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EXTREMAL PROBLEMS FOR COEFFICIENTS
OF ALGEBRAIC POLYNOMIALS

Gradimir V. Milovanovi¢ and Lidija Z. Marinkovié

Abstract. Extremal problems for coefficients of algebraic polynomials P(z) = Z::o ayz?
are considered. In the other words, under some restrictions of the class of all polynomials of
degree n, the upper bounds for |P(k)(0)|7 which include L2-norm of P on the real line, are
investigated.

1. Introduction

Let P, be the class of algebraic polynomials P(z) = >.I'_;a,z” of degree at
most n. We will consider some extremal problems of the form

[PW(0)] < Co il Pl
The first result on this subject was given by V. A. Markov [3]. Namely, if

[Pl =[Pl = _max |P(z)

—1<z<1

and T, (z) = Y_I_ tn,2” denotes the n-th Chebyshev polynomial of the first kind,
Markov proved that

[tnkl - 1Pl if n—k iseven,

1.1 <
(1.1) lag| < { ltn_1k - 1Pl if n—£k 1is odd.

For k = n (1.1) reduces to the well-known Chebyshev inequality
(1.2) lan] < 2" P ..
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Under the assumption that P(1) = 0 or P(—1) = 0, Schur [5] showed that (1.2)
can be replaced by

B T 2n
jan] <277 (cos =) 1P

This result was extended by Rahman and Schmeisser [4] for polynomials with real
coefficients, which have at most n — 1 distinct zeros in (—1,1).

In L?-norm
1/2

1PI=1e1,= (/. 11 Pfds)

Labelle [2] proved that
1-3-5---(2k—1) w12 ([(n—k)/2]+ k+1/2
k+ 5 P
k! ( + 2) [(n _ k‘)/?] ” ||2
for all P € P, and 0 < k < n, where the symbol [z] denotes as usual the integral

part of x. Equality in this case is attained only for the constant multiplies of the
polynomial

lag| <

[(n—k)/2]
k —1/2
Z (—1)”(4V—|—2k+1)< +VV / )Pk+21/(33)7

v=0
where P, (z) denotes the Legendre polynomial of degree m.
Under restriction P(1) = 0, Tariq [6] proved that

n (2n)! [2n+1 1/2
ol < i g () 1P

with equality case

n—1
1
P(x) = Po(x) = — VZ::O(QV +1)P,(x).
Also, for k =n — 1, he obtained that

n2+2)1/2  (2n-2)! 2n —1\?
1) )< DS OB (2L T,

with equality case

n—2
2n+1 1
v=0

In the absence of the hypothesis P(1) = 0 the factor (n?+2)'/2/(n+1) appearing
on the right-hand side of (1.3) is to be dropped.

In this paper we will consider more general problem including L2-norm of poly-
nomials with respect to a nonnegative measure on the real line R and using some
restricted polynomial classes.
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2. Main Result

Let do(z) be a given nonnegative measure on the real line R, with compact
or infinite support, for which all moments ju, = [, ¥ do(x), k = 0,1,..., exist
and are finite, and pug > 0. In that case, there exists a unique set of orthonormal
polynomials 7(-) = #(-;do), £k =0,1,..., defined by

2.1) 7 (x) = bpa® + "1 + lower degree terms, by > 0,
' (Ths Tm) = Okm,  k,m >0,

where

(f.9) = / f@)a@dox)  (f.g € IA(R)).

For P € P,, we define

(2.2) iPI=vEr - ([ |P<x>2do<x>)1/2.

The polynomial P(z) =3."_,a,z” € P, can be represented in the form

P(x) = Z a,m, (1),
v=0

where
a, = (Pym,), vr=0,1,... ,n.

We note that
ap = anbna Gp—1 = QpCp + anflbnfl-

Since
n 1/2
1Pl = (ZI%I2> > |ayl,
v=0

we have a simple estimate |a,| < b, ||P||. This inequality can be improved for some
restricted classes of polynomials. Because of that, we consider a linear functional
L : P, — C, such that

(2.3) M= "|Lm,|* >0,
v=0
and a subset of P,, defined by
W, ={Pe€?,|LP=0,dgP =n}.

Using a method given by Giroux and Rahman [1] (see also Tariq [6]), we can
prove the following auxiliary result:
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Lemma 2.1. If P € W, and ~v9,71,--- ,Vn are nonnegative numbers such that
Yo >y forv=0,1,...,pu—1,u+1,...,n, then

(2.4) Yol <= lewl?,
v=0 v=0

where v is the unigue root of the equation

n

(2.5) 3 _

v—o Iu— Y =7
in the interval (0,T"), where

['= min (%~ W)

v#EN

Inequality (2.4) is sharp and becomes an equality if and only if P(z) is a constant
multiple of the polynomial

n

(2.6) Z LT@(%).

o T T Y T

Proof. Let P € W,,. Then

(2.7) LP = L(En: aywy) = i ay L, = 0.
v=0

v=0
Starting from

n

n n
Z%mu‘z = Tu Z o [ — Z('Vu —)law|?
v=0 v=0

v=0
n n n
=l =D (= =l =D el
v=0 = v=0

vl S

and using (2.7), we have

n 2 n 2
v L] Z‘ >_awlm, :‘ > o (L) (v = =N = e =) ’

v=0 v=0
v#p v#L

n n
| L, |?

< Py —nw—7) ———.

v vER
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Since « is the unique root of the equation (2.5), we find that

n 2 2
2 —la || Ly _ 2
_Vz:(:) low " (v =1 —7) < W = —laul®,
vER b=0 Y — Vv —
v
wherefrom
n n n
Z'VV|O‘V|2 < Vu Z o [* =yl = Z o |,
v=0 v=0 v=0
VR
ie., (2.4).

Equality case is attained when

L,
au(’YIL_VV_V)l/Q:A( (V:0717"' ,,LL—I,/J—FI, an)a

Y — Vv — 7)1/2

where A = const, i.e. when

P(x) = Z a,m,(x) = AZ %ﬂy(x). O
v=0

o Tn Y —

Theorem 2.2. If P € W,, then

1

where M is given by (2.3). Inequality (2.8) is sharp and becomes an equality if and
only if P(x) is a constant multiple of the polynomial

(2.9) () — m S o ().
n v=0

Proof. Putting v, = 1 and v, =0, v =0,1,... ,n — 1, from (2.5) follows that
v = |L7,|?/M. Then (2.4) reduces to

1
(2.10) onl? < (1= =L 2) 1P,

i.e. (2.8), because a, = anb,. Also, then (2.6) becomes (2.9). O
Similarly, if we put 7 = 1 and 7, = 0, v # k, from (2.4) follows

1
(2.11) ol < (1= 2o ILm )11
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Since a,_1 = ancy + ayp_1b,_1, we have
lan—1] < |an|[en| + [an—1][bn-1].

Using (2.10) and (2.11), for £ = n — 1, we can obtain an inequality for |a,—_1|, but
it is not sharp in general case. However, if ¢, = 0, we have

1 )\ 1/2
(2.12) lan_1| < bn_1(1 — Lyl ) I1P].
Precisely, the following result is valid:

Theorem 2.3. Let pop—1 = [p2** " 'do(z) =0, k=1,2,..., and M is given by
(2.3). If P € W, then inequality (2.12) holds, with equality case for the constant
multiples of the polynomial

n
Lﬂ-nfl

T Y Emm )

v=0
v#n—1

7Tn,1($(}) —

Under conditions of this theorem, for the orthogonal polynomials 7, the following
property
me(—a) = (=1)"m.(z)

holds.

Further, we will consider the simple functional L, defined by LP = P’(«), where
« is a given number. Similarly, it could be considered the functional L, defined by
LP = P'(«), etc.

For the functional LP = P(«), we have

M= |m(a)2.
v=0

Taking a real a and using the Christoffel-Darboux identity, we find

M = ZWV(O‘)Q = )‘n+1(7";z+1 (a)mn(a) — W;l(a)ﬂml(a))»

where A, 11 is the coefficient in the recurrence relation for orthonormal polynomials
(2.13) Ant1Tn41(x) = (@ — ) mn(2) — Apmp—1(z), n=0,1,...,n,
mo(z) =1/\/wo, m_1(xz)=0.
If we put
(2.14) Tp(x) = bpx™ + oz P 4+ by >0,
then b, = Apt1bnt1, i.e. by = bo/ (A1 g+ Ap).

In next sections we will consider the measures of the classical orthogonal poly-
nomials (Gegenbauer, generalized Laguerre and Hermite polynomials).
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3. Gegenbauer Case

Here, we have do(z) = (1 — 22)*/2dz, A > —1/2.
Let {C2} be the sequence of Gegenbauer polynomials orthogonal with respect to
the measure do(x) on (—1,1). Their generating functions is

400
(1=2tx+1) =) _Cra)t",  A#0,
v=0
and three-term recurrence relation

v+ 1)Clj\+1(:c) =2v+ )\)xC,f‘(x) —(v+2x- 1)C,j\71(x),

with C3(z) = 1 and C}(x) = 2\x.

In the sequel we will also need the formulae

v v!

= ("N =B o = i)

Of interest is the limit behavior of C2(x) when A — 0, given by

. ONz) 2
(3.1) )1\2% S ;Ty(ac), v=12,...,

where T, (z) denotes the Chebyshev polynomial of the first kind.
Using the norm of C2,

A
v+ NA(N)

O T(A+1)
AT\ + 1/2)°

where I' is the gamma function, we can obtain the coefficients A,, in the correspond-
ing recurrence relation for the orthonormal Gegenbauer polynomials as well as the
coefficients b,, in (2.14). Thus,

An:1\/( nntoA-1) bn:2n\/A()\)()\)n(>\+1)n,

2
hy =GN = oy, AN

2V (n+N)(n+A-1) n!(2\),
where I\ )
+n
M =AA+1)---(A )= Y
(e =AM+ (An = 1) = =5
It is interesting to consider two cases: & = 1 and @ = 0 (The case a = —1 is the

same as the case o = 1).

From Theorem 2.2 follows:



32 G. V. Milovanovié¢ and L. Z. Marinkovié

Corollary 3.1. If P(z)=3Y."_,a,z” is a polynomial of degree n such that
P(1) =0, then

(n+X)(2n+2X—-1) 1P
2r(n —1)!12n+ 22+ 1)I'(n+ 21+ 1) ’

iP=(f 11 Po) do) )

The inequality (3.2) reduces to an equality if and only if

(3.2) || < 2T (n + )\)\/

where
1/2

n—1

2022 +1)

P(z) = A(C) NCX (@),

(x) = A(Cp(x) — (2n+2A_1 ;H C(

where C? is the Gegenbauer polynomial of degree v and A = const.
Similarly, from Theorem 2.3 follows:

Corollary 3.2. Under conditions of the above corollary, we have

G AN+ A=1D2n+2\—1)
om(n — 1)1(2n + 2A + DD(n + 2A + 1)

(3:3) lan—1] < 2" T(n+ A~ 1)\/ 1Pl

where gn(A) = (2A + 1)(n + 2X) + n(n — 2). Inequality (3.3) becomes an equality if
and only if

n

22\ + 1) 1
P(x) = A(C) § A
V;én 1

where A = const.
In particular, for A = 1/2, these corollaries reduce to the Legendre case, which
was investigated by Tariq [6].

In the Chebyshev case of the first kind (A = 0), (3.2) and (3.3) reduce to the
inequalities

2”
3.4 n < ——
(3.4) anl € Z= /5 1P
and
on— 1
(3.5) [ = || Il

/27 2n+1
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iw1= ([ e )

In the absence of the hypothesis P(1) = 0 the factor /(2n —1)/(2n + 1) ap-
pearing on the right-hand side of (3.4) and (3.5) is to be dropped.

Using the limit process (3.1), we obtain the equality case in (3.4) when

respectively, where
1/2

P(z) = A(Tn(a:) - 2n2— 1 (% + STAQ:))), A = const.
v=1

Similarly, the equality in (3.5) is attained for

por= (b 0553+ i),

where A = const.

The case a = 0, i.e. the case with restriction P(0) = 0, can be reduced to
the case of non-restricted class of polynomials of degree n — 1, with the measure

do(z) = 22(1 — ) 1/2dx.
4. Generalized Laguerre Case
In this case we have do(z) = z*¢~", s > —1 on (0, +00).
Using the generalized Laguerre polynomials Lf (x), given by

n

i) = 31 (1) s 4 vt D

v=0

we can obtain the corresponding orthonormal polynomials 7, (x), which satisfy the
three-term recurrence relation (2.13), with

An = Vn(n+s) and Tn=2n+s+ 1.

The corresponding coefficient by, in (2.14) is given by b, =1 / /n!l(n+ s + 1).
Taking o = 0, from Theorem 2.2 follows:

Corollary 4.1. If P(z) =Y ._,a,2z” is a polynomial of degree n such that

P(0) =0, then

1P|l
(4.1) DT 57 2)

2= ([ p@ras)

)

1/2



34 G. V. Milovanovié¢ and L. Z. Marinkovié

The inequality (4.1) reduces to an equality if and only if

P(e) = A(Ly(e) ~ (s + Dn - 1Y LL3(@).

where LS is the generalized Laguerre polynomial of degree v and A = const.

It is interesting to mention that we can obtain the inequality (4.1) considering
the non-restricted class of polynomials of degree n — 1, with the measure do(z) =
z5+t2e7%dx on (0, +00).

5. Hermite Case

Now, we have do(z) = e~ da on (—o0, +00).

Using the Hermite polynomials H,,, which satisfy the three-term recurrence re-
lation
Hpy1(z) = 2¢H,(z) — 2nH, -1 (), n=12...,

with Hy(z) = 1 and Hy(z) = 2z, and ||H,||> = 2"n!\/T, we obtain the coefficients
in relations (2.13) and (2.14):

n n
n — a0 n — Y, bn: .
A \E 7w =0 nl/m

It is interesting to consider the case when o = 0. Since H (z) = 2nH,,_1(z) and

Hyp (0) = (=)™

.7 H2m+l(0) = 07

we obtain the following result:

Corollary 5.1. Let P(z)=>."_ a,z" and

too . 1/2
iPI= ([ ipwpera)

1° If n is an even number, then

2n n
anl <\ 7 i 1P

1P|

and

(5-1) |an—l| < m
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2° If n is an odd number, then

2’)1
(52) aud <[z 1P

and

2n—1 n—1
< . .
] = \/(n -7 n 121

Notice that we have not got any improvements in the inequalities (5.1) and (5.2)
in comparison with the corresponding inequalities in the class of all polynomials of
degree at most n, although the restriction P(0) = 0 has been used.
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EKSTREMALNI PROBLEMI ZA KOEFICIJENTE
ALGEBARSKIH POLINOMA

Gradimir V. Milovanovié¢ i Lidija Z. Marinkovié

U radu se razmatraju ekstremalni problemi za koeficijente polinoma P(z) = Z::O apxV.

Drugim re¢ima, pod izvesnim restrikcijama klase svih polinoma stepena od n, dobijaju se gornje
granice za \P(k>(0)\, koje ukljuéuju L2-normu polinoma P u odnosu na neku nenegativnu meru
na realnoj pravoj.



