>0 j=1

(D ()™

F(kj + vj + 1) k}J' '

s

<
Il
A

m
Moreover, for the same parameter space, when p+ > v; >0,
j=1

> = T D ()™
Tl Zr<u+zuj+2k) ( Zuﬁ%))ﬂr

k>0 (kj + Vj + 1) k]' ’

—

j=
where the constant

—_m _
2

Lyp(r)y=n22 ~ i

Vi

m

MI»—A

1

=1

<.

Proof. Using the Bessel function series form (2.3) in (3.3), we have

< x
Fylr) = () [ 2 T[ Ay 0) - da
j=1

p—1 m

oo gu—1l (—1)ks rix\ vit2k;
=K, ('r)/ (j—) -dx
! o €e*—1 ljlkzz:or(kj+yj+1)k]' 2

E (vj+2k;)—1

. O (—1)ks 7\ vtk
Z/ dxj[[lr(kj+uj+1)kj!(2>

k>0

ZF(M+Z v +2k ) ( in: V] +2k ) ﬁ (_1)k_7~ (%)y_7»+2k_7.
=t Jj=1

k>0 F(k] + vy + 1) k‘J' ’

which is equivalent to the first statement of the theorem. In the derivation procedure we apply
the integral representation (1.1) of the Riemann Zeta function.

Similarly, if we start with the expression (3.4) we obtain the second formula with the aid of
Dirichlet Eta function’s integral form (1.2). In both cases the parameter constraints are controlled
by (1.1) and (1.2) convergence conditions, respectively. O
Now we re-consider the integral expressions (3.7) and (3.8) of the multi-parameter Mathieu

series ., 1(r) and its alternating counterpart 5’;7% (r). The related multiple series expansions in

terms of Riemann (¢ and Dirichlet n functions give the following results.
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Corollary 2.1. For all > 0 such that p+ 5 > 1, and for all r € R, we have

m Ui m " O (_1)kj7“2'kj
CWCED L (RRIEES 37 PRECNE) 3T} | foc AU SSREY)
2 : 2 ; Ll (2k; +1)!
k>0 Jj=1 Jj=1 j=1
while p + 3 > 0 implies
m m )kJ ’I”ij
3 ) = >0 (i D423 kg Y+ +22k>H—J. (3.10)
3 2 Y« L1 o 1)
k>0 j=1 j=1
Proof. The Maclaurin series expansion of the sine function in the integrand of (3.7) implies
1 00 pu—Tp—1 M )zk,v+1
S = [ 1l Z da
uw, m
2 11 r; 7o 1650 2k + 1)!
j=1
i Ky zk-j o xu+%+2j§kr1
= J:1 H 2k 1 / - 1 dl‘ .
kzo j=1 + 0 e

m
By virtue of the integral (1.1) with the parameter s = p 4 % + 2 Zl k;j > 1 we conclude the first
j=

result (3.9). Similar steps lead to (3.10). O

4. EXTENDING MATHIEU SERIES via HYPER—BESSEL FUNCTIONS

The next step in generalization of the Mathieu series’ integrals includes the product of several
hyper—Bessel functions which replaces the product of Bessel functions of the first kind in (3.3) and
(3.4). This extension includes the Bessel-Clifford functions case by virtue of the inter-relation
C,(2) = 27%/2 ],(2 /%), see in the context of (2.5). Thus, the hyper-Bessel generalized Mathieu—

type integral expression and its alternating version read

e.

oo xﬂfl m ‘ m j
Tl 5(r) = Km(")/ pra— 11 T (rjx)-de,  pt S v >1; (4.1)

0 j=1 J=1k=1

—~ 0 pp—1 M () m 4
Slp(r) = Km(’“)/ T 1727 ) -des 4> v >0 (4.2)

0 j=1 J=1 k=1

m m i
Kn(r ( ) H T2, r e R},
where the multi-index ¥ := (v1, -+ , V) and v; = (vj1,- -, Vje;)-

The counterpart definitions of modified hyper—Bessel extensions of the Mathieu—type series’
integral expressions we introduce when in the (4.1) and (4.2) we replace the hyper—Bessel function
(T)( ) with the modified hyper—Bessel function I (m )( ). Hence,
I R & B100
L) = Ku(r) /0 ——— [ & (rj) - da,

et —1
Jj=1
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o1 _ (4
L (r) = K (r) /O e HI

The parameter space remains r € R, while the constant K,,(r) coincides with the one in the
above quoted relations (4.1) and (4.2).
Here, and in what follows, under Laplace-Mellin transform of a suitable input function h(z) we

mean the improper integral

LMIh](p,s) = /000 e PPy~ h(x) da,

where the parameter space of p and s depend on the nature and behavior of h.

In inferring the series form of the hyper—Bessel extensions of the Mathieu-type integrals we
need two lemmata which precise the Laplace-Mellin transforms of the product of finitely man
m, say, hyper—Bessel or modified hyper—Bessel functions of not necessarily equal number of order
parameters £;,7 = 1,--- ,m. We could not find any traces in the literature of these Laplace-Mellin

transformation result which are of particular interest by themselves.
Proposition 1. For all R(p), u,vjr — 1 > 0, such that pn + Z;”:l Zij:l vir > 0; £; € N, when
j=1- myk=1,---,4;, and r € R, the following Laplace-Mellin transform holds
m y m e
M{HJI(//)(TM)}(MM)Z/ e PE T 1HJu D(rjz)-da
j=1 0
[(u+u*):£+1] S (R i
fl e'l
- { H(Vlk“!‘l):l};"'3[H(mG+1) }

k=1

M [ ﬁ L(,i.j)(rj x)] (p,p) = /OO e P gphl ﬁ J,Sij)(rj x) - dz
j=1 0 j=1

= By(p,m) - SET

. J— [(u+v*) 1] == g [0 ] "

= T)- 1” b L - |,

P ) S ’1<:[H(umn:l};m;[mumkﬂ) 1] ‘ ) )
k=1 k=1

where & = (21, , Tm)T with

The constant
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Proof. In the integrand we express the hyper—Bessel functions by their Maclaurin series. After

some routine calculations we get

por

- N Xl: —1)i 'jlrj ( ) kj(£;+1) N 1
11 (%)™ Z | e,

j=1 f:[ (kj! [T Clvj + & +1)) 0

where

m j

q—/H-ZZu]k—i-Zk (;+1).

j=1k=1

Inserting the Gamma integral’s solution we have

" 2 (1= T ()
1 r Vik o Y
A7) = i) ’
’ puH<p(£j+1)) Iczz%ﬁ(klﬁr(ywrk +1))
- PN j
xr(u+2i:u]k+2k 0 +1) (4.5)

j=1k=1

Now using the Pochhamer symbol notation there holds

In turn, comparing this expression with (2.6), we clearly get the Srivastava—Daoust S function as
the stated result. The transform (4.4) we derive in the same manner, however the sign change of

x in the S function implies the final expression. O
The sub—case ¢; = --- = {,, = £ of Proposition 1 we can specify to a greater extent.

Proposition 2. For all R(p), p,vjx —1 > 0;0 € N when j = 1,--- ,myk = 1,--- ,{ such that

m £
> > vik >0 and r € RY the following Laplace—Mellin transforms hold:
j=1k=1

M [ ﬁ T (15 m)} (P, p) = /OOo e PTght ﬁ T (rj @) - da

Jj=1 o
= A 7‘)-5“1:_?'“;—( [Z%(M—i—w—&-r) :E—l—l]izoz [—: =] 5[ -] x)
p —:15051 _:[ﬁ(ylk+1):1};"';{ﬁ(mG—Fl):l} )

k=1 e
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and

M [T o) = [

13

e PT g1 ﬁll(/? (Tj z) - da
j=1
¢
= A, (p,7) - 5611.;:2.1..;_< {5%1 (M +4V* +7‘) L+ 1L:0 S R
| _:{H(Vlk‘Fl:l};--.;{

k=1
where & = (21, , Tm)T with

The constant

Proof. Firstly, we equalize all parameter sizes {; = ¢,j = 1,--- ,m in (4.5). Then, by the Gauss
multiplication theorem [85, p. 16, Eq. (16)]

; - j—1 1 2
T(nz) = (2r)>0="nna=3 r( o 0, ==,
AN LG ). A0

-5 neN,
n

transform (4.5) and rewrite the resulting expression in Pochhammer symbols notation. Hence,
i k; m

1 : (-7l
z e i\ X Vik =
RS H (J)kzl .

Jj=1
4

k>0 ﬁ (kj! [T P(vjk + k; + 1))

Tj (E4+1)k;
(%)

where

@2m)ip 7

Now, we recognize the multiple series as the Srivastava—Daoust S function of m variables
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Theorem 3. Let the parameter space and the domain be the same as in Proposition 1. Then
' [(ptv*) 1] = =] = ]
T £y L,
- [ H(Vlkﬂ-l):l};--- ; [ H(mG—l—l):l}

k=1

(_l)n—l Sli—""'_ ( [(,U‘i’y*) L+ 1] : [7 : 7}; .. ;[f . 7] ‘w> |

T Zalen 4 i,
oo o - Ll:[l(Vlk-l-l)il};“';{kli[l(mG-i-l):l}
I Z 1 Toeen [(,LL )'£+]'[7'7a"';[*:7]
Fholr) = Culr) Y e 85 3 o ).
" n21n#+u e _1[ (V1k+1):1};---;{H(mG—kl):l}
k=1 k=1
, . o) £ 1) ¢ [ s
< (T) = C’m('r) — S__”_ £y . —xz |,
12314 ; nutv 1551 —:{H(Vlk“rl):l};"'§[H(mG+1)11}
B k=1 k=1
where © = (11, ,Tm)T with coordinates
m 4
Tj éj-‘rl ) Y
PR =1 . - ,
i (n(fj + 1)> » J=L-eym; and v ; 2 Vik »
while

C’m(r):(g>m (1 +v7*) ﬁ }kﬂ

Proof. The derivation follows the method from Theorem 1. The binomial series of (e® — 1)1 gives

0

< gl I
Fuolr) = Fonlr) [ Z IEACRRE

m

z/ xw—mH da.

n>1 j=1

Now, it is enough to take the Laplace-Mellin transform result (4.3) to earn the first statement,
setting p = n. As to the computation series expansion of the remaining three Mathieu—type series’
integrals %{ﬁ(r), ! 5(r) and 5’;[7,7(1') we apply the same method, this time starting with the

corresponding series of (e* 1)~ 1. O
The synthesis of Proposition 2 and Theorem 3 can be formulate as

Corollary 3.1. Let the parameter space and the domain be the same as in Proposition 2. Then

we have

S o) = D) S

n>1

1 SHI* < [+1(U+V*+T) K—Fl}i B FERE

=0
* 7;1; 4 4
nH+v [ H ik + 1 } H U + 1 1}
k=1 k=1
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—~ *1)“ 1 Otli—nn i =0:
) Dm(r)z( T ¢ iy
w, v v —:1;--51
= — [T+ 1) [ T e+
k=1 k=1
] e+1)_ o]
T T AR B e
Folr) = Dulr) 0 ST ( . ?
= I+ 15 | T+ 1)
k=1 k=1
er1] -]
_ +ure+r):£4+1 -
1 (D" e {"“ (u * ) L: ’
Il o) = Dm(”’)z R cT ¢ ¢
1 [H (g +1): 1} s | T (W + 1)
k=1 k=1
where & = (11, ,Tm)T with coordinates
r 04+1 ) m ot
o==(rrp) Al wd w33
j=1k=1
The constant
0+ 1)z {5 V'—% CD[ A (n+ve +k
Dm(T‘) _ (erZ H H [Z-i—l( * )]
ot F(ij-i-l)

[ﬁ(u—l—y*—&—r) :E—|—1r

15

Remark 2. The most general results are presented in the ongoing section. Several specifications

in the parameter range for ¥ in Propositions 1 and 2, in Theorem 3 and in Corollary 3.1 imply

the achievements of the previous research chapters.

So, for instance putting either {; = 1,7 = 1,---

,m in Theorem 3, or, which gives the same

result, £ = 1 in Corollary 3.1, we arrive at Theorem 1. If we additionally reduce m =1, we arrive

at Corollary 1.1 for the computational power series expansions of the Bessel-function extensions

of the Mathieu—type series integral representations.

5. EXTENDING MATHIEU SERIES via BESSEL—CLIFFORD FUNCTION

In this section we exploit the inter-relations (2.5) between the Bessel-function of the first kind

and the related Bessel-Clifford function:

1)k k

CW(2)=C,(2) =272 J,2Vz) = Z ﬁ

'7
= k+1)k

which is extended to the multi-parameter Bessel-Clifford and modified Bessel-Clifford functions

(2.4).

reverse formulae

m T
J"( )()_<m—|—l
lm
: )(x)i(m—i—l

The straightforward consequences of that display (also see [28, p. 11, Eq. (2.5)]) are the
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Let us introduce the extension of the initial Mathieu series’ integral form by means of the product
of m Bessel-Clifford functions (2.4) by which we replace the product of hyper—Bessel functions in
definitions (4.1) and (4.2). Therefore the Bessel-Clifford extended Mathieu series integrals read:

o0 n—1 m
C(s,m) =K / S ) (0 .
5’“’”(5,7") m(T) =1 jl;[lC 7 (rja®) de, (5.3)
FC (s,7) = Kp(r) /OO o ﬁC’(Z.j)(rlxs)d:c (5.4)
Nz ) m o ew + 1 j:l v, J bl .

where in both cases s,7 > 0, u > 0,7 + 1 > 0. However, the shorthand notations v*, v, used in
the previous section 4 remain the same. The auxiliary parameter s > 0 we put for the sake of

completeness of unification suggested via the formulae (5.1) and (5.2).

Theorem 4. For all s, 1,0 > —1 such that p+v* >0, and r € R we have

FC(s,1) = Hm_(r)gi:j::: ;1—< N [ " () s, 8] *,e -

et nkt i (V1k+1):1],"',[H(mG—l-l)Zl]
- k=1 k=1
5/2/(7 = (_1)7171 Sli—;“';— , [(N’) S, 35} H) e Ty
“’"(S’T) o m(r)nzz:lT —ilesl ( — [ 1_1[ (ip+1): 1}7~-~ , { ﬁ (Vi +1) : 1] ‘SC),

k=1

m 2 )
T = —(%) , and Hpy(r)= I‘(;L)]l;[l \/% (kli[lf(l/jk + 1)> .

Proof. Consider the integral Yf,j(r) in (5.3). The legitimate integration-summation order inter-
change which follows the binomial series expansion (e* — 1)~! and the Bessel-Clifford functions

power series’ multiplication results in

- — 1)kt 0 s 30 k-1
Sl =K S [ [T TR
n2tk207= sl T T(vje + kj +1)
k=1

_ Hm(’l") i (/’L)Sk1+"'+5km . ﬁ (_1) ’ <T_J) sk
nt m 4 ;! n
n>1 k>0 H (ij + 1)k j=1 J
Jj=1k=1
1 [(:U’) - S, 78] ] y s
= Hy(r) D 2 SUTT 2 o -(2) ).
el {H(Vuﬂrl) 1}7 7[H(mG+1)51] n
= k=1 k=1
which finishes the proof.
The second formula’s derivation follows the same lines. O

The specification m = 1 gives a more familiar form since the Srivastava—Daoust S function in

Theorem 4 reduces to the generalized hypergeometric function | Fy. Indeed,
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Corollary 4.1. For all p,v +1 > 0;7 > 0 we have

yfu(r) . \/7_r L'(p) 1 \F, - —1, (5.5)
7 \/_HF(V +1)7§) 8 Z[”Jrl’ n}
T =T S ERn[ -7 .

\/5 H F(Vj + 1) n2>0
j=1

Proof. The proof follows the steps of the proving procedure in getting the results of Theorem 1.
The inserted binomial series, the power series form of Bessel-Clifford function and the Gamma

function integral transform the integral under consideration to

\/;Z/ at e O™ (ra) da

n>1

[ _1\k.,.k [e's]
_ 27T_r Z Z ( 1) r / qurkfl e " g
n>1k>0 k! H I(v; +1)

: L
ks () n
\/;ﬁwj >Z” k>of1<vj> ke

which is exactly the stated formula (5.5).

Mimicking this procedure we easily conclude (5.6) as well. d

Another approach in studying (5.5) gives a series expansion of yfu (r) in terms of Riemann

Zeta, and %CV (r) expressed wvia Dirichlet Eta function.

Corollary 4.2. Foralluy—1,v+1>0;r > 0 we have

+k)C(u+k) (—r)*
\/72 u q )(k!),

k>0 HFV]-i-l)

\/>Z ,U+:Z€ ,LL—F]C)’/’_'

k>0 HFI/]—I—l)

Proof. We have by direct calculation:

kok oo k-1
,/ Z (=1)"r / < dx.
2r £ e? —1

k>0 kI Hr i+ 1)

The integral (1.1) confirms the firstly stated formula. Applying the integral (1.2) in same fashion

evaluation for the alternating Bessel-Clifford extension ZLCV( ) we get the second relation. O
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6. FUNCTIONAL BOUNDING INEQUALITIES

The inclusion of this chapter in the manuscript has a dual purpose. Firstly, giving a set of
bounding inequalities of the extended Mathieu—type series integral forms, secondly, obtaining their
computable series representations inferred to this section in the same way we can bound these
series, considering that these are special kind summation formulae.

For estimation purposes we recall certain bounding inequalities for J,,, I, on the positive real
half-axis. First we mention Lommel’s results [48], [49, pp. 548-549] (see also [91, p. 406])

1
Jo(x)] <1, Joi1(x)| < —, v>0,x€R, 6.1
| Ju ()] |y ()] 7 (6.1)
and the bound by Minakshisundaram and Szész [62, p. 37]
|J(:r,)|<; Iz ’ z€R (6.2)
T Tw+1) \ 2 ) ' '

Another bounds were derived by Landau [43], who gave in a sense best possible bounds for J,, with

respect to v and t. These bounds read as follows

[T (z)] <bLv™/3, by = V2sup Ai(z), (6.3)
x>0

[T ()| <eple|™V3, ep =supa/3Up(t), (6.4)
x>0

where Ai(-) stands for the Airy function.
Krasikov established uniform bounds for |.J,|. Let v > —1/2, then

4(42% — v +1)(2v + 5)
JE(I) < (W((4$2 _ )\)3/2 _ )\) ) = ﬁ”(t)a

for all t > 2V A+ A2/3 X := (2v + 1)(2v + 3). The estimate is sharp in certain sense, see [39,
Theorem 2]. In turn, Krasikov’s recently published a set of more precise and simpler bounds
[40, 41]. Precisely, for all v > 1/2 and for all ¢ > 0 there holds [40, p. 210, Theorem 3]

1/4
Ty (2)] < \/g (6.5)

where the right-hand-side constant is sharp. Next, his result [40, p. 210, Theorem 4] imply

2 1

|Jy(x)\g,/Eerc‘y?—Z‘x—W, e>0,p <1, (6.6)
where
232 p >0,y < 1/2
O<z</|v2—-1/4,v>1/2
x> /|v2—1/4],v>1/2
Here ¢ cannot be less then 1/v/27. For another kind bounds upon J,(t) consult [40, Theorems 2,
5, 6] and [41, Theorems 2, 4].

—~

BRI IR
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It is worth to mention that Olenko [65, Theorem 1] established the upper bound

3a 2

sup Vl.J, (z)] < bL\/Vl/?’ + m + 10,

x>0

L—dy, v>0, (6.7)

where o is the smallest positive zero of the Airy—function Ai and by, is the Landau’s constant
from above. In this respect we point out Krasikov’s result [40, p. 211, Eq. (7)].

Further considerable upper bounds are listed e.g. in [2, 3, 71, 80, 86]. We also draw the attention
to the work by Paris [67] (see also [79]), who reported on the inequality

g%ge”(lﬁ), v>0;ze(0,1].

A different approach was used by Srivastava and Pogany in [86]. Let us denote xg(z) the charac-
teristic (or indicator) function of a set S, that is xs(z) =1 for all x € S, else xs(x) = 0. Here the
integration interval is the positive real half-axis, therefore we need an efficient bound for |.J,,(¢)| on
(0, 4], A > VA + A\2/3/2. So, the bounding function

|Ju (@) < Yu(x) = d—\/% X(0,4,] () + 1/ Ru() (1= x (0,40 (%)), (6.8)

where, by simplicity reasons, our choice would be
Ay =1 A+ (A +1)¥3),

because 8, (z) is positive and monotonous decreasing for z € 1 ((A 4+ A?/3), 00), compare (86, §3].
Moreover, we point out that for Ay we can take any %()\ + (A + 77)2/3), n > 0. (The interested
reader is referred to [2| too). Obviously, combining (6.5), (6.6) in #},(x) replacing Olenko’s result
and/or &, (z) in (6.8), we can define further bounding functions for |J,|.

Since some Mathieu—-type integrals are expressed in terms of modified Bessel I, too, we apply
an estimate by Luke [50, p. 399, Eq. (3)]

(2"
mcosha:7 z>0,p+1>0. (6.9)
Finally, the functional bounds for the hyper—Bessel function and modified hyper—Bessel function
when v > —1, for all z € (0, ij] [1, p. 284, Corollary 1]

I(x) <

xm-&-l

02 3 () oo ) - Tlesa oo

Jj=1

Here j,,, 1 denotes the first positive zero of the normalized hyper—Bessel function
m m
m (m (—1)k x  \k(mt+1)
@) = (L) F H (v + 1) (@) = Y — (=),

m+1 j=1 k>0 k! T (v + 1) mt 1
j=1

A Redheffer—type inequality was reported by Akta§ et al. [1, p. 284, Theorem 7]:

m—+1

-m+1 m+1
]"; —z Qup, g - Bum )
( = m1 ) = / m)( ) ( z m+1 ) ) HAS (07.71/m,1);

jym ]Vm
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where the best constants are

jm—i-l
Qom = (m+ 1)77;,-5-1 Av)’ and - Sy, =1

In turn, this implies for the same domain of the argument the estimate

( T ); v ]erl pmtl O,y ( T )j§1yj jerl pmt+l Bom

L m+1 Um,1 - > < J’Sm)(w) < mm"’l ( Vm, 1 e ) (6.11)
le(z/] +1) Jvm1 Hlp(yj +1) Jvm1

Ji= J=

Also, we need the definition of the Hurwitz—Lerch Zeta function[87, p. 488, Eq. (1.1)]

k
((s,a) = ®(z,s,a) = Z (

z
k>0

)

k+a)s

where —a & Ny;s € C when |z] < 1 and R(s) > 1 when |z| = 1. Special cases of interest for our
exposure are the Riemann Zeta ((s) = ®(1, s, 1), the Dirichlet Eta n(s) = ®(—1,s,1); R(s) > 0.
Finally, we draw the attention to the Remark 1 by which there holds for some suitable positive
function A(r) that
LIS A = 10 A +27EA(S). (6.12)

Theorem 5. For all p,v > 1 and for all r > 0 we have

5.0 < e (2 [l D) v 1) = 2 (e — 1))

v JIRva%

" bf (C() = Hyuo(r),

S0 0)] < Hnlr) + 2740, (1),
Proof. Observe the transformations of the Bessel function in the integrand as follows
r
Jz/ = Ju( T ) ;
(rx) Voo
apply now the Paris upper bound when v > 0 and x € (O, ﬂ This result in

Jy(rz) < <£>V Ju(v)e’ x¥e T, 0<z< ; (6.13)

Splitting the integration domain into Ry = (0, %] U (5

o8]

rA\v . %xu—&-v lo—ra ph—1
Sus Ml </ (D) v /0 S drt /o / ()] da
T /T\V %m/”” le
<. /— (- v :
—’/2r(y) J(v)e /0 dx+1/2r 1dx, (6.14)

where Landau’s first upper bound (6.3) was employed. The first integral we handle in the following

00), we conclude

way:

p+rv—1 e~
/ €T d$< Z/ l"u+u 1 —r+n)zd
O e
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u-i-l/
—Z Gy = Dt +1).

As to the second integral in (6.14), consider the integral

oo gp—l I'(p,n
I(p)q):/ p 1dz:ZM’
q

npb
n>1

where I'(¢, z) = fzoo 2'~le™® dz denotes the upper incomplete Gamma function and p — 1,q > 0.

Obviously I(p,q) < I'(p) {(p), but we can derive a more sophisticated bound with the bilateral

Z t—1

bound for the lower incomplete Gamma function (¢, z) = I'(t) = I'(t, 2) = [, '~ e dz, reported

by Neuman [64, p. 1213, Theorem 4.1]

1
exp{ - aa—fl} <az *v(a,x) < P (1 + aeﬂ") , min{a,z} > 0.
Rewriting this Neuman’s formula into the equivalent form:
z? ¢ ax
T(a) — — (1 +ae®) <T(az) <T(a) — {— } 6.15
(a) a(a+1)(+ae ) <T(a,z) <T(a) = — exp o (6.15)

we conclude

I(p,q) <T'(p)C(p) — % (GXP{Z%} — 1)_1.

Collecting the bounds derived, we finish the proof.
As to the bound (6.14), it is enough to recall (6.12) for m = 1. O

Remark 3. In estimating the modulus of the Bessel function J,(x), we may choose any of the
above listed bounds like the ones by Lommel (6.1), Landau’s second (6.4), Krasikov (6.6), Olenko
(6.7), Minakshisundaram and Szdsz (6.2) or Srivastava and Pogdny (6.8).

However, the sharpness of the bounds depends on the range and constraints of the involved

parameters.
Now we switch to the kernel consisting from the product of m Bessel functions of the first kind.

m
Theorem 6. For all pn,v + 1> 0 such that p+ Y v; > 1, and for all v > 0 we have

Jj=1
i": Vj v m m m
Fisw (0] < K(r {e“ H( ) Joy ) T+ > v) (et 3w+ 3 m5)
Jj=1 j=1 j=1 j=1
1 ()" pve(r) -\
E\/ﬁ% H 2 (eXp{uH}l) )}Hw(”‘)v
where
r(v) = max (Z—j) and  v,(r) = min (:—j) (6.16)

Moreover, for all p+ 3" v; > 0 there holds
j=1

()] < () 277551, (D).
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Proof. We follow the methodology used in proof of the previous theorem. By means of Paris’
upper bound (6.13) for the interval = € (0,,(r)], and simultaneously by Neuman estimate (6.15)

for x > v, (r), we deduce

m

vi(r) pp—1
k) = Knle) [ 2 Tty ) - ao

Jj=1

00 :L,M—l m
+ K (7) / — H Jy,;(rjx) - da
v, (1) et —1 =1

m m m
F(/HrZVj) C<M+ZVja1+Z7"j)
Jj=1 j=1 j=1

by () -
v Km<r>ﬁ1;y_j (F(u)C(u) O (ot ) ) .

The first assertion is proved. The second one follows by (6.12). O

For the next functional inequalities we need upper bound for the modulus of the hyper—Bessel

and Bessel-Clifford functions. In this goal, according to (6.16), we introduce the convention

vi(l)=11 < <up.

Theorem 7. For all x > 0 and v,(1) =v; > 1, m € N we have

m m
Y cosh(2y/z)
[ E x zIUJQ\/?; <§ T, 1) (6.17)

" (@)| £ & % 1) r_ =
< = 1,{2 (") } 6.18
{ L<jﬂ>(x) *(m+1> ;(m+1> 3 m+1 (6.18)
x i Vi — x m

< = o cosh {2 () 3 6.19

_(m—i—l) J:1FV3+1) o8 m+1 (6.19)

Proof. Tt is well-known that any positive m—tuple a = (a1, - , a.,) is endowed by the property
ay- - < ap -+ g a; €10,1],5=1,---,m, (6.20)

where the equality is achieved either for m = 1, or all a; = 0. On the other side I'(v,(1)+k+1) > 1
when v, (1) > 1 and k € Ny. Choosing a; = I'(v; + k + 1) we conclude

m

Uc 1 = r kE+1)
[IT(v+k+1) s=1 (vj+k+1)

j=1

Multiply this inequality with (ix)k, x > 0 and summ up with respect to k € Ny. Now, by virtue of
definition (2.4) of the Bessel-Clifford function, relation (2.5) between the one—dimensional Bessel-
Clifford function and the Bessel function od the first kind and the property |J,(z)| < I,(z), we
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conclude for positive argument x > 0 that

zk

k>0 k! T[] T'(v; +k+1)

Jj=1

GO ()| < CY™ (—x) =

k m

Yi
—  _NTuF L (2Va).
;klrujwwl ;x P, (V)

Applying Luke’s functional upper bound (6.9), we arrive at the inequality (6.18) for the m—order

HMS

parameter Bessel-Clifford function.
As to the bound (6.18) for hyper—Bessel function, the reversed relation (5.1) for (2.4) and the

previous estimate imply

The argument change (m + 1)z (™Y — g gives

v z N\ —2 (m+1) T\ 3D
i@ (o)™ X () w2 ()"
‘ m+1 ; m—+1 7 m—+1

and Luke’s upper bound (6.9) establishes the final result. The identical bound for the modified

hyper—Bessel function holds now in a straightforward way for all x > 0. d
Now, we consider .7 (s, ), f’lcl, (s,r) expressed by (5.3) and (5.4), respectively.

Theorem 8. Forally—1>0,v+1> 0, s € (0,2) and r > 0 we have that

m 4 _T — s 1 s
)t T3 B+ L) (2
yC <ﬁC ( I 272/ \2 272 J . (6.22
|.7C5(s,m) m(s,r)HZpyijrl) > 20 e |- (6:22)
j=1k=1 >1 27
For s = 2 both formulae are valid when r € (0, l)m. Here the constant
Tz T(p+1) LR
R%(S,’I’): 22+1 H " -

Proof. Starting with (5.3) the following subsequent majorizations follow:

o0 p—l m . o0 = m .
5 \<K<>A . Hkﬁkﬂ7\w<K<>A = o
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where the last estimate there follows by the auxiliary bound (6.17). Hence, routine transformations

by the second appropriate bound in (6.17) imply

|5 m)] < Ko <>ZHZW[@ e cosh (275 @) do

The inner integral is in fact the Laplace-Mellin transform of the hyperbolic cosine function of

power function argument. Its general closed form becomes

I(p+1)

LM cosh (az?)](p, p) = 2ph

20, (6.23)

4q—1 a2
P
where p+1> 0, R(p) > 0, ¢ € (0,1) and for ¢ = 1, |a|] < R(p). Indeed, since the series form of

the cosine hyperbolic and the reversing of the order of summation and integration ensure the set

of transformations by the Legendre duplication formula, the formula (6.23) is evident:

2n [e%}
LM cosh (az?)](p, ) = Z % /0 0= PT pHH2na—1 .
n>0 :

1 a®™  T(u+2nq)
- Z I‘(

pH 2n+1) p2na
T(p+1) ) (F)an (5 + 3)gn (4q_1a2)”
2p* n>0 (%)" n! qu

Consequently, specifying p = n,q = s/2, a = 2,/r; we arrive at the stated bound (6.21). As to the
convergence of the Fox~Wright function term, consulting (2.2), A = 2 — s > 0 is satisfied by the
conditions of the theorem. For s = 2, the radius p = 4r; < 1,5 =1, - ,m confirm the convergence
region 0 < r < i, while for s > 2 the series becomes formal, that is, converges exclusively at r» = 0.

The formula (6.22) it follows by a similar approach - here we expand the binomial (e® + 1)~}

and integrate term-wise like in earlier exposed alternating series cases. U
An important special case of Theorem 8 we present in terms of the Hurwitz—Lerch Zeta function.

Corollary 8.1. For all p— 1,04+ 1> 0 and for all r € R\ {1,4,9,---}" we have

]k
m

|.752,7)] < 8S(2,7) HZF%H (1, p,1—2/15) + B(1, 1,14+ 2/75)] .

j=1k=1

Moreover, for the same parameter space and p > 0, there holds

J

|78, 2,7)| < &S (2,7) HZF D) [@(—1,p1—2yr)+®(—1,p1+275)],
J

j=1k=1

<

where 8 (2,7) = &S (s, 1) /2.
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Proof. Setting s = 2 in Theorem 8, that is, ¢ = 1 in (6.23) the Fox—Wright oW one reduces to the
Gaussian o F; function. Moreover, having in mind that

Lo+l l4r n 1 1
| BEYE |4 :7[( — 5t })H], (6.24)
3 n n Vi n Vi
where the formula is valid for r; < n? for all n € N. Accordingly, r; € (0,1). Now, summing up
the right—-hand—side with respect to n € N we get
1 g L4+ 1|4r 1 1 1
2| 2T |22 [ }
ngl nk 241 % n2 2 Z ( + ’

22y T mraynr
which is a sum of two Hurwitz—Lerch Zetas; these are well defined when the denominator argument

a = —1+2,/r; is not a negative integer, which means that r; is different from a perfect square
So the asserted result. The bound for |§;C,7(2, 7)| also follows. O

Now, we consider the modulus of the hyper—Bessel extension of (4.1), viz

y,iﬁ(r):Km(r / HJ(Z) dz, p+ve>1,
and its counterpart version associated with the alternating Mathieu—series integral (4.2)

>y o0 gr—l M 0. N
yﬁ]’ﬁ(r):Km(r)/o e? +1 ergj])(rjff)'dm; pt+v:>0,
j=1

pointing out that K,,(r) and v* denote the same constants as earlier

In this derivation process the main derivation tool will be either the functional upper bound
(6.18), that is its majorized, simplified version (6.19), both presented in Theorem 7

Theorem 9. For all p,v* >0, such that p+v* > 1, £ € N and for all > 0 we have

~

V; 1 nHtv”
ik + ) n>1

1
+v* +rr+1 i1
o, | ) T ) | (2 T
(,1) ( )

fj +1)n
In the case when p+ v* > 0 there holds

. m o 1
|7 o) <27 K (1) D(p + 0" + 1) HZ(@ _5_1)": I( : >
k=1

vik +1 nitvr
1
u+v 1 +v* 41 1 [FESY
: 2 ’2(£~+1))7 (H D) 72(g.+1)) QTj 7
X 2\111 J L J )
(5,1) (¢ +1)n

Identical upper bounds hold for 5”‘{,7(7") ..5(T) under the same parameter constraints, re-
spectively.
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Proof. Bearing in mind that there are two bounds on disposal for estimating the product of m
hyper—Bessel functions in the integrand of 5”;2] 5(7), we start ad libitum with the use of the simpler
bound (6.19), instead of (6.18). Thus,

o0 M—] )
|77, (r)] < Km(r)/o “””—_1 1175 ()| da

dx

1
¢ ' TT O\ 3Ga¥D)
/oo ph1 ﬁ( ri )k’l,,jk i cosh{? (7m—|—1
0

F(Vj + 1)

s e . 1
= Km(’r') H Ajk /0 e N xﬂ+u*71 cosh {2 (zrj_iiCl) 2, +1) } d:C,
] J

where

- (1 )E 1

F(l/jk + 1) '
Employing the Laplace—Mellin transform integral (6.23) for the following specified values of pa-
rameters:

1

T\ 2(6;+1) 1
=n, +v* =, a:2<—J ) i =—

P a a G +1 1750+ 1)

we get

|77

o

(M| <27 K () D+ v + DT A !

nHtv”
+v* 1 +ri+1 1 ﬁ
(55—, 2(4j+1))7 (55— 2(ej+1)) 27; "
(3,1) (¢ +1)n

The Fox-Wright function terms in the upper bound converge for all » > 0 and all ¢; positive

x oWy

integers because

1
Aj=2—— >0 l;eNj=1,--- .
J £]+1> ’ JE 3J ) , M

By similar manipulations we conclude that |§3 ,;(r)| has the same upper bound, as well as the
modified hyper—Bessel extensions Ylf’l—,(r) and 573#—,(7“) of the associated Mathieu- and alternating

Mathieu-series integrals, respectively. The absence of moduli in the latter two cases follow from
their definitions (4.1) and (4.2). O

7. LOG-CONVEXITY AND TURAN TYPE INEQUALITIES

In this section we present the log—convexity property and subsequently, Turan type inequality for
the multi-parameter Mathieu series and alternating Mathieu series .7}, ,,(r) and %’V(T’), hyper—
Bessel generalized Mathieu series and alternating Mathieu series ./ l—,(r),f’z 5(r), and Bessel-
Clifford generalized Mathieu series and alternating Mathieu series .%/; (s, 7) and ,57;%(5, ).

Both, log-convexity and Turanian property we establish with respect the parameter p.
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Theorem 10. Let r € R'. Then the following assertions are true:
m

o The function p v 7, () is log-convex on p+ 3 v; > 1.
jfl

o The function p — %,,(r) is log—convex on p + Z v; > 0.
j_

m 4
e The function p— .7, 5(r) is log—convex on p+ Y 33 vk > 1.

j=1k=1
m ¢

e The function p 5”‘] 5(r) is log—convex on p+ > > v > 0.
j=1k=1

o The function p — Yc 5(s,1) is log—convex on s >0, p > 1,0+ 1> 0.

. ThefunctionuHY 5(s,7) is log—convex on s >0, p > 0,0+ 1> 0.

Moreover, for the same parameter range there holds the Turdn inequality

T2 (1) < Timaw(r) Tppap(r),  p>a>0, (7.1)
where%é{yuu,yuu,y,;]wy,ljw /1«'/7 ll}

Proof. Using the integral representation (3.3) by aid of classical Holder-Rogers inequality for in-
tegrals, we have

00 pApr+(1-A)pz—1

H Jy, (rjz) - de,

1=V s (T) = Km(r)/ ]
0 (S

00 pA(p1—=1)+(1=2)(u2—1)
= Km(r)/o HJV]. (rjz)-da

e? —1 i
o [ ppi—l A ph2—1 m 1=x
— Km(r)/O w1 H Ju, (rjx) w1 H Jy, (rjx) dz
j=1 j=1
0 pp—1 M A 0 jp2—1 M 1=A
< Km(r)/o - EJ (rjx) - da Km(r)/o ol EJ (rjx) - da
This is equivalent to
SNz (1) < [ ()] (S (0] (7.2)

which proves the first assertion for all yu1, 2 > 1, A € [0,1] and r € R". Next, choosing
1
ulzu—a,uz=u+a;u>a>0;/\=§

in (7.2) we conclude the Turdn inequality (7.1) for the extended Mathieu—type series’ integral form
S

mve
In a similar manner, we can prove the next five Turdn inequalities. O
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8. APPLICATIONS

The famous American applied mathematician Philip J. Davis (1923-2018) recalled in his book
[14, p. 221] the following thought of the not less famous Ukrainian—born mathematician Alexander
Ostrowski (1893-1986): “... In the seventeenth and eighteenth centuries, mathematicians tried to
express integrals as sums. In the nineteenth century they began to express sums as integrals. So
mathematics go in spirals ...” This Ostrowski’s quotation can, actually only partially, to describe
this our study in presenting several type Mathieu and aligned series by integrals, having in mind
in the same time some application ancestry, like: 1. Quantum field theory and the Casimir ef-
fect’s mathematics; 2. Application to a Fredholm integral equations of the first kind with the
non-degenerate kernel in representing higher transcendental special functions of Bessel and hy-
pergeometric type; 3. Modeling of banding and vibration for clamped rectangular plates and
membranes of different shape and prisms, following Lamé problem in elasticity and equilibrium
(Mathieu, Lauricella, Koialovich, Inglis, Pickett, Meleshko) and in this connection 4. Dynamic

response of membranes with arbitrary shape (Caratelli it et al., Nagaya among others).

8.1. Quantum field theory and the Casimir effect’s mathematics. The quantum field the-
ory and quantum physics where Mathieu—type series play important roles. So, the (a, A)—series
introduced in [70]

Su(0,a,\) = —_— o, >0 8.1

n>0
where the sequences a(n), A(n),n € Ny are non—negative and the monotone A(n) 1 co. This general
Mathieu—type series concerns the so—called Zeta—function regularization, that is, the regularized,
with the aid of the Riemann Zeta—function, version of a divergent series which appear in derivation

of the vacuum expectation value of the energy of a particle field in quantum field theory:

<0‘T00 Z |w ‘s 1, |s—1°

where T is the zero’th component of the energy-momentum tensor. Similarly, (a, A)—series is
related with the mathematics of the Casimir effect, in fact the quantum force of attraction between
two parallel uncharged conducting plates with vacuum between them. By Casimir’s calculations
the zeta-regularized version of the energy (E(s)) per unit area of a plate is expressed via this kind

of series:

hA 3
(E(s)) = /dk dkz |31, wnl 2= ¢ /K2 K2 + (nm/a)®: o] = cff],

being A the area of the metal plates, ¢ the speed of light, l;:'gc7 Ey are the wave vectors in directions
parallel to the plates, while a denotes the distance between the plates [9], [10]; consult for further

informations about Casimir effect [61] and [73] for its Mathieu series relations.
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Now, straightforward transformations and the Kapteyn formula [11, p. 5 Eq. (2.13)]

 zv J,(bx) . (2b)"T'(v + %) 1
| >

em? —1 VT = (n2n2 + b2V s

)

imply the final (seemingly novel) representation result

h . hyaz /°° wt 1 s 1 (alk|x) =
(clk)s=t eI (551) Jo err =1

The integral on the right-hand side u (8.2) for s > 2 can be calculated numerically efficiently

(8.2)

(0]T00(s)|0) = 5

with similar quadrature formulas as the one with respect to Einstein’s weight function developed by
Gautschi and Milovanové [25]. Reviewing this paper in Mathematical Reviews, renowned nuclear
scientist Gheorghe Adam in his rewiew [MR771039 (86j:65028)], among other things, says, “To the
reviewer’s knowledge, the present paper provides the first systematic investigation on the derivation
of quadrature rules able to provide high-precision accuracy to the above integrals.”

In our case the convergence of the corresponding quadrature formulae will be fast if we provide
the integration of an entire function ¢ — Fy(¢t) with respect to some modified Einstein function
t—t“/(e! —1) on [0,00), where 0 < v < 1. Indeed, let s € (m, m + 1], where m is an integer > 2.
Then 0 < v = s —m < 1 and the integral in (8.2) for s > 2 can be reduced to

o tl/
A ——F,(t) dz,
/0 et — 1 s(8) da
where Fs(t) = tm’1*%J§_1 (& || t) is an entire function, and A is a constant.

8.2. Fredholm integral equation of the first kind and Chaplygin comparison theorem.
The next applications of the Mathieu (a, A)—series results concern the Fredholm integral equations
of the first kind with the nondegenerate kernel, which ones give the main tool in characterizing
the Bessel function of the first kind J,(z) of order v and the Kummer’s confluent hypergeometric
function 1Fj(a;c;x) in terms of a Bromwich—Wagner contour integral [19, Theorem 1, Eq.(15)],
[74, Theorems 19, 20; Corollary 8|.

8.3. The biharmonic differential equation in modeling of elasticity of plates and mem-
branes. The next application is discovered through considerations of a relevant physical problem,
for example, normal modes of vibrating systems of physical and engineering sciences. The two-
dimensional problem of stresses in an infinitely long elastic rectangular prism or a thin rectangle
subjected to a surface load on its sides is one of the oldest benchmark problems of linear elas-
tostatics, which originates back to Lamé’s lectures [42] on the mathematical theory of elasticity.
He considered the equilibrium of a three-dimensional elastic parallelepiped under any system of
normal forces on its sides. The two—dimensional version of the problem for the elastic rectangle and
the general biharmonic problem (which also appears when considering bending of a clamped, thin
elastic rectangular plate) also attracted the attention. That two-dimensional problem of an elastic
rectangle was developed by Mathieu in his notes, articles, memoir and the monograph on easticity

[61, 52, 53, 54]. The main idea of the superposition method for the biharmonic equation in the 2D
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domain ® = [—a,a] x [—b, b] was to consider the sum of two Fourier series on the complete systems
of trigonometric functions with respect to coordinates x and y. These series satisfy identically the
biharmonic equation on the whole rectangle Q including all the four edges. The coefficient of a
term in one series will depend on all the coefficients of the other series and vice versa; the solution
reduces to solving the infinite system of linear algebraic equations giving the relations between
the coefficients and loading forces. Mathieu [51, 52, 53, 54] studied this problem but without
giving any numerical results for stresses for the square plate. Further simplifications, approvals
and developments of that theory were found by Koialowitch [38], Lauricella [44, 45, 46, 47], Inglis
[29] and Pickett [68] among others. It is worth to mention that only Koialowitch constructed the
mathematical solution of the problem and provided some numerical results, see [55, 56]. The whole
ancestry of the problem is thoroughly presented in Meleshko’s historical survey [57] which contains
highly exhaustive references list.

The Neumann problem arise in the analysis of transverse vibrations of an elastic membrane or
plate stretched over a planar region ® C E2, or a prism, parallelopiped in E3, while the corre-
sponding theory for the plate or prism depends on the biharmonic partial differential expression

94
A=A = Y oy

e da3 Oy,
For example, when r = 2, the clamped plate is studied under the Neumann boundary value problem
AU =0inD, U:Oandg—g:()ona@, (8.3)
for U coming from a suitable functions class and where 9© denotes the boundary of ©, [23]. In
the case when © = [—a,a] x [—b,b] it was stated that the final representation of the biharmonic
function in terms of infinite Fourier series is convergent and satisfies both boundary conditions
at all sides of the rectangle, [58]. The resulting infinite system of linear algebraic equations has
been treated by a traditional way, named 'the method of reduction’ originates back to Fourier,
also see [38, 59]. The finiteness of solutions was proved by Mathieu who derived estimates for
coefficients in a series form which coincide with S(r) and S, (r). However, these functional series
contain trigonometric and hyperbolic sine and cosine function expressions, which alternate their
building block’s sings, that is, they are in the same time Fourier—Bessel series of Neumann and/or
Dini type series (for which consult [3, 91]).

The applied mathematician Schroder [78] has considered the extended ’problem of clamped

rectangular plate’ for the non-homogeneous Neumann boundary problem case of (8.3):
AU = f(z,y) in D, U =0 and g—g =0ondD. (8.4)
His memoir also contains upper bounds for the Mathieu—type series of the magnitude of S(r) < r~2
derived by the usual series—integral majorization procedure. Schroder method differs from Math-
ieu’s (that is the one used by Lauricella and Koialowitsch), but also includes series of Neumann—

and Dini-Bessel type, which terms alternate in signs. Three years later Emersleben [21] for integer
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r precise Schroder’s bound upon Mathieu series (which result is de facto necessary only for conver-
gence purposes in certain by-product Fourier series), in turn his contribution is the first integral
expression for S(r), compare (1.4). Section 6 thoroughly extended Emersleben’s integral form of
the Mathieu series for another generalized multiparameter Mathieu-type series.

It is worth to mention that serious application targeted research is conducted by biharmonic
equation’s modeling in elasticity theory themata when the domain of the Neumann problems (8.3)
and (8.4). So, for © being starlike domain, the investigations by Caratelli et al. [7, 8] are relevant,
while when ® is of arbitrary shape Nagaya’s [63] work can be used; in all three publications
the corresponding Fourier—Bessel series belong to the Neumann series family built by the Bessel

functions of the first and the second kind.

9. D1SCcUSSION. REMARKS. OPEN PROBLEMS

A. The notation Q(z),z € C stands for the so—called Butzer—Flocke-Hauss (complete) Omega

function introduced in [4, Definition 7.1], [5] in the form

N

Qz) := 2/ sinh(zu) cot(mu) du, zeC.
0+

It is the Hilbert transform 7 [e~**](0) at zero of the 1-periodic function (e ’”) defined by the

periodic extension of the exponential function e **, |z| < %, z € C, thus
1
3
Q(z) = A [e **](0) = PV / e cot(mu) du .
1
-3
Another expressions for complete BHF Omega function (z) are given by Butzer et al. [6]:

2 . x\ [ 1
Qx) = - sinh (5) /0 a1 C (27r> dt, reR, (9.1)

by Tomovski and Pogdny for the real argument complete BHF Q function which reads [90, p. 10,
Theorem 3.3]

Qz) = 2\/j smh PV/ smh tantdt. (9.2)

By extensions in the integrand of the Butzer Flocke— Hauss Omega function which is intimately
connected to the generalized Mathieu series (consult the extensive study by Butzer and Pogdny
[5]) we are faced with a new territory of ideas and series/integral conclusion upon the structure of
these kind generalizations.

Inspired by (9.1), we can write

Qx) = ﬁsinh (E> h iJ_;(x—t) dt
7r 2/ Jo et+1 "2\2rm

having in mind that cos(z W J_1(z), then we can proceed with generalization considering
hyper—Bessel function, Bessel Clifford functlon and/or their products instead of J7% in the kernel.

On the other hand the well-known equality sinh(z) = \/72/211(2) can be used for extending

the integrand of the representation formula (9.2).
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Finally, a linear ODE was obtained [6, Theorem 1], whose particular solution is the Butzer—
Flocke-Hauss complete real-parameter Omega function (z),z € C [4, Definition 2.1], which is
associated with the complex—index Bernoulli function B,(z) and with the complex—index Euler
function E,(z). This is accomplished with the aid of an integral representation of the alternating

Mathieu-type series T(r) = 3 (—=1)" " Y(n2 4+ r2)~2, r € R.
n>0
Moreover, it is worth to mention that the use of the Chaplygin comparison theorem, actually a

highly powerful differential inequality’s use was exploited in discussing the magnitudes of bound-
ing inequalities for the BFH Q function by constant use of the alternating Mathieu series and

generalized Mathieu eries, see [75].

B. The multi-index Mittag-Leffler function’s power series definition is [35, p. 1888, Egs. (7-8)]

(1,1) ] _y AN

(11, p1)s -+ (tns pr) k>0 [ T(py + pjik)
j=1

(ps)(1y)

the parameters range follow the conditions declared for the Fox—Wright generalized hypergemoetric
function. Obviously, close connections are there between Bessel-Clifford function and the multi—
parameter Mittag—Leffler function [16, 33, 36, 66, 88]. So, the integral representation of multi—

parameter Mathieu and alternating Mathieu series become

m 1 m
m vi—3% o
™ H Tj o M+,-§1V7 L 2,.2
L (T) L e I1EY BT g
T = _ T
’R% m _ 1,1),(v;+1,1 ’
T+ v 0 e? —1 i (1), (v ) 4
9”&
and
m 1 m
m H Vji—3 o
™ rj [ee] It+zy7 ! 2.2

— j=1 r =t e (2) T
v = E - d 9
‘Sﬂ#, (T) m+§: ’ [) e 41 ]1;[1 (1,1),(v;+1,1) ( 4 r

where the so—called Dzrbashjan’s (binomial/two—parameter) Mittag-Leffler type function notation
is used. For m = 1, the integral representations (3.1) and (3.2) reduce to the familiar Mathieu

series and alternating Mathieu series (1.4) and (1.6) by virtue of (1.9).

C. The constraints of the inequality (6.20) actually can be weaken. Namely, rewriting a; - - - a,, <
a1 + -+ a, into
an(ar---an—1—1) <ar+- +an_1,

we see that (6.20) holds true when

ap + -+ ap—
ar - ap—1 <l,a,>0; or ay---apn_1>1,a,< i e
a1 Qp—1 — 1
We conclude that when no more then one a; > 1, then the inequality (6.20) is valid as well.

This comment allows further possibilities to enlarge the parameter space in Theorem 7.
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D. The set of bounding inequalities for Bessel-function family members is extensive, excluding
the Bessel-Clifford functions and the hyper—Bessel and modified hyper—Bessel functions for the

interval z > jm+1

which, according to our best knowledge, do not exist; here j,, 1 stands for the
first positive zero of the hyper—Bessel function Jl(,m)(m), consult the introductory part of section 6.

In this respect immediately arise two important questions: (a) to derive suitable functional
bounding inequalities for the Bessel-Clifford functions and the hyper—Bessel and modified hyper—
Bessel functions, and (b) the sharpness issues for the derived upper bounds concerning the extended
Mathieu—type series integrals. In turn, the case (b) implies a new ask: the upper bounds magnitude
with respect to large parameters u, 7 and r.

As to the problem (a) we give an answer by Theorem 7; also consult in this respect C. Having in
mind the hybrid upper bound (6.8) introduced by Srivastava and Pogdny in [86] for Bessel functions
of the first kind, we can combine another existing bounds like the ones by Krasikov, Landau,
Lommel, Minkashisundaram—Szasz, Olenko, and Sitnik for the annulus and another suitable ones
for the remaining part of the domain.

In our exposition we decide for Paris’ bound (6.13) which holds for the unit interval. This implies
that our approach suggests several possible bounds; the 'best bound’ contest could be resolved by
the smallest magnitude study, for instance.

Hybrid bounds for the Bessel-Clifford, and hyper—Bessel functions we can build following the
traces of aforementioned method by Srivastava and Pogany. Considering the bound (6.10) by
Aktag et al. from one side for the values of the argument in annulus and the offered bounds from
Theorem 7, we have on disposal the hybrid functional upper bound for the hyper—Bessel function

™) () as

$m+1

m d .i Vi I i am
75 @)] < (@) = (2= )= {A@»e TETTTART - X () e (2)

1 T\ D A
—+1) cosh [2<m—|—1) }‘X(j;j:ll,oo)(x) H (v;+2),

Jj=1

where xg(z) denotes the characteristic function of the set S.
On the other hand the Redheffer—type inequality (6.11) implies the hybrid bound

. )i jotl — g+
m L e £y

[5m @)] < ) = ( K(ogmer) @)

7]um 1

m 1 . m
+;m oo 2 (55) }'X[J;"Huw)(x)}.

The derivation of hybrid bound for the Bessel-Clifford function C,(,m) (x) and its applications we
leave to the interested reader.
The problem (b) has an interesting consequence and another benefits. Namely, the computable

power series representation formulae in terms of higher transcendental functions which consist the
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matter of Theorems 1-4 and all their corollaries are in fact summation formulae when we reverse
their point of view. On the other hand Theorems 5-9 give functional upper bounds for the integrals
represented by the series/summations which are a fortiori upper bounds for the mentioned highly

complicated sums.

E. Propositions 1 and 2 present novel results in Laplace-Mellin transform family of the products of
m hyper—Bessel functions of not necessarily equal size parameters, complementing the appropriate
sections of Laplace transform collections like Erdélyi et al. [22] and Prudnikov et al. [76].
Next, new integral Laplace-Mellin transform formula (6.23) was obtained for the cosine hyper-
bolic function with general power argument, reads as follows:
I(p+1)

o0
—px p.p—1 h Nde =222 @
/0 e T cos (ax) T 9 ph oWy

where p+1 > 0, R(p) > 0, ¢ € (0,1), which follows from the convergence condition for the Fox—
Wright ¥ function as A = 2—2¢ > 0. Else, for ¢ = 1 the series converges for |a| < (p); this can
be seen from the constraint p = 1 around (2.2) or by the asymptotic behavior of the integrand for
large . This transform is an important extension of the related formula listed in the monograph
by Prudnikov et al. [76, p. 60, Eq. 17], where only the positive rational exponent g € Q. was
considered, and the formula is in the Meijer G function setting given, which use we systematically
avoid in the whole exposition; consult also [77] in this respect.

It is worth to mention that the case ¢ = 1 of the previous formula reduces to a sum of two

algebraic functions, viz. (6.24).

F. The integral representations of hyper—Bessel and modified hyper—Bessel functions are reported

for instance in [16, p. 32, Theorem 3]

m

DRZ 1
(=) = e (== )= / G|t ] cosm 1 [(m + 1)zt " V] dt,
m + 1 0 ’ I _
m+1
S, gl
I0M)(2) :Cm( : )j:1 ] / amoltl ]hmﬂ[(m*l)ﬁl/(mﬂ)]dt’
m + 1 0 I _
m+1

where z,v; € C and R(v;) > —1, j = 1, m, the constant

m

em=02m) 2 vVm+1,

while the generalized cosine function of the order r € N reads

n—1

_ kwrk
cos,(w) = Z EDw? ofr—1

= (rk)! r

12 - (Z)T] , cosi(w) = cos(w).
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In the integrand the Meijer G function terminology is used. In turn, the modified hyper—Bessel
functions’ integral representation contains the generalized hyperbolic hy,,41(w) = co8p41(—w)
function in the kernel, [16, p. 31, Definition 3].

We also notice that the multi-index Mittag—Leffler function is related with the Delerue hyper—
Bessel function by the formula [34, p. 1132, Eq. (16)].

Finally, we re-call the integral representation formula for the Bessel-Clifford function [28, p. 17,
§5] (also see [16]) which reads:

; coSm41 [(m + 1)zt1/(m+1)] de.

m—+1

1
C’l(,m)(z):cm/ G’m:?n t
0

These integral expressions could be also used in another fashion approach for the tasks realized in

our present exposition.
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