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Abstract

We obtain the necessary and sufficient conditions for linearizability of an eight-parameter family of two-dimensional
system of differential equations in the form of linear canonical saddle perturbed by polynomials with four quadratic
and four cubic terms.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

We consider a polynomial system of differential equations of the form
0096-3

doi:10.

* Co
E-m
dx
dt
¼ x�

X
ðp;qÞ2S

apqxpþ1yq ¼ P ðx; yÞ;

� dy
dt
¼ y �

X
ðp;qÞ2S

bqpxqypþ1 ¼ �Qðx; yÞ;
ð1Þ
where x; y; apq; bqp are complex variables, S ¼ fðpm; qmÞjpm þ qm P 1;m ¼ 1; . . . ; lg is a subset of
f�1 [Ng �N, and N is the set of non-negative integers. The notation in (1) simply emphasizes that we take
into account only nonzero coefficients of the polynomials. By ða; bÞ we will denote the ordered vector of the
coefficients of system (1), ða; bÞ ¼ ðap1q1

; . . . ; aplql
; bqlpl

; . . . ; bq1p1
Þ. In the case when
x ¼ �y; aij ¼ �bji; idt ¼ ds ð2Þ

(the bar stands for the complex conjugate numbers), the system (1) is equivalent to the equation
i
dx
ds
¼ x�

X
ðp;qÞ2S

apqxpþ1�xq; ð3Þ
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which has a center or a focus at the origin in the real plane fðu; vÞjx ¼ uþ ivg, where the system can be also
written in the form
_u ¼ �vþ Uðu; vÞ; _v ¼ uþ V ðu; vÞ: ð4Þ

For systems of the form (4) (where the power series expansions of U and V at the origin start with quadratic
terms) the notions of center and isochronicity have a simple geometric meaning. Namely, the origin of system
(4) is a center if all trajectories in its neighborhood are closed and it is an isochronous center if the period of
oscillations is the same for all these trajectories. According to the Poincaré–Lyapunov Theorem system (4) has
a center at the origin if and only if it admits a first integral of the form
Wðu; vÞ ¼ u2 þ v2 þ
X1

kþm¼3

hkmukvm:
Since after the complexification x ¼ uþ iv, y ¼ �x the above integral has the form
Wðx; yÞ ¼ xy þ
X1

kþm¼3

gkmxkym; ð5Þ
following to Dulac we say that system (1) has a center at the origin if it admits a first integral of the form (5).
We recall (see, for instance, [1,6] for the details) that the real analytical system (4) has an isochronous center

if and only if it can be transformed to the linear system
_u ¼ v; _v ¼ �u;
that is, if the normal form of (4) is linear. Thus for system (4) the notion of isochronicity is equivalent to the
notion of linearizability. However the problem of linearizability arises also for more general system (1), which
in the special case when the conditions (2) hold is equivalent to (3) and, therefore, to (4). In this paper we will
study the problem of linearizability for system (1). Namely, we will consider the problem how to decide if a
polynomial system (1) can be transformed to the linear system
_z1 ¼ z1; _z2 ¼ �z2 ð6Þ

by means of a formal change of the phase variables
z1 ¼ xþ
X1

mþj¼2

uð1Þm�1;jða; bÞxmyj; z2 ¼ y þ
X1

mþj¼2

uð2Þm;j�1ða; bÞxmyj: ð7Þ
If for some values of the parameters apq; bqp such transformation exists we say that the corresponding system
(1) is linearizable (or has a linearizable center at the origin). It follows from a result of Poincaré and Lyapunov
that if there is a formal transformation (7) linearizing (1) then it converges in a neighborhood of the origin.

Although the study of isochronicity goes back at least to Huygens who investigated the oscillations of
cycloidal pendulum, at present the problem is of renewed interest. In particular, in recent years many studies
has been devoted to the investigation of the linearizability (isochronicity) problem for different subfamilies of
the cubic system (that is, the system (1) where the right hand sides are the polynomials of degree three, see, e.g.
[2–4,6,8,7,10] and references therein). In this paper we study the problem of linearizability for the following
eight-parameter cubic system:
_x ¼ xð1� a10x� a01y � a20x2 � a02y2Þ;
_y ¼ �yð1� b10x� b01y � b02y2 � b20x2Þ:

ð8Þ
2. Preliminaries

Taking derivatives with respect to t in both parts of each of the equalities in (7), we obtain
_z1 ¼ _xþ
X1

mþj¼2

uð1Þm�1;jðmxm�1yj _xþ jxmyj�1 _yÞ;

_z2 ¼ _y þ
X1

mþj¼2

uð2Þm;j�1ðmxm�1yj _xþ jxmyj�1 _yÞ:
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Equating coefficients of the terms xq1þ1yq2 ; xq1 yq2þ1, correspondingly, yields the recurrence formulae
ðq1 � q2Þuð1Þq1q2
¼

Xq1þq2�1

s1þs2¼0

ðs1 þ 1Þuð1Þs1s2
aq1�s1;q2�s2

� s2uð1Þs1s2
bq1�s1;q2�s2

h i
; ð9Þ

ðq1 � q2Þuð2Þq1q2
¼

Xq1þq2�1

s1þs2¼0

s1uð2Þs1s2
aq1�s1;q2�s2

� ðs2 þ 1Þuð2Þs1s2
bq1�s1;q2�s2

h i
; ð10Þ
where s1; s2 P �1; q1; q2 P �1; q1 þ q2 P 0; uð1Þ1;�1 ¼ uð1Þ�1;1 ¼ 0; uð2Þ1;�1 ¼ uð2Þ�1;1 ¼ 0; uð1Þ00 ¼ uð2Þ00 ¼ 1, and we set
aqm ¼ bmq ¼ 0, if ðq;mÞ 62 S.

Thus we see, that the coefficients uð1Þq1q2
; uð2Þq1q2

of the transformation (7) can be computed step by step using the
formulae (9) and (10). In the case q1 ¼ q2 ¼ q the coefficients uð1Þqq ; u

ð2Þ
qq can be chosen arbitrary (we set

uð1Þqq ¼ uð2Þqq ¼ 0). The system has a linearizable center only if the quantities in the right-hand side of (9) and
(10) are equal to zero for all q 2 N. As a matter of definition, in the case q1 ¼ q2 ¼ q we denote the polyno-
mials in the right-hand side of (9) by iqq and in the right-hand side of (10) by �jqq and call them qth linear-
izability quantities. We see that the system (1) with the given coefficients ða�; b�Þ is linearizable if and only if
ikkða�; b�Þ ¼ jkkða�; b�Þ ¼ 0 for all k 2 N.

By definition a Darboux linearization [4,6] of system (1) is a change of variables
z1 ¼ H 1ðx; yÞ; z2 ¼ H 2ðx; yÞ ð11Þ

which transforms the system to the linear system (6), and such that at least one of the functions H1, H2 is of the
form H ¼ f a1

1 . . . f ak
k , with ajs being complex numbers, where fiðx; yÞs are either invariant algebraic curves of

system (1) defined by fiðx; yÞ ¼ 0, that is, polynomials satisfying the equation
ofi

ox
P þ ofi

oy
Q ¼ Kifi; ð12Þ
or Darboux functions, that is, some functions satisfying (12) with Kis being some polynomials (thus, an alge-
braic invariant curve is a particular case of Darboux function). The polynomial Kiðx; yÞ is called the cofactor
of the invariant curve fiðx; yÞ or the Darboux function fiðx; yÞ. A simple computation shows that if there are
Darboux functions f1; f2; . . . ; fk with the cofactors K1;K2; . . . ;Kk satisfying
Xk

i¼1

aiKi ¼ 0; ð13Þ
then H ¼ f a1
1 . . . f ak

k , is a first integral of (1), and if
Xk

i¼1

aiKi þ P 0x þ Q0y ¼ 0 ð14Þ
then the system admits the integrating factor l ¼ f a1
1 . . . f ak

k .
Similar idea leads to the so-called Darboux linearization. Namely, if there are a1; . . . ; ak such that
P ðx; yÞ=xþ
Xk

i¼1

aiKi ¼ 1; ð15Þ
then by means of the substitution z1 ¼ xf a1
1 . . . f ak

k the first equation of (1) is transformed to the linear equation
_z1 ¼ z1, and if
Qðx; yÞ=y þ
Xk

i¼1

aiKi ¼ �1; ð16Þ
then the second equation of the system is linearized by the change z2 ¼ yf a1
1 . . . f ak

k .
If system (1) is such that only one of the conditions (15), (16) is satisfied, let say (16), but it has a Lyapunov

first integral Wðx; yÞ of the form (5) then (1) is linearizable by the change
z1 ¼ Wðx; yÞ=H 2ðx; yÞ; z2 ¼ H 2ðx; yÞ; ð17Þ



940 D. Dolićanin et al. / Applied Mathematics and Computation 190 (2007) 937–945
and, correspondingly, if (15) holds, then the linearizing transformation is given by
z1 ¼ H 1ðx; yÞ; z2 ¼ Wðx; yÞ=H 1ðx; yÞ: ð18Þ

It is shown in [9,8] that the Lyapunov first integral (5) can play the role of a Darboux function, that is, can be
used in order to construct a linearization of the form
z ¼ xaybWcf a1
1 f a2

2 . . . f ak
k :
This observation leads to the following theorem.

Theorem 1. Assume that system (1) has a first integral of the form
Wðx; yÞ ¼ xy 1þ
X1

kþj¼1

vk;jxkyj

 !
ð19Þ
and the Darboux functions f1; f2; . . . ; fs of the form 1þ h:o:t: with the cofactors K1; . . . ;Ks. In such case, if
ð1� cÞ P
x
� c

Q
y
þ
Xs

j¼1

ajKj ¼ 1 ð20Þ
then the first equation of (1) is linearized by the substitution
z1 ¼ x1�cy�cWcf a1
1 f a2

2 . . . f as
s ; ð21Þ
and if
�c
P
x
þ ð1� cÞQ

y
þ
Xs

j¼1

ajKj ¼ �1 ð22Þ
then the second equation of the system is linearizable by the substitution
z2 ¼ x�cy1�cWcf a1
1 f a2

2 . . . f as
s : ð23Þ
Proof. Since the first integral has the form (19) the substitutions (21) and (23) are of the form z1 ¼ xþ h:o:t:
and z2 ¼ y þ h:o:t:, respectively. Direct calculations show that (21) and (23) are indeed the linearizations. h
3. The linearizability conditions

In this section we will obtain the necessary and sufficient conditions for linearizability of system (8).

Theorem 2. System (8) has an isochronous center at the origin if and only if one of the following conditions

holds:

(1) a02 þ b02 ¼ a20 þ b20 ¼ a01 þ b01 ¼ a10 þ b10 ¼ b02b2
10 þ b20b2

01 ¼ 0,

(2) b10 ¼ b20 ¼ a02 ¼ a01 ¼ 0,

(3) b10 ¼ b20 ¼ a20 ¼ a01 ¼ 0,

(4) b10 ¼ b20 ¼ a20 ¼ a10 ¼ 0,

(5) b10 ¼ b20 ¼ a10 ¼ 2a2
01 � a01b01 þ a02 ¼ 0,

(6) b01 ¼ b20 ¼ a02 þ 2b02 ¼ a20 ¼ a01 ¼ a10 þ 2b10 ¼ 0,

(7) b01 ¼ b20 ¼ a02 � 2b02 ¼ a01 ¼ a10 � 6b10 ¼ 8b2
10 þ a20 ¼ 0,

(8) b10 ¼ a02 ¼ 2a20 � b20 ¼ 6a01 � b01 ¼ a10 ¼ 2b2
01 þ 9b02 ¼ 0,

(9) b10 ¼ b02 ¼ a02 ¼ 2a20 þ b20 ¼ 2a01 þ b01 ¼ a10 ¼ 0,

(10) b10 ¼ a02 þ b02 ¼ a20 þ b20 ¼ a01 ¼ 0,

(11) b10 ¼ b02 ¼ a02 ¼ a01 ¼ 0,

(12) b01 ¼ a02 ¼ a01 ¼ a10b10 � 2b2
10 � b20 ¼ 0,

(13) b01 ¼ b02 ¼ a02 ¼ a01 ¼ 0.



Proof. To solve the linearizability problem for (8) we have computed eight first pairs of the linearizability
quantities ikk; jkk. The polynomials are too long, so we do not present them here, however one can easily com-
pute them using Mathematica (for instance, with a modification of the code from Appendix of [8]) or any
other computer algebra system and formulae (9) and (10). Then we find the primary decomposition of the
ideal hi11; j11; . . . ; i88; j88i using the routine minAssChar of the computer algebra program Singular [5] and
obtain the necessary conditions of linearizability (the 13 conditions presented in the statement of the theorem).
To prove that each of the obtained conditions is also the sufficient condition for the linearizability we look for
Darboux linearizations.

Case 1. In this case system (8) has the form

D. Dolićanin et al. / Applied Mathematics and Computation 190 (2007) 937–945 941
_x ¼ 1

b2
10

x b2
10 þ b3

10xþ b2
10b20x2 þ b01b2

10y � b2
01b20y2

� �
¼ Pðx; yÞ;

_y ¼ � 1

b2
10

y b2
10 � b3

10x� b2
10b20x2 � b01b2

10y þ b2
01b20y2

� �
¼ Qðx; yÞ:

ð24Þ
If b10 6¼ 0 then among the trajectories of the system (24) there two invariant lines:
f1 ¼ 1þ 1

2
b10 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q� �
xþ 1

2

b01

b10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q
� b01

� �
y;

f2 ¼ 1þ 1

2
b10 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q� �
x� 1

2

b01

b10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q
þ b01

� �
y;
with the corresponding cofactors
K1 ¼
1

2
b10 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q� �
xþ b20x2 þ 1

2
b01 �

b01

b10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q� �
y � b2

01b20y2

b2
10

;

K2 ¼
1

2
b10 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q� �
xþ b20x2 þ 1

2

b01

b10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q
þ b01

� �
y � b2

01b20y2

b2
10

:

Using these invariant lines we can construct a Darboux linearization of system (24). Indeed, in this case the
Eq. (15) is P ðx; yÞ=xþ a1K1 þ a2K2 ¼ 1 and the Eq. (16) is Qðx; yÞ=y þ a1K1 þ a2K2 ¼ �1. Both equations are
satisfied by
a1 ¼ �
1

2
þ b10

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q ; a2 ¼ �
1

2
� b10

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

10 � 4b20

q :
Therefore system (24) is linearized by the substitutions:
z1 ¼ xf a1
1 f a2

2 ; z2 ¼ yf a1
1 f a2

2 : ð25Þ

If b10 ¼ 0 then either b01 ¼ 0 or b20 ¼ 0. The first case is considered in [4] and the second one is a particular
case of system (26).

Case 3. The conditions of this case yield the system
_x ¼ xð1� a10x� a02y2Þ ¼ P ðx; yÞ; _y ¼ �yð1� b01y � b02y2Þ ¼ Qðx; yÞ ð26Þ

with the invariant lines
f1 ¼ x; f 2 ¼ y; f 3 ¼ 1� 1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y; f 4 ¼ 1� 1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y;
and the corresponding cofactors
K1 ¼
P ðx; yÞ

x
; K2 ¼

Qðx; yÞ
y

; K3 ¼
1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2;

K4 ¼
1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2:
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Using (16) we see that the second equation is linearizable by the substitution
z2 ¼ 2y 2� b01y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� ��1
2�

b01

2
ffiffiffiffiffiffiffiffiffiffiffi
b2

01
þ4b02

p
2� b01y þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
y

� ��1
2þ

b01

2
ffiffiffiffiffiffiffiffiffiffiffi
b2

01
þ4b02

p
: ð27Þ
In order to find a linearizing transformation for the first equation we solve the Eq. (14) and find the solution
a1 ¼ �2; a2 ¼ �2:

a3 ¼ �
ða02 þ b02Þ b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �

2b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q ; a4 ¼
ða02 þ b02Þ b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �

2b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q :
Therefore l ¼ ðxyÞ�2f a3
3 f a4

4 is the Darboux integrating factor of (26). Then a first integral Wðx; yÞ of (26) should
satisfy the equations
W0x ¼ lQ; W0y ¼ �lP : ð28Þ
Integration of the first equation of (28) gives Wðx; yÞ ¼ �xylK2 þ wðyÞ. Using the second equation we obtain
w0y ¼ a10lx2. The integration yields the first integralZ
Wðx; yÞ ¼ �xylK2 þ a10lx2 dy;
which can be expressed in terms of Appell’s functions. Since
�xylK2 ¼
1

xy
ð1þ h:o:tÞ and

Z
lx2 dy ¼ � 1

y
þ a02 þ b02

2
y þ h:o:t:;
the integral W1 ¼ 1=W is a first integral of the form (19). Thus, the first equation is linearizable by the
substitution
z1 ¼
W1

z2

:

The above expressions are defined if b2
01 þ 4b02 6¼ 0 and b02 6¼ 0. Consider now the case when b02 ¼ � 1

4
b2

01. We
find immediately the algebraic invariant line f1 ¼ 1� b01

2
y. It turns out in this case there is also a Darboux

function which is not algebraic function. Namely, we look for a Darboux function in the form
f2 ¼ eðh2xþh3yÞ=f1 . Then K2 should satisfy the equation Dðf2Þ=f2 � K2 ¼ 0. This yields
f2 ¼ e
2b01y

2�b01y; K2 ¼ �b01y:
Using (16) we see that the second equation of the system is linearizable by the substitution
z2 ¼
2y e

b01y
2�b01y

ð2� b01yÞ :
Again, from (14) we obtain that l ¼ f
a1
1

f
a2
2

x2y2 (where a1 ¼ 4a02

b2
01

� 1, a2 ¼ 2a02

b2
01

� 1
2
) is an integrating factor and
Wðx; yÞ ¼ f a1þ2
1 f a2

2

xy
þ a10

Z
f a1

1 f a2
2

y2
dy ¼ f a1þ2

1 f a2
2

xy
� a10

1

y
þ h:o:t:

� �
is the first integral of the form (5) yielding the linearization of the first equation
z1 ¼
1

z2W
:

The integral is defined when b01 6¼ 0, however if b01 ¼ 0 then we can construct a first integral using the Dar-
boux function ea02y2=2.

Consider now the case when b02 ¼ 0. Obviously, the second equation is linearizable by the substitution
z2 ¼
y

1� b01y
:
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To find a linearizing transformation for the first equation of (26) we divide the first equation of the system by
the second one and obtain the Bernoulli equation,
dx
dy
¼ � xð1� a02y2Þ

yð1� b01yÞ þ
a10x2

yð1� b01yÞ :
Solving this equation we have a first integral in the form
W ¼ ð�1Þ
a02

b2
01 � e

�a02y
b01 ð�1þ b01yÞ

1�a02

b2
01

xy
þ a10

Z
e
�a02y

b01 ð�1þ b01yÞ
1�a02

b2
01

y2
dy

0
@

1
A:
Therefore the linearization of the first equation of the system is given by z1 ¼ 1=ðz2WÞ.
Case 4. In this case the system has the form
_x ¼ xð1� a01y � a02y2Þ; _y ¼ �yð1� b01y � b02y2Þ: ð29Þ

There are two invariant lines
f1 ¼ 1� 1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y; f 2 ¼ 1� 1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y;
with the corresponding cofactors
K1 ¼
1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2; K2 ¼

1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2:
The first equation of (26) is linearizable by the substitution
z1 ¼ xf a1
1 f a2

2

where
a1 ¼
a02b01 � 2a01b02 þ a02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
2b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q ; a2 ¼
�a02b01 þ 2a01b02 þ a02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
2b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q ;
and the linearizing transformation for the second equation is
z2 ¼ yf b1
1 f b2

2 ;
where
b1 ¼ �
1

2
þ b01

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q ; b2 ¼ �
1

2
� b01

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q :
Case 5. When the conditions of this case are fulfilled the system takes the form
_x ¼ xð1� a01y � a20x2 þ 2a2
01y2 � a01b01y2Þ ¼ P ðx; yÞ;

_y ¼ �yð1� b01y � b02y2Þ ¼ Qðx; yÞ:
ð30Þ
The invariant lines of (30) are
f1 ¼ x; f 2 ¼ y;

f3 ¼ 1� 1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y; f 4 ¼ 1� 1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y;
with the corresponding cofactors
K1 ¼
P ðx; yÞ

x
; K2 ¼

Qðx; yÞ
y

;

K3 ¼
1

2
b01 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2; K4 ¼

1

2
b01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q� �
y þ b02y2:



944 D. Dolićanin et al. / Applied Mathematics and Computation 190 (2007) 937–945
Using (16) we find that the second equation of (30) is linearizable by the substitution (27). However, the
Eq. (15) has no solution, therefore there is no Darboux linearization of the first equation involving the lines
f1; f2; f3; f4. However the system has the Darboux integrating factor
l ¼ xa1 ya2 f a3
3 f a3

4 ;
where
a1 ¼ �3; a2 ¼ �3;

a3 ¼
2a2

01b01 � a01b2
01 þ 2a01b02 � b01b02 þ 2a2

01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
� a01b01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q ;

a4 ¼ �
2a2

01b01 � a01b2
01 þ 2a01b02 � b01b02 � 2a2

01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
þ a01b01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q
b02

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

01 þ 4b02

q :
Using it we find the first integral
W ¼ �xylK2 þ 2a20

Z
lx3 dy:
This integral is not of the form (5), however W1 ¼ 1=
ffiffiffiffi
W
p

is also the first integral of (30) and has the form (5).
Therefore the first equation is linearizable by the substitution z1 ¼ W1=z2, where z2 is defined by (27).

Case 6. In this case the system has the form
_x ¼ xð1þ 2b10xþ 2b02y2Þ; _y ¼ �yð1� b10x� b02y2Þ:

It is easy to find that a Darboux linearization of the system is given by
z1 ¼
x

1þ 2b10x� b02y2
; z2 ¼

yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b10x� b02y2

p :
Case 7. The corresponding system
_x ¼ xð1� 6b10xþ 8b2
10x2 � 2b02y2Þ; _y ¼ �yð1� b10x� b02y2Þ ð31Þ
has invariant lines
f1 ¼ 1� 4b10xþ 8b02b10xy2; f 2 ¼ 1� 12b10xþ 48b2
10x2 � 64b3

10x3 þ 24b02b10xy2
with the cofactors K1 ¼ �4b10xþ 8b2
10x2, K2 ¼ �12b10xþ 24b2

10x2, respectively. In order to obtain a linearizing
transformation using the Eq. (13) we find the first integral Uðx; yÞ ¼ f �3

1 f2. Then
Wðx; yÞ ¼ 1

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3b02b2

10

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 12b10xþ 48b2

10x2 � 64b3
10x3 þ 24b02b10xy2

ð1þ 4b10xþ 8b02b10xy2Þ3
� 1

s

is a first integral of the form (19). Eqs. (20) and (21) have the solutions c ¼ 2; a1 ¼ 1; a2 ¼ 0 and c ¼ �1;
a1 ¼ �1; a2 ¼ 0, respectively. Therefore, according to Theorem 1 system (31) a is linearizable by the
substitutions
z1 ¼
f1W

2

xy2
; z2 ¼

xy2

f1W
:

Case 8. In this case the system has the form
_x ¼ xð1� a01y � a20x2Þ; _y ¼ �yð1� 6a01y � 2a20x2 þ 8a2
01y2Þ: ð32Þ
Thus after the involution
x$ y; aij $ bji ð33Þ
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we obtain from (32) the system (31). It means that this case is dual to case 7 under the involution (33) in the
sense that all invariant curves, integrals and linearizations of (31) are mapped to invariant curves, integrals
and linearizations, respectively, of (32) by the involution (33).

Cases (2), (10) and (11) are considered in [8], where the corresponding linearized substitutions are obtained.
Cases (9), (12), (13) are dual (with respect to the involution (33)) to Cases (6), (5) and (4), respectively.

Note that some of obtained linearization are not defined for certain values of parameters. For example, the
linearization (25) is defined if 4b02 6¼ b2

10. It is possible to find linearizations also for these ‘‘degenerated’’ cases
as we did in case 3. However we can also conclude that linearizations exist without computing them explicitly
observing that each system (1)–(13) in the statement of the theorem defines an irreducible variety. h
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