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1. Introduction

Recently Acharya et al. [1] have considered numerical approximation of integrals
Iðw; f Þ ¼
Z

L
f ðzÞdz; ð1:1Þ
over a directed line segment L from the point z0 � h to the point z0 þ h in the complex plane C, where f is an analytic function
in the disk
X ¼ fz 2 C : jz� z0j 6 r; r > jhjg; ð1:2Þ
by means of a 7-point quadrature formula of the form
Q 7ðw; f Þ ¼ Af ðz0Þ þ B½f ðz0 þ thÞ þ f ðz0 � thÞ� þ C½f ðz0 þ hÞ þ f ðz0 � hÞ� þ D½f ðz0 þ ihÞ þ f ðz0 � ihÞ�;
where t is a positive parameter different from 1. Such a formula is exact for all odd degree monomials f ðzÞ ¼ ðz� z0Þ2kþ1. In
order that the formula is also exact for even monomials f ðzÞ ¼ ðz� z0Þ2k

; k ¼ 0;1;2;3, the authors in [1] determine coeffi-
cients in Q 7ðw; f Þ as functions on t,
ðA;B;C;DÞ ¼ h
105

8ð21t2 � 5Þ
t2 ;

20
t2ð1� t4Þ

;
2ð9� 14t2Þ

1� t2 ;
3� 7t2

1þ t2

� �
;

and obtain a general formula of degree of precision at least seven for any finite positive value of the real parameter t – 1.
Letting t !1, this rule reduces to the well-known five-point Birkhoff–Young formula of fifth degree precision [3], for which
. All rights reserved.
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A ¼ 8h=5; ðB ¼ 0Þ; C ¼ 4h=15; D ¼ �h=15, and its remainder term RBY
5 ðw; f Þ can be estimated as (see [18] or Davis and

Rabinowitz [5, p. 136])
jRBY
5 ðw; f Þj 6 jhj

7

1890
max

z2S
jf ð6ÞðzÞj;
where S denotes the square with vertices z0 þ ikh; k ¼ 0;1;2;3. The case of Q 7ðw; f Þ with h ¼ 1 was considered in [17]. This
kind of Birkhoff–Young quadrature formulae has been investigated by several authors [7,16,15,12–14]. Such quadrature for-
mulas can also be used to integrate real harmonic functions (see [3]).

We mention here that Lyness and Delves [8] and Lyness and Moler [9], and later Lyness [10], developed formulae for
numerical integration and numerical differentiation of complex functions.

By an analysis of the remainder term for the general 7-point quadrature formula Q7ðw; f Þwith respect to the parameter t,
it can be obtained a quadrature rule of the maximal precision nine for t ¼

ffiffiffiffiffiffiffiffiffiffiffi
7=15

p
(see [1]). Some other rules of degree of

precision seven can be also derived.
However, with a little modification of Q 7ðw; f Þ we can obtain a modified 7-point quadrature rule Q M

7 ðw; f Þ of degree pre-
cision eleven. Furthermore, using such an approach we derive a general ð4nþ 3Þ-point quadrature formula of the maximal
degree of precision for a weighted integral.

The paper is organized as follows. In Section 2 we give the modified quadrature formula Q M
7 ðw; f Þ. Section 3 is devoted to a

general weighted quadrature of Birkhoff–Young type with 4nþ 3 nodes and degree of precision 6nþ 5. The nodes of such
quadratures are characterized by an orthogonality relation. The corresponding weight coefficients of quadratures are given
in Section 4. A general numerical method for determining nodes of such quadratures of maximal degree of precision is
discussed in Section 5, including numerical results.

2. The modified quadrature formula Q M
7 ðw; f Þ

For numerical calculating of the integral (1.1) of an analytic function in the disk (1.2), in this section we consider a mod-
ification of the quadrature formula Q 7ðw; f Þ in the following form
QM
7 ðw; f Þ ¼ Af ðz0Þ þ B½f ðz0 þ thÞ þ f ðz0 � thÞ� þ C½f ðz0 þ ‘hÞ þ f ðz0 � ‘hÞ� þ D½f ðz0 þ i‘hÞ þ f ðz0 � i‘hÞ�;
where t and ‘ are mutually different positive parameters. In this case, from the corresponding system of equations
1
2

Aþ Bþ C þ D ¼ h;

Bt2 þ C‘2 � D‘2 ¼ h
3
;

Bt4 þ C‘4 þ D‘4 ¼ h
5
;

Bt6 þ C‘6 � D‘6 ¼ h
7
;

we get
A ¼ 2h
105
� 105t2‘4 � 21t2 � 35‘4 þ 15

t2‘4 ; B ¼ h
21
� 7‘4 � 3
t2ð‘4 � t4Þ

;

C ¼ h
210
� 35t2‘2 þ 21t2 � 21‘2 � 15

‘4ðt2 � ‘2Þ
; D ¼ h

210
� �35t2‘2 þ 21t2 þ 21‘2 � 15

‘4ð‘2 þ t2Þ
;

where 0 < t; ‘ < 1; t – ‘.
It is pertinent to note that the modified quadrature formula QM

7 ðw; f Þ boils down to the seventh degree rule due to Ach-
arya et al. [1] for ‘ ¼ 1, and the modified Birkhoff–Young rule due to Tošić [16] for ‘ ¼ ð3=7Þ1=4 and t !1.

Now, the error-term RM
7 ðw; f Þ ¼ Iðw; f Þ � Q M

7 ðw; f Þ for f ðzÞ ¼ ðz� z0Þ2k
; k ¼ 4;5;6, reduces to
R7ððz� z0Þ8Þ ¼
2h9

315
½21‘4ð5t2 � 3Þ � 45t2 þ 35�;

R7ððz� z0Þ10Þ ¼ 2h11

231
½11‘4ð7t4 � 3Þ � 33t4 þ 21Þ;

R7ððz� z0Þ12Þ ¼ 2h13

1365
91‘8 5t2 � 3

� �
þ 65‘4t2ð7t4 � 3Þ � 195t6 þ 105

� �
:

Finally, from
R7ððz� z0Þ8Þ ¼ 0; R7ððz� z0Þ10Þ ¼ 0;
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we obtain two solutions for parameters:
‘4 ¼ 5
693
ð57þ 4

ffiffiffiffiffiffiffiffiffi
102
p

Þ; t2 ¼ 1
77
ð45� 2

ffiffiffiffiffiffiffiffiffi
102
p

Þ; ð2:1Þ
and
‘4 ¼ 5
693
ð57� 4

ffiffiffiffiffiffiffiffiffi
102
p

Þ; t2 ¼ 1
77
ð45þ 2

ffiffiffiffiffiffiffiffiffi
102
p

Þ: ð2:2Þ
Thus, there exist two modified 7-point quadratures Q M
7;mðw; f Þ, m ¼ 0;1, of the maximal degree of precision eleven, with the

following parameters:
Q M
7;0ðw; f Þ : ‘ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

693
57þ 4

ffiffiffiffiffiffiffiffiffi
102
p	 


4

r
� 0:9155808999196944;

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

77
45� 2

ffiffiffiffiffiffiffiffiffi
102
p	 
r

� 0:5675304228160498;

A ¼ 256ð198�
ffiffiffiffiffiffiffiffiffi
102
p

Þ
77175

¼ 0:6232915676809758h;

B ¼ 2939400þ 116087
ffiffiffiffiffiffiffiffiffi
102
p

8680644
¼ 0:4736769794706059h;

C ¼ 0:2151573287932331h; D ¼ �0:0004800921043269324h;
and
Q M
7;1ðw; f Þ : ‘ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

693
57� 4

ffiffiffiffiffiffiffiffiffi
102
p	 


4

r
� 0:5883004297385740;

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

77
45þ 2

ffiffiffiffiffiffiffiffiffi
102
p	 
r

� 0:9201849748878780;

A ¼ 256ð198þ
ffiffiffiffiffiffiffiffiffi
102
p

Þ
77175

¼ 0:6902944381499280h;

B ¼ 2939400� 116087
ffiffiffiffiffiffiffiffiffi
102
p

8680644
¼ 0:2035538803596094h;

C ¼ 0:4582083249363621h; D ¼ �0:006909424370935494h:
Expanding an analytic function in Taylor series
f ðzÞ ¼
Xþ1
k¼0

f ðkÞðz0Þ
k!

ðz� z0Þk; z 2 X;
and having in mind that QM
7 ðw; f Þ has the maximal degree of precision eleven, the remainder is
RM
7 ðw; f Þ ¼ f ð12Þðz0Þ

12!
RM

7 ððz� z0Þ12Þ þ � � �
For the obtained parameters (2.1) and (2.2), its dominant error term reduces to
RM
7;0ðw; f Þ � 256ð516þ 13

ffiffiffiffiffiffiffiffiffi
102
p

Þ
3361743

� h
13

13!
f ð12Þðz0Þ � 7:92� 10�12h13f ð12Þðz0Þ;
and
RM
7;1ðw; f Þ � 256ð516� 13

ffiffiffiffiffiffiffiffiffi
102
p

Þ
3361743

� h
13

13!
f ð12Þðz0Þ � 4:70� 10�12h13f ð12Þðz0Þ;
respectively. As we can see the second formula is slightly more accurate than the first one.

3. The generalized weighted quadrature formula Q M
4nþ3ðw; f Þ

Let w : ð�1;1Þ ! Rþ be an even positive weight function, for which all moments lk ¼
R 1
�1 zkwðzÞdz; k ¼ 0;1; . . ., exist.

Without loss of generality, in this section we consider a weighted integration over L ¼ ½�1;1� for analytic functions in the
unit disk X ¼ z : jzj 6 1f g by
Iðw; f Þ ¼
Z 1

�1
f ðzÞwðzÞdz ¼ Q 4nþ3ðw; f Þ þ R4nþ3ðw; f Þ; ð3:1Þ
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where Q4nþ3ðw; f Þ is the ð4nþ 3Þ-point quadrature formula of interpolatory type with nodes at the zeros of a monic polyno-
mial of degree 4nþ 3 ðn 2 NÞ,
X4nþ3ðzÞ ¼ zðz2 � r0Þpnðz4Þ ¼ zðz2 � r0Þ
Yn

k¼1

ðz4 � rkÞ; ð3:2Þ
where 0 < r1 < � � � < rn < 1; r0 2 ð0;1Þ, and r0 – rk for each k ¼ 1; . . . ;n. Here, R4nþ3ðw; f Þ is the corresponding remainder
term.

According to (3.2) the quadrature formula in (3.1) has the form
Q4nþ3ðw; f Þ ¼ Af ð0Þ þ B½f ðx0Þ þ f ð�x0Þ� þ
Xn

k¼1

fCk½f ðxkÞ þ f ð�xkÞ� þ Dk½f ðixkÞ þ f ð�ixkÞ�g; ð3:3Þ
where x0 ¼
ffiffiffiffiffi
r0
p

and xk ¼
ffiffiffiffi
rk

4
p

; k ¼ 1; . . . ; n.

Theorem 3.1. For any n 2 N there exist interpolatory quadratures Q4nþ3ðw; f Þwith a maximal degree of precision d ¼ 6nþ 5. The
nodes of such quadratures QM

4nþ3ðw; f Þ are characterized by the following orthogonality relation
Z 1

�1
p2kðzÞz2ðz2 � r0Þpnðz4ÞwðzÞdz ¼ 0; k ¼ 0;1 . . . ;n; ð3:4Þ
where fpmgm2N0
is a sequence of orthogonal polynomials with respect to the weight function on ð�1;1Þ.
Proof. Let Pd denotes the set of algebraic polynomials of degree at most d. For a given n 2 N, suppose that f 2 Pd, where
d P 4nþ 3. Then, it can be expressed in the form
f ðzÞ ¼ uðzÞX4nþ3ðzÞ þ vðzÞ ¼ uðzÞzðz2 � r0Þpnðz4Þ þ vðzÞ;
where u 2 Pd�4n�3 and v 2 P4nþ2. Applying (3.1), we get
Iðw; f Þ ¼
Z 1

�1
uðzÞzðz2 � r0Þpnðz4ÞwðzÞdzþ IðvÞ:
Since this quadrature is of interpolatory type we have that Iðw; vÞ ¼ Q 4nþ3ðvÞ and also vðzÞ ¼ f ðzÞ at the zeros of the polyno-
mial X4nþ3. Therefore, Q 4nþ3ðw; vÞ ¼ Q 4nþ3ðw; f Þ, so that for each f 2 Pd we have
Iðw; f Þ ¼
Z 1

�1
uðzÞzðz2 � r0Þpnðz4ÞwðzÞdzþ Q 4nþ3ðw; f Þ:
It is clear that the quadrature formula Q4nþ3ðw; f Þ becomes Q M
4nþ3ðw; f Þ, i.e., it has a maximal degree of precision, if and only if
Z 1

�1
uðzÞzðz2 � r0Þpnðz4ÞwðzÞdz ¼ 0 ð3:5Þ
for a maximal degree of polynomials u 2 Pd�4n�3. Evidently, (3.5) is true for every even polynomial. Taking u as an odd poly-
nomial uðzÞ ¼ zhðz2Þ, where h 2 Pn, the previous ‘‘orthogonality conditions’’ can be represented as
Z 1

�1
hðz2Þz2ðz2 � r0Þpnðz4ÞwðzÞdz ¼ 0; h 2 Pn: ð3:6Þ
Since the maximal degree of the polynomial u 2 Pd�4n�3 is
dmax � 4n� 3 ¼ 1þ 2nþ 1;
we conclude that the maximal degree of precision of such a quadrature Q 4nþ3ðw; f Þ is dmax ¼ 6nþ 5, i.e., Q 4nþ3ðw; f Þ ¼
QM

4nþ3ðw; f Þ.
Introducing the inner product in a usual way as
ðf ; gÞ ¼
Z 1

�1
f ðzÞgðzÞwðzÞdz;
the last orthogonality conditions (3.6) can be expressed in terms of orthogonal polynomials fpmgm2N0
with respect to this in-

ner product in the form ðzp2k;X4nþ3Þ ¼ 0; 0 6 k 6 n, i.e., (3.4). h

According to (3.2), the polynomial ðz4 � rz2Þpnðz4Þ can be expressed in the form
ðz4 � rz2Þpnðz4Þ ¼
Xn

j¼0

ð�1Þjrj z4ðn�jþ1Þ � rz2ð2n�2jþ1Þ� �
; ð3:7Þ
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where rj are the so-called elementary symmetric functions, defined by
rj ¼
X
ðk1 ;...;kjÞ

rk1 � � � rkj
; j ¼ 1; . . . ; n;
and the summation is performed over all combinations ðk1; . . . ; kjÞ of the basic set f1; . . . ;ng. Thus,
r1 ¼ r1 þ r2 þ � � � þ rn; r2 ¼ r1r2 þ � � � þ rn�1rn; . . . ; rn ¼ r1r2 � � � rn;
and for the convenience we put r0 ¼ 1. Also, we put r instead of r0.
Using the orthogonality conditions (3.4) and the expansion (3.7) we get the following system of nonlinear equations
fk �
Xn

j¼0

ð�1Þjrj sk;2n�2jþ2 � rsk;2n�2jþ1
� �

¼ 0; k ¼ 0;1; . . . ;n; ð3:8Þ
with respect to unknowns r; r1; . . . ;rn, or equivalently to rk; k ¼ 0;1; . . . ;n, where r ¼ r0 and sk; j ¼ ðp2k; z2jÞ, k; j P 0.
Introducing the notations r ¼ ½r1 r2 � � � rn�T ,
A ¼ AðrÞ ¼ ½ak; j�n;nk¼0; j¼1; b ¼ bðrÞ ¼ ½b0 b1 � � � bn�T ;
where
ak; j ¼ ð�1Þj�1½sk;2n�2jþ2 � rsk;2n�2jþ1�; bk ¼ sk;2nþ2 � rsk;2nþ1; ð3:9Þ
the system of nþ 1 nonlinear equations (3.8) can be written in the matrix form
Ar ¼ b: ð3:10Þ
We have seen that the problem for n ¼ 1 (and wðzÞ ¼ 1) has two solutions. Numerical experiments show that for an arbitrary
n, the number of solutions is nþ 1. This hypothesis can be checked numerically for some reasonable values of n (e.g. n 6 10)
in the following way.

If we take a fixed value of r 2 ð0;1Þ, then the overdetermined system of nþ 1 linear equations
AðrÞr ¼ bðrÞ; ð3:11Þ
with n unknowns r ¼ ðr1;r2; . . . ;rnÞ, can be solved as a least squares problem (in the 2-norm)
min
r
kAðrÞr� bðrÞk2 ¼ kAðrÞbr � bðrÞk2;
where the vector AðrÞbr � bðrÞ is the corresponding least squares residual and the solution br can be expressed in terms of
Moore–Penrose inverse.

Only when for some r ¼ br0, the vector AðrÞbr � bðrÞ becomes zero, we can identify the existence of a solution
ðbr0; brÞ ¼ ðbr0; br1; . . . ; brnÞ of our original (nonlinear) system of Eqs. (3.10).

Consider now the case wðzÞ ¼ 1. Following [2, §10.10] we get
ðP2k; z2jÞ ¼ k!
j

k

� �
Cðjþ 1=2Þ

Cðkþ jþ 3=2Þ ¼ k!
j

k

� �Yk

m¼0

2
2jþ 2mþ 1

; ð3:12Þ
where P2kðzÞ is the Legendre polynomial of degree 2k. Taking (3.12) instead of sk; j, the corresponding norm kAðrÞbr � bðrÞk2 as
a function of r is presented in Fig. 1 for 1 6 n 6 4 and n ¼ 10.

As we can see, for the weight function wðzÞ ¼ 1 and these values of n, the 2-norm vanishes only at nþ 1 points in (0,1),
which means that for a given n, there exist nþ 1 different quadratures Q M

4nþ3;m, m ¼ 0;1; . . . ;n, each of degree of precision
dmax ¼ 6nþ 5.

In a general case, if we have a solution of our nonlinear problem, say br0, then in order to construct the corresponding
quadrature formula QM

4nþ3ðw; f Þ for such a r ¼ br0, we should solve a system of n linear equations from (3.11) in order to
get the values ðbr1; . . . ; brnÞ, and then the zeros ðbr1; . . . ;brnÞ by solving the equation
ðz� br1Þ � � � ðz� brnÞ ¼ zn � br1zn�1 þ br2zn�2 � � � � þ ð�1Þn brn ¼ 0:
Then, the nodes in the corresponding quadrature formula (3.3) are
x0 ¼
ffiffiffiffiffibr0

p
and xk ¼

ffiffiffiffiffibrk
4
q

; k ¼ 1; . . . ;n:
A determination of the weight coefficients A; B; Ck and Dk; k ¼ 1; . . . ;n, in the corresponding quadrature formula (3.3) is a
linear problem and it is considered in the next section.

A general numerical method for solving our nonlinear problem (3.8) and finding all solutions for r0, for a given n and for
an arbitrary weight function wðzÞ, is given in Section 5. Also, a general numerical method for calculating the necessary inner
products sk; j ¼ ðp2k; z2jÞ; 0 6 k 6 j, is given. Furthermore, analytic expressions for the generalized Gegenbauer weight are
derived.
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Fig. 1. The norm kAðrÞbr � bðrÞk2 as a function of r for 1 6 n 6 4 and n ¼ 10.
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4. The weight coefficients in quadrature formula Q M
4nþ3ðw; f Þ

In order to determine the weight coefficients Wm in a quadrature formula of interpolatory type
Q4nþ3ðw; f Þ ¼
X
zm2Z

Wmf ðzmÞ;
we use the Lagrange polynomial constructed at the set of simple nodes Z ¼ fzmg. In our case,
Z ¼ f0;�x0;�xk;�ixk; k ¼ 1; . . . ;ng;
where x0 ¼
ffiffiffiffiffi
r0
p

and xk ¼
ffiffiffiffi
rk

4
p

; k ¼ 1; . . . ; n, and the node polynomial is
X4nþ3ðzÞ ¼ zðz2 � r0Þ
Yn

k¼1

ðz4 � rkÞ:
The corresponding Lagrange polynomial is
L4nþ3ðf ; zÞ ¼
X
zm2Z

X4nþ3ðzÞ
ðz� zmÞX04nþ3ðzmÞ

f ðzmÞ;
so that
Wm ¼
1

X04nþ3ðzmÞ

Z 1

�1

X4nþ3ðzÞwðzÞ
z� zm

dz: ð4:1Þ
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Theorem 4.1. Let r0 and rk; k ¼ 1; . . . ;n, be determined according to Theorem 3.1. Then the weight coefficients in the quadrature
formula QM

4nþ3ðw; f Þ with the maximal degree of precision d ¼ 6nþ 5 are given by
A ¼ �1
r0pnð0Þ

Z 1

�1
ðz2 � r0Þpnðz4ÞwðzÞdz;

B ¼ 1
2r0pnðr2

0Þ

Z 1

�1
z2pnðz4ÞwðzÞdz;

Ck ¼
1

4rkð
ffiffiffiffi
rk
p � r0Þp0nðrkÞ

Z 1

�1

z2ðz2 � r0Þpnðz4Þ
z2 � ffiffiffiffi

rk
p wðzÞdz; k ¼ 1; . . . ;n;

Dk ¼
�1

4rkð
ffiffiffiffi
rk
p þ r0Þp0nðrkÞ

Z 1

�1

z2ðz2 � r0Þpnðz4Þ
z2 þ ffiffiffiffi

rk
p wðzÞdz; k ¼ 1; . . . ;n;
where pnðzÞ ¼
Qn

m¼1ðz� rmÞ.
Proof. Let x0 ¼
ffiffiffiffiffi
r0
p

and xk ¼
ffiffiffiffi
rk

4
p

, k ¼ 1; . . . ;n. According to
X04nþ3ðzÞ ¼ ð3z2 � r0Þ
Yn

m¼1

ðz4 � rmÞ þ 4z4ðz2 � r0Þ
Xn

j¼1

Y
m–j

ðz4 � rmÞ;
we have
X04nþ3ð0Þ ¼ �r0

Yn

m¼1

ð�rmÞ ¼ �r0pnð0Þ;

X04nþ3ð�x0Þ ¼ 2r0

Yn

m¼1

ðr2
0 � rmÞ ¼ 2r0pnðr2

0Þ;

X04nþ3ð�xkÞ ¼ 4rkð
ffiffiffiffi
rk
p
þ r0Þ

Y
m–k

ðrk � rmÞ ¼ 4rkð
ffiffiffiffi
rk
p
� r0Þp0nðrkÞ;

X04nþ3ð�ixkÞ ¼ 4rkð�
ffiffiffiffi
rk
p
� r0Þ

Y
m–k

ðrk � rmÞ ¼ �4rkð
ffiffiffiffi
rk
p
þ r0Þp0nðrkÞ;
where k ¼ 1; . . . ;n. Now, applying (4.1) and using notations for coefficients as in (3.3), we get desired results. h

For analytic functions we can give an explicit formula for the interpolation error E4nþ3ðzÞ ¼ f ðzÞ � L4nþ3ðf ; zÞ in the form
(see [11, pp. 55–56])
E4nþ3ðzÞ ¼
1

2pi

I
C

X4nþ3ðzÞ
X4nþ3ðfÞ

f ðfÞ
f� z

df ðz 2 intCÞ;
where C is a simple closed contour in C, such that all interpolation nodes belong to intC. Then, the remainder term in (3.1)
can be expressed in the integral form
R4nþ3ðw; f Þ ¼ 1
2pi

I
C

f ðfÞ
X4nþ3ðfÞ

Z 1

�1

X4nþ3ðzÞwðzÞ
f� z

dz
� �

df: ð4:2Þ
Some estimate of (4.2) will be given elsewhere.

5. Numerical methods for constructing quadratures

In the sequel we need the inner products sk; j ¼ ðp2k; z2jÞ; 0 6 k 6 j. For k ¼ 0 these products reduce to the moments of the
weight function w, i.e.,
s0; j ¼ ð1; z2jÞ ¼
Z 1

�1
z2jwðzÞdz ¼ l2j; j ¼ 0;1; . . . : ð5:1Þ
First, we give an analytic expression of sk; j for a wide class of weight functions, and after that we introduce a general numer-
ical method for easy calculation of sk; j for every even weight function.

5.1. Analytic expression of sk; j for the generalized Gegenbauer weight

We consider the so-called generalized Gegenbauer weight function defined by wðzÞ ¼ jzjcð1� z2Þa; c; a > �1, on ð�1;1Þ.
The monic polynomials W ða;b

m ðzÞ; m ¼ 0;1; . . ., orthogonal with respect to this weight function, where b ¼ ðc� 1Þ=2, were
introduced by Laščenov [6] (see, also, Chihara [4, pp. 155–156] and Mastroianni and Milovanović [11, pp. 147–148]). These
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polynomials can be expressed in terms of the Jacobi polynomials Pða;bÞm ðzÞ; m ¼ 0;1; . . ., which are orthogonal on ð�1;1Þ with
respect to the weight function wða;bðzÞ ¼ ð1� zÞað1þ zÞb; a; b > �1. Namely,
W ða;bÞ
2k ðzÞ ¼

k!

ðkþ aþ bþ 1Þk
Pða;bÞk ð2z2 � 1Þ;

W ða;bÞ
2kþ1ðzÞ ¼

k!

ðkþ aþ bþ 2Þk
zPða;bþ1Þ

k ð2z2 � 1Þ:
ð5:2Þ
Notice that W ða;bÞ
2kþ1ðzÞ ¼ zW ða;bþ1Þ

2k ðzÞ. These polynomials satisfy the following three-term recurrence relation
W ða;bÞ
mþ1 ðzÞ ¼ zW ða;bÞ

m ðzÞ � bmW ða;bÞ
m�1 ðzÞ; m ¼ 0;1; . . . ;

W ða;bÞ
�1 ðzÞ ¼ 0; W ða;bÞ

0 ðzÞ ¼ 1;
where
b2k ¼
kðkþ aÞ

ð2kþ aþ bÞð2kþ aþ bþ 1Þ ; b2k�1 ¼
ðkþ bÞðkþ aþ bÞ

ð2kþ aþ b� 1Þð2kþ aþ bÞ ;
for k ¼ 1;2; . . ., except when aþ b ¼ �1; then b1 ¼ ðbþ 1Þ=ðaþ bþ 2Þ.
Now, we want to find an explicit expression for the products
sk; j ¼ ðW ða;bÞ
2k ; z2jÞ ¼

Z 1

�1
W ða;bÞ

2k ðzÞz
2jjzj2bþ1ð1� z2Þadz; 0 6 k 6 j: ð5:3Þ
Lemma 5.1. Let a; b > �1. Then the products defined in ð5:3Þ are
sk; j ¼
k!

ðkþ aþ bþ 1Þk
j
k

� �
Cðkþ aþ 1ÞCðjþ bþ 1Þ

Cðkþ jþ aþ bþ 2Þ ð5:4Þ
for 0 6 k 6 j. Otherwise, sk; j ¼ 0.
In order to prove this lemma we need an auxiliary result.

Lemma 5.2. For a; b > �1 and j 2 N0 the expansion in Jacobi polynomials Pða;bÞm ðtÞ; m ¼ 0;1; . . . ; j,
ð1þ tÞj ¼ 2jCðjþ bþ 1Þ
Xj

m¼0

m!
j

k

� �
ð2mþ aþ bþ 1ÞCðmþ aþ bþ 1Þ
Cðmþ bþ 1ÞCðmþ jþ aþ bþ 2Þ Pða;bÞm ðtÞ
holds.
The proof of this expansion can be given by induction in j, having in mind that
ð1þ tÞPða;bÞm ðtÞ ¼ 2ðmþ 1Þðmþ aþ bþ 1Þ
ð2mþ aþ bþ 1Þð2mþ aþ bþ 2Þ P

ða;bÞ
mþ1 ðtÞ þ 1þ b2 � a2

ð2mþ aþ bÞð2mþ aþ bþ 1Þ

 !
Pða;bÞm ðtÞ

þ 2ðmþ aÞðmþ bÞ
ð2mþ aþ bÞð2mþ aþ bþ 1Þ P

ða;bÞ
m�1 ðtÞ:
We mention that the corresponding expansion in Bateman and Erdélyi [2, pp. 212] has a mistake.

Proof of Lemma 5.2. According to (5.3) and (5.2) we have
sk; j ¼
2k!

ðkþ aþ bþ 1Þk

Z 1

0
Pða;bÞk ð2z2 � 1Þz2jþ2bþ1ð1� z2Þadz:
Changing the variables t ¼ 2z2 � 1 it reduces to
sk; j ¼
k!

2aþbþjþ1ðkþ aþ bþ 1Þk

Z 1

�1
Pða;bÞk ðtÞð1� tÞað1þ tÞbþjdt:
Now, using the expansion from Lemma 5.2 and the orthogonality of Jacobi polynomials,
ðPða;bÞk ; Pða;bÞm Þ ¼ kPða;bÞk k2dk;m ¼
2aþbþ1Cðkþ aþ 1ÞCðkþ bþ 1Þ

k!ð2kþ aþ bþ 1ÞCðkþ aþ bþ 1Þ dk;m;
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where dk;m is Kronecker’s delta, we obtain
sk; j ¼
k!2jCðjþ bþ 1Þk!

j

k

� �
2aþbþjþ1ðkþ aþ bþ 1Þk

ð2kþ aþ bþ 1ÞCðkþ aþ bþ 1Þ
Cðkþ bþ 1ÞCðkþ jþ aþ bþ 2Þ kP

ða;bÞ
k k2

;

i.e., (5.4). For k > j, because of orthogonality, sk; j ¼ 0 h

We mention some special cases:
1	 wðzÞ ¼ 1, i.e., a ¼ 0; c ¼ 0 (b ¼ �1=2): In this Legendre case we have
sk; j ¼
ðk!Þ2

ðkþ 1=2Þk
j

k

� �
Cðjþ 1=2Þ

Cðkþ jþ 3=2Þ :
Compared with (3.12), the additional factor k!=ðkþ 1=2Þk ð¼ 1=a2kÞ comes from the leading coefficient in the Legendre poly-
nomial P2kðzÞ ¼ a2kz2k þ terms of lower degree.

2	 wðzÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

, i.e., a ¼ �1=2; c ¼ 0 (b ¼ �1=2): In the Chebyshev case of the first kind, the inner product (5.4) re-
duces to
sk;j ¼
p

22jþ2k�1

2j

j� k

� �
:

3	 wðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

, i.e., a ¼ 1=2; c ¼ 0 (b ¼ �1=2): In the Chebyshev case of the second kind, it becomes
sk;j ¼
p

22jþ2kþ1

2kþ 1
2jþ 1

2jþ 1
j� k

� �
:

4	 wðzÞ ¼ ð1� z2Þa, i.e., a > �1; c ¼ 0 (b ¼ �1=2): In this Gegenbauer case, we have
sk; j ¼
k!

ðkþ aþ 1Þk
j

k

� �
Cðkþ aþ 1ÞCðjþ 1=2Þ

Cðkþ jþ aþ 3=2Þ :
5	 wðzÞ ¼ jzj, i.e., a ¼ 0; c ¼ 1 (b ¼ 0): In this case
sk;j ¼
1

kþ jþ 1

2j

j� k

� �
2k

k

� �
2j

j

� � :
5.2. General numerical method for calculating sk; j

It is well-known that monic polynomials fpmgm2N0
orthogonal with respect to an even weight function satisfy the three-

term recurrence relation of the form
pmþ1ðzÞ ¼ zpmðzÞ � bmpm�1ðzÞ; m ¼ 0;1; . . . ; ð5:5Þ
with p0ðzÞ ¼ 1 and p�1ðzÞ ¼ 0. It is convenient to put b0 ¼ l0.

Lemma 5.3. Let bm; m P 0, be recursion coefficients in (5.5) for polynomials orthogonal with respect to the even weight function w
on ð�1;1Þ, with the moments lm ¼

R 1
�1 zmwðzÞdz; m P 0. For the inner products sk; j ¼ ðp2k; z2jÞ the following recurrence relation
sk; jþ1 ¼ skþ1; j þ ðb2k þ b2kþ1Þsk; j þ b2kb2k�1sk�1; j ð5:6Þ
holds, with s0; j ¼ l2j; j ¼ 0;1; . . ., and sk; j ¼ 0 for k > j.
Remark 5.4. Coefficients from the relation (5.6) appear in the recurrence relation for polynomials fp2kð
ffiffi
t
p
Þgk2N0

orthogonal
with respect to the weight function wð

ffiffi
t
p
Þ=

ffiffi
t
p

on (0,1) (see [11, pp. 101–103]).
Proof of Lemma 5.3. Because of orthogonality, it is clear that sk; j ¼ ðp2k; z2jÞ ¼ 0 for k > j. When k ¼ 0, for the boundary val-
ues s0; j we have (5.1). For diagonal elements we have
sj; j ¼ ðp2j; z2jÞ ¼ kp2jk2 ¼
Y2j

m¼0

bm:
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In order to get (5.6), we start with the recurrence relation (5.5). Thus,
skþ1; j ¼
Z 1

�1
p2kþ2ðzÞwðzÞdz ¼

Z 1

�1
zp2kþ1ðzÞ � b2kþ1p2kðzÞ
� �

z2jwðzÞdz

¼
Z 1

�1
p2kþ1ðzÞz2jþ1wðzÞdz� b2kþ1

Z 1

�1
p2kðzÞz2jwðzÞdz ¼

Z 1

�1
zp2kðzÞ � b2kp2k�1ðzÞ½ �z2jþ1wðzÞdz� b2kþ1sk; j

¼ sk; jþ1 � b2k

Z 1

�1
zp2k�1ðzÞz2jwðzÞdz� b2kþ1sk; j:
Expanding zp2k�1ðzÞ as a linear combination of p2kðzÞ and p2k�2ðzÞ, we get
sk; jþ1 ¼ skþ1; j þ b2k

Z 1

�1
p2kðzÞ þ b2k�1p2k�2ðzÞ½ �z2jwðzÞdzþ b2kþ1sk; j ¼ skþ1; j þ b2ksk; j þ b2kb2k�1sk�1; j þ b2kþ1sk; j;
i.e., (5.6). h

Fig. 2 displays the triangular array of the inner products sk; j ¼ ðp2k; z2jÞ; 0 6 k 6 j, and the computing stencil showing that
the circled entry is computed in terms of the three other entries. The entries in the boxes are the known boundary values
s0; j ¼ l2j; sj; j ¼ b0b1 � � �b2j; sjþ1; j ¼ 0; j ¼ 0;1; . . . ;2nþ 2:
Zero entries sjþ1; j are displayed as white circles (in the boxes).
As we can see, for generating the system of Eqs. (3.8), i.e., (3.10), we use only entries sk; j for k 6 n. Thus, we need the fol-

lowing matrix of the type ðnþ 1Þ � ð2nþ 3Þ,
S ¼

s0;1 s0;1 . . . s0;n . . . s0;2nþ1 s0;2nþ2

s1;1 . . . s1;n . . . s1;2nþ1 s1;2nþ2

. .
.

sn;n . . . sn;2nþ1 sn;2nþ2

266664
377775: ð5:7Þ
5.3. Method for calculating the nodes

Consider again the system of nþ 1 nonlinear equations (3.8). Taking only the last n equations of (3.8), we get
Cr ¼ d; ð5:8Þ
where C ¼ CðrÞ ¼ ½ak; j�n;nk¼1; j¼1 and d ¼ dðrÞ ¼ ½b1 � � � bn�T . According to (3.9), the elements ak; j and bk are expressed in terms of
the elements of the matrix S given by (5.7). The determinant of the matrix C has the form
det C ¼ ð�1Þnðn�1Þ=2

s1;2n � rs1;2n�1 s1;2n�2 � rs1;2n�3 . . . s1;2 � rs1;1

s2;2n � rs2;2n�1 s2;2n�2 � rs2;2n�3 . . . s2;2 � rs2;1

..

. ..
. ..

. ..
.

sn;2n � rsn;2n�1 sn;2n�2 � rsn;2n�3 . . . sn;2 � rsn;1




;

Fig. 2. The scheme for calculating the inner products sk; j ¼ ðp2k; z2jÞ for n ¼ 3.
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where its elements sk;2n�2jþ2 � rsk;2n�2jþ1 are equal to zero for each k; j 2 f1;2; . . . ;ng such that kþ 2j > 2nþ 2, because of
sk; j ¼ 0 for k > j. It is easy to see that such zero-elements are the last n� 2 elements in the last nth column, the last n� 4
elements in the ðn� 1Þst column, etc. Otherwise, det C ¼ DnðrÞ is a polynomial of degree n. Since the vector d on the right
side in (5.8) is given by
Table 1
Differen

n ¼ 2

0.20
0.61
0.92
d ¼

s1;2nþ2 � rs1;2nþ1

s2;2nþ2 � rs2;2nþ1

..

.

sn;2nþ2 � rsn;2nþ1

266664
377775;
the corresponding determinants in Cramer’s rule DðjÞn ðrÞ, j ¼ 1; . . . ;n, are also polynomials of degree n. Thus, for a given r, such
that DnðrÞ – 0, the unique solution of (5.8) is given by
brj ¼ brjðrÞ ¼
DðjÞn ðrÞ
DnðrÞ

; j ¼ 1; . . . ; n:
Using MATHEMATICA package it can be obtained in a symbolic form as rational functions in r. Substituting brjðrÞ; j ¼ 1; . . . ;n, in
f0 ¼
Xn

j¼0

ð�1Þj brjfs0;2n�2jþ2 � rs0;2n�2jþ1g ¼ 0;
we obtain the following algebraic equation of degree nþ 1,
Unþ1ðrÞ �
Xn

j¼0

ð�1Þjfs0;2n�2jþ2 � rs0;2n�2jþ1gDðjÞn ðrÞ ¼ 0;
where Dð0Þn ðrÞ � DnðrÞ.
Numerical experiments show that the (monic) polynomial Unþ1ðrÞ has nþ 1 different real zeros located in (0,1).
In the case n ¼ 1 we have seen in Section 2 that two different solutions exist for r and they give two quadratures of the

same precision eleven.
n 5 n 3

n 4

0.2 0.4 0.6 0.8 1.0

0.008

0.006

0.004

0.002

0.002

0.004

Fig. 3. Graphs of Unþ1ðrÞ; n ¼ 3;4;5, for wðzÞ ¼ 1.

t solutions of Unþ1ðrÞ ¼ 0 for n ¼ 2ð1Þ5 and wðzÞ ¼ 1.

n ¼ 3 n ¼ 4 n ¼ 5

44987378293505 0.1439216162367618 0.1081897446669971 0.08510161904718037
67356745407912 0.4619273121368076 0.3598672165580655 0.2897653961037322
08470355936592 0.7593055545829755 0.6211046569905429 0.5148988061113188

0.9519663824480733 0.8360221823612692 0.7211387868476094
0.9678238003414767 0.8814830739148880

0.9769659264002607
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The graphs of monic polynomials Unþ1ðrÞ on [0,1] for n ¼ 3;4;5 are displayed in Fig. 3.
In Table 1 we present the corresponding numerical values of the zeros of the polynomials Unþ1ðrÞ for n ¼ 2;3;4;5.
Similar results can be obtained for other weight functions. The cases with the Chebyshev weight function of the first kind

wðzÞ ¼ ð1� z2Þ�1=2 and the weight function wðzÞ ¼ jzj are displayed in Figs. 4 and 5, respectively.
The previous method for finding all solutions for br0 works for some reasonable values of n, e.g. n 6 50. For

example, for the Chebyshev weight of the first kind and n ¼ 20 we obtain 21 solutions for br0 (given to 30 decimal
digits):

In the case wðzÞ ¼ 1 and n ¼ 50, the following sequence of 51 solutions for br0 is given with 20 decimal digits:
n 3n 4
n 5

0.2 0.4 0.6 0.8 1.0

0.010

0.008

0.006

0.004

0.002

0.002

0.004

Fig. 4. Graphs of Unþ1ðrÞ; n ¼ 3;4;5, for wðzÞ ¼ ð1� z2Þ�1=2.



n 1

n 2

n 3

0.2 0.4 0.6 0.8 1.0

0.06

0.04

0.02

0.02

0.04

Fig. 5. Graphs of Unþ1ðrÞ; n ¼ 1;2;3, for wðzÞ ¼ jzj.
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From the theoretical point of view it would be nice to prove (or disprove) the following conjecture:

Conjecture 5.5. For a given weight function wðzÞ and each n 2 N, all zeros of Unþ1ðrÞ are real and distinct and are located in
(0,1). Zeros of Unþ1ðrÞ and Unþ2ðrÞ interlace.
5.4. Numerical results

For quadratures QM
4nþ3ðw; f Þ of degree of precision d ¼ 6nþ 5, in our MATHEMATICA procedure we obtain complete parameters

in the form
fx0;xk;A;B;CK;DKg ¼ fx0; fx1; . . . ; xng;A; B; fC1; . . . ;Cng; fD1; . . . ;Dngg:
For example, let wðzÞ ¼ 1 and n ¼ 2. Then we have three quadratures QM
11ð1; f Þ of degree of precision d ¼ 17 (see first column

in Table 1). For these values of r0, i.e.,
f0:2044987378293505;0:6167356745407912;0:9208470355936592g
we get the following parameters:

{0.4522153666444237,{0.7754684395027309,0.9570916645968834},
0.4880467095490914,0.3936044844812900,{0.2527549012554169,0.1099114468981711},
{�0.0003299665322107021,0.00003577912278703132}},

{0.7853252030469869,{0.4741479794169331,0.9589531260262328},0.5473979047003460,
0.2416521097533237,{0.3846699903497127,0.1051207091442720},
{-0.005150757567968953,8.995970487465769 ⁄ 10̂ �6}},

{0.9596077509032840,{0.4802111190778518,0.7885463525798828},
0.5616568463150571,0.1034616930531016,{0.3835087691311978,0.2383909330938098},
{�0.006285348161458679, 0.00009552972582096275}},

respectively.
In the case of the Chebyshev weight wðzÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

and n ¼ 2, for the corresponding values of r0,
f0:2321837439443931;0:6740206457250330;0:9609831103305740g;
the quadrature parameters are respectively:

{0.4818544842007731,{0.8124087172755511,0.9790447658917281},0.5249337433901672,
0.4705720970208580,{0.4268191199148742,0.4112815014700504},
{-0.0003991705374755941,0.00005590723150597970}},



Table 2
Relative errors in quadrature sums for wðzÞ ¼ 1 and wðzÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

.

QF N dmax wðzÞ ¼ 1 wðzÞ ¼ ð1� z2Þ�1=2

QM
11;0ðw; f Þ 4 17 4.44(�5) 7.72(�7)

QM
11;1ðw; f Þ 4 17 5.31(�6) 4.55(�5)

QM
11;2ðw; f Þ 4 17 7.01(�6) 5.79(�5)

QG
7 ðw; f Þ 4 13 2.48(�4) 3.29 (�4)

QG
8 ðw; f Þ 4 15 5.73(�6) 3.06 (�5)

QG
9 ðw; f Þ 5 17 2.36(�5) 3.67 (�5)
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{0.8209876038802492,{0.5034904974569647,0.9799958361402526},0.5871100876953411,
0.4159965436705901,{0.4649125011919272,0.4017086864355387},
{-0.005389674191177676,0.00001322584034774685}},

{0.9802974601265546,{0.5090243926812192,0.8235455809669467},0.6010918915307779,
0.3986693558288102,{0.4647957620089833,0.4131917386857352},
{-0.006515105833929775,0.0001086303399087344}}.

At the end of this paper we give a numerical example. The formula (3.3) could be interesting for real functions of the form
f ðzÞ ¼ gðz4Þ. According to (3.3), in that case each of quadratures QM

4nþ3;mðw; f Þ; m ¼ 0;1; . . . ;n (for nþ 1 different values of br0),
becomes a quadrature formula of the following form with N ð¼ nþ 2Þ nodes,
Iðw; f Þ ¼
Z 1

�1
f ðxÞwðxÞdx � Af ð0Þ þ 2Bf ðx0Þ þ

Xn

k¼1

Wkf ðxkÞ; ð5:9Þ
where Wk ¼ 2ðCk þ DkÞ; k ¼ 1; . . . ;n.
Let f ðxÞ ¼ 1=ð1þ x8Þ. We consider two integrals
Z 1

�1

dx
1þ x8 ¼

1
4

sin
p
8

pþ 2tanh�1 sin
p
8

	 
h i
þ cos

p
8

pþ 2tanh�1 cos
p
8

	 
h in o
� 1:849303411551076;
and
 Z 1

�1

1
1þ x8

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p ¼ p4F3

1
8
;
3
8
;
5
8
;
7
8

;
1
4
;
1
2
;
3
4

;�1
� �

� 2:626270969212133:
For their calculation we apply all quadratures QM
11;mðw; f Þ; m ¼ 0;1;2, whose parameters are given before. Here n ¼ 2; N ¼ 4,

and dmax ¼ 17. The corresponding relative errors
Q M
11;mðw; f Þ � Iðw; f Þ

Iðw; f Þ


; m ¼ 0;1;2;
are given in the last two columns in Table 2. Numbers in parentheses indicate decimal exponents.
We compare these results with corresponding ones obtained by m-point Gaussian quadratures (for even functions), with

respect to Legendre and Chebyshev weights,
Iðw; f Þ � Q G
mðw; f Þ ¼

Xm

m¼1

Amf ðsmÞ ¼ 2
X½m=2�

m¼1

Amf ðsmÞ þ
Aðmþ1Þ=2f ð0Þ; if m is odd;
0; if m is even;

�

where Am and sm; m ¼ 1; . . . ;m, are Christoffel numbers and nodes, respectively (see [11, pp. 324–325]), such that
1 > s1 > . . . > sm > �1. If we take m ¼ 7;8;9, the number of nodes in the corresponding quadrature are N ¼ 4;4;5,
respectively.

As we can see, the quadratures Q M
11;mðw; f Þ, m ¼ 0;1;2, have a higher degree of precision than quadratures Q G

mðw; f Þ,
m ¼ 7;8 (with the same number of nodes), as well as that they give a better accuracy.
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