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Abstract. In this paper we investigate the positive definiteness of linear
functionals £ defined on the space of all algebraic polynomials P by
L(p) = Z wip(zk), pEP.

keN

1. Introduction

Let P be the space of all algebraic polynomials. In this paper we investigate

linear functionals £ defined by
L(p)=> wp(zk), pEP. (1)
keN

In general, we investigate functionals for which wy, z;, € C\{0}, but with the following
restrictions. First, we assume that wy # 0, K € N. This condition is rather natural,
since, assuming wy = 0, for some k € N, simply produces a linear functional where
summation is performed over N\{k}. Additionally, we will not loose any generality if
we assume that z; # z;, 4,7 € N, since, for example, we may skip summation over j
and use w; = w; + w; at point z;.

For the set of nodes z;, i € N, we introduce the notation Z = {z; | k € N}.

Second we are going to assume that

lim 2z, =0 (2)

k—-+oco
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and, in order to have absolute integrability of all polynomials p € P, we assume that

> fwk] < M < +o0. (3)
keN

We assume in the sequel that the sequence zi, k € N, is ordered in such a way that
|zk+1] < |zx|, k € N.

Note that the linear functional £ can be interpreted as the linear functional
acting on the space of all bounded complex sequences £.,. Namely, according to the
condition (3) we have that the sequence wy, k € N, belongs to the space ¢1, the space
of all absolutely summable complex sequences (see [3, p. 30], [2, p. 39]). As is known
ty C ., where £/ denotes dual of /.

Create now a linear mapping 7 : P +— {, in the following way

I(p) = (p(zl)7p(22)a ce 7p(Zn)a < )

The linear space P can be normed as

l[pl| = sup [p(zx)], p€P.
keN

Lemma 1.1. The linear mapping T : P — l is an bounded embedding of P into
loo-

Proof. Given L, any polynomial p € P achieves its maximum on the compact
set Z, hence any sequence p(z;), k € N, p € P, is uniformly bounded in k& and belongs
t0 oo

Norm preserving property is easily established. We note that if two poly-
nomials satisfy Z(p; — p2) = 0, we have that p; = po, since those are two analytic
functions equal on the set Z which has one accumulation point. Hence, Z(P) C {0
is an embedding.

It is easily seen that ||Z|| = 1. O

Now, define the linear functional £’ : £, — C in the following way

L' (u) = Zwkuk, u=(up,uz,...) € L.
keN
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Obviously £’ is bounded, since

12/ (w)] <3 welfur] < [[ull Y k], u € lo,

keN keN

and £ oZ = L on P. Hence, for the certain extent we can identify £’ and £ and we
may consider £’ as a bounded linear extension of £ to the whole of /.

Define P, to be the set of all polynomials p € P\{0} which are nonnegative
on the real line and denote by Pg the set of all real algebraic polynomials.

We recall that linear functional £ : P +— C is called positive definite provided
for every polynomial p € Py we have L£(p) > 0 (see [1, p. 13]). As a direct consequence

of positive definiteness we have:

Lemma 1.2. If the linear functional L : P +— C is positive definite, then
L(z®™) >0, L(*"T)eR, L(p)eR, pePr, ncN. (4)

Proof. Since 22" € P, we have directly £(x?") > 0. For the odd powers
we have
2n m
zu-¢V”:§:<k>p4FW*£@%>o,
k=0
and using induction over n € 2N, we have

2n

1 2n
2n—1 k k
L) < o > (k>¢4)£@).
k=0,k#£2n—1
Finally, we have according to linearity of £ the last statement. O

The question we answer is summarized in the following theorem.

Theorem 1.1. A linear functional L given by (1) is positive definite if and only if
wr >0 and zx € R, k € N.

Finally, we introduce the following notation

where number 1 occupies n-th position with zeros on all other positions.
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2. Auxiliary results

We give first, the following auxiliary lemmas.

Lemma 2.1. Choose z, € Z and assume that Z,, ¢ Z. Then there exists p™ € C,
|p"| = 1, such that for every r™ € Pg we have p"r"(z,)en € Z(Pg). If z, € R\{0}
then p™ = 1.

Proof. We are going to construct the sequence p} € Py, kK € N, n € N, such
that kginoo Z(py) = ane, for some complex number «,, € C\{0}.

Choose some fixed z, € Z and assume that z, ¢ Z. Then choose some

polynomial " € Pgr. We define

k
e H z—zl z—zl) keN,

i=1,i%n "
where we denote

Obviously we have pj € P, k,n € N.
Since r™ is an algebraic polynomial it is uniformly bounded on the compact
set Z. Hence, for some M > 0 we have |[r"(z,)| < M, v € N.

According to the property (2), we can choose some ig; € N such that
l2nl/2 < |zo — zi|, |znl/2 < |20 —Zi], ©>401, v=1,...,n.
Fix some ¢ € (0,1). We can choose some gy € N such that
|zi] < |znlq/4, @ > o2

Now, define ig = max{ig1,i92}. For k > ip and v > k, we have

20 — k —
|20 — zill20 — Zi |20 — zill2w — Zi
piz) = ) [ e 11 -
i=1,i#n AY i=ig+1 20 = 2illzn — Zil
_ k
< M H Zz”Zy*Zi‘ H |Zn‘Q/2‘Zn|q/2
a i=1,i%n i=ig+1 |Z"‘/2‘Z”|/2
2ig—2
< M <2:;|) 0 g* k=),
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where m = ) min . {lzn — zi|,|2n — Zi|} > 0. We note that p}(z,) = 0 for v < k,
1=1,...,i0, 1#N
v # n. From here it can be easily seen that we have uniform convergence in v # n of
pi(2,) to zero for k — 400, i.e., given € > 0, for
2i0—2
1 3 m 0
kE>kop=io+ ——1log— | 77—
0T Slogg B M <2|zl|> ’
we have [pjl(z,) — 0] <&, v € N\{n}.

Now, we consider p}(z,), we have

Pk (zn)] = [r" (zn)],

according to the definition of A?. This means that pj(z,) has constant norm as
k — +o0.
The product

[[ G2 oy
o A}
i=1,i#n ?

is just product of the complex numbers having modulus 1, hence, represent the se-
quence on the unit circle in the complex plane. According to the compactness of the
unit circle in C, we easily conclude that there exists some subsequence of the products
which converge to some p™ which norm is one.

Denote set of indices for convergent subsequence as N;. Then according to
the convergence, given € > 0, we can choose some koo € N7, such that for k > kg2,

k € N1, we have
I (2) — 7" (20)D"| < e.

Now consider the vector ™ (z,)p™e,, we have
|Z(pk) = 7" (2n)p"enl| = sup pj; (20) — 7" (2n)p"en| <&,
veN

for k > max{ko1, ko2}, k € Ny.
Hence, if we enumerate, again the sequence pj! using only indexes k € Ny, we
have the sequence pj € Pg, such that
lim Z(p}) =p"e,.
[y (pk) P en
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Finally, if z,, € R\{0} we see that since ™ € Pg, we have r"(z,) € R and

k .
PiCza) =m"(z) ] | (20 — zzﬁzn —2)l g

i=1,i#n i
and also the terms of the product are simply equal to 1, hence, p™ = 1.
We can repeat construction for every n € N, i.e., every point z, € Z for
which z, ¢ Z. O
In the case r™ € P, we easily see that the sequence p} also belongs to P,

so that we have the following result.

Lemma 2.2. Assume that Z, ¢ Z. Then there exists p™ € C, |p™| = 1, such that for

every r™ € Py we have p"r"(zy)en € T(Py). If z, € R\{0} we have p™ = 1.

Next we consider the case when z, € Z. Without loss of generality we may
assume that z,1 = Z,, since this can be achieved by the simple renumeration of the

sequence z,, n € N.

Lemma 2.3. Let z,41 = Z,, for somen € N. Then there exist some p™ € C, |p"| =1,

such that for every r™ € Pr we have

P (zn)en + pr(zn)ent1 € Z(Pr).

Proof. We consider the sequence of the polynomials

b (-2 (2 —F)
=) [ S
i=1,i%n,n+1 i

where all notation is from the proof of Lemma 2.1. The only problem is definition of

the sequence A}, but luckily we have

|z — 2illzn — Z5| = |2nt1 — 2l 2041 — Zil,

since z,+1 = Z,,. Hence, we can apply safely the same definition.

It can proved using the same arguments that

|p7cl(zl/) - 0| <g,
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provided

1 - O\ 2io—4
k>ky=1 — log — .
> Kot = to + 2logq OgM (2|zl|>

Also we have pj(z,) = p}(2n+1), which gives the convergence for some sequence of
k € N; to mutually conjugated values. O
It is clear that we may choose ™ € P, to get the following immediate con-

sequence.

Lemma 2.4. Let 2,41 = Z,, for somen € N. Then there exist some p™ € C, |p™| =1,

such that for every r™ € Py we have

P (zMen + P (zn)ent1 € Z(Py).
3. Proof of the main result

Now we are ready to prove the main result.
Proof of Theorem 1.1. It can be easily seen that if w, > 0 and z, € R,
n € N, for some p € P, we have
L(p) = Z wip(z) > 0,
keN
according to the simple fact that p(zx) > 0, k € N.
Now, assume that £ is positive definite. Choose some n € N and suppose

that z,, ¢ Z. Then, according to Lemma (2.1), we have

lim L(p}) = lim (£ oZ)(p}) = L (p"r"(zn)en),

k——+o00 k— 400

where we have used the fact that £’ is continuous on f-,. But then
L' ("™ (zn)en) = wpr™(zn)p".
Choose r"(z) = 1, r™ € P4, and r"(z) = z, ™ € Pg, to get
L'(pen) =wpp™ >0 and L'(p"znen) = wpz,p" € R.

Since z, # 0 and according to the construction p™ # 0, we have that L'(p"e™) =

wyp"™ > 0. Then we have
L znen) o
Zn = ————
E/(pnen)
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and also w, > 0, according to the fact that p™ =1 for z, € R\{0}.

Now let Z,, = z,4+1. Note that in this case we cannot have z, € R, since in
that case we would have z, = z,41, which is impossible according to the conditions
imposed on the set Z. Then, according to Lemma (2.3) and positive definiteness of

L for r"(z) =1 and r"(z) = z, we have
L'(p en + pPent1) = wpp" + Wy p” =a >0

and
L' (p"znen + D" 2neni1) = Wpznp" + Wni1Zn = B € R.

We can rewrite these equations as the linear system in p™ and p”, which has the

unique solution
n oz, —f _ az, —f
v =——-—= P ="——"F""—"—=-
wn(zn - Zn) wn-l—l(zn - Zn)
Using these expressions we readily get w,+1; = w, and also we see that we cannot
have o 4+ 32 = 0, since it would imply p"™ = 0, which is impossible.
Now, choose 7(z) = 2%, v € N. We have

E’(p"zi”en +przZve,i) = wnz,%”p" + wp22vpn = Re(wnzil’p") >0, veN,.

If we denote ay, = arg(wy,), B, = arg(p") and ¢, = arg(z,), where ¢, # 0 and

Pn # T, We get
|w, 22 p™ | cos(un + Bn + 2vy,) >0, v e N.

We want to show that there exist some v € Ny such that cos function is negative
which will produce a contradiction.
The cos-function is negative provided 2v is an element of some interval

I = ((4k + )7 —2(a, + ﬂn)7 (4k + 3)7 — 2(cun + @J) ke

The interval Ji has length 7/|¢,| > 1, hence, there is at least one integer inside every
interval Ji. If m/|@n| > 2 then there are at least two consecutive integers inside every
Jr and at least one of them is even. Choosing 2v to be equal to such an integer
produces a contradiction. So, we assume 7/|@,| < 2.
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The intervals

(4k + 3)m — 2(an, + Br) (4k 4+ 5)7 — 2(ay + )

G =
k 205 ’ 205

, keZ,

we are going to call gaps, obviously R = Ugez(Ji U Gy).
If 7/|pn| = 2, we have ¢, = £7/2, which means that if

cos(an + 0, £2-0-7/2) > 0,
we have
cos(ap + B £2-1-7/2) = —cos(a + B,) < 0,
which produces a contradiction. If cos(ay, + 8, £2-0-7/2) = 0, then we have
Re(w,z2p") = |wn22p™| cos(ay, + B £vm) =0, veEN,
and, choosing r"(z) = 22!, v € Ny, we have
Re(w,z?™p™) = |w, 22" 1p"| cos(an + Bn + (2v + 1)7/2)
= (=) |w, 22" p"|sin(a, + Bn) #0, v € Np.
According to the fact cos(a, + 8,) = 0, we have sin(a,, + 3,) = %1, therefore, the

expression cannot be equal zero. Consider now polynomials r"(z) = 22(z — 1)?,

v € Ny. Obviously r™ € P, so that it must be

Jm L) = dm (L0 T)(pf) = waz (2 — 1"+ waz (2 — D"

= Re(w,z?(z, —1)*") > 0.
According to linearity we must have

Re(w, 22 (z, —1)*p™) = Re(—2w,z2"'p")

n

= F2(=1)Y|wpzZ T p"| sin(ay, + Bn) >0, v € N.

n

This is, of course, a contradiction.
Finally, it must be 1 < 7/|¢,| < 2. Assume that in some interval Jj, we have
an integer 2m + 1. Then we can always choose some v € N, such that

T S 2v—-2m -1 o1
lon| = 2v—2m —2 '
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Then counting from 2m + 1 and finishing with 2v there are exactly 2v — 2m integers
and those are covered with
2v—-2m—1

2—-2m—2+1> —— +1,
7/l énl

intervals and gaps. Since we are starting and ending with an interval there are v—m—1
gaps and v—m intervals. According to pigeon-hole principle there is at least one either
interval or gap which contains at least two consecutive integers. If some interval
contains two consecutive integers we are done. So assume that it is some gap. If gap
contains even and odd integer, then next interval holds an even integer and we are
done. If gap holds odd and even integer, then interval in front of it holds an even
integer, and we are done.

We conclude that it cannot be z,,%, € Z. We have seen also that if z, € Z,
then z, € R and w,, > 0, which finishes the proof. O
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