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Some properties of a hypergeometric function which appear
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Abstract In this paper we consider properties and power expressions of the functions
f:(=1,1)=>Rand f1: (—1,1) = R, defined by

1t (T4x)Y 1/1 (1+xt)log(1 +xt)
== S 4 and fi(ey) = — dr,
fer) =7 /_1 g & ad =g A,

respectively, where 7 is a real parameter, as well as some properties of a two para-
metric real-valued function D(-; ¢, ): (—1,1) — R, defined by

Do, B) = f(x:B)f(xi—a—1) = fl—a)f(;—1), o, BeR.
The inequality of Turan type
D(x;e,f) >0, —1l<x<l,

for a + B > 0 is proved, as well as an opposite inequality if & + 8 < 0. Finally, for
the partial derivatives of D(x;c, B) with respect to o or 3, respectively A(x; a, )
and B(x; a, 3), for which A(x; o, B) = B(x; — 8, — ), some results are obtained.

We mention also that some results of this paper have been successfully applied in
various problems in the theory of polynomial approximation and some “truncated”
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quadrature formulas of Gaussian type with an exponential weight on the real semi-
axis, especially in a computation of Mhaskar—Rahmanov—Saff numbers.
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1 Introduction

In a computation of Mhaskar—Rahmanov—Saff numbers in some problems of poly-
nomial approximation on (0, o) and the corresponding “truncated” quadrature for-
mulas of Gaussian type with respect to the weight function w(x) = exp(—x~% — xP),
o >0, B > 1, on the real semiaxis, a one-parametric function f: (—1,1) — R defined
by
bt (M a)Y
= [ S yer, M)

is introduced.

In this article we study some properties and power expansions of the function (1),
as well as of the function f : (—1,1) — R, defined by

1 /b (1 +xt)log(1+xt

ity =L [} (gt
T/ 1—12

We prove certain inequalities of Turdn type including the function (1) and two real

parameters. In 1941 the well-known Hungarian mathematician Paul Turén discovered
the following inequality

de, veR. 2

An(x) = Py(x)? =P 1 (x)Pis1(x) >0, —1<x<I1;neN,

where P, are the classical Legendre polynomials. However, it was published nine
years later [19] (see also Szegd [18]). There are several extensions and generaliza-
tions of this nice and simple inequality in different ways for several classes of or-
thogonal polynomials, special functions, etc. L. Alpar [1], who was a Ph.D student
of Turdn, mentioned that this inequality of Turdn had a wide-ranging influence in
a number of disciplines (see also a recent paper by Baricz, Jankov, and Pogany [9]
that has just been published). Some of these results have been successfully applied
in various problems which arise in information theory (cf. [15]), numerical analysis
and approximation theory, economic theory, biophysics, etc. For some further recent
results one can see the papers [3], [6], [11], [7], [8], [2], [5], [10], among others.
The function (1) can be expressed in terms of the hypergeometric function

(a)i(b)e 2*
(C)k k!

—+oo
2F(abiciz) =)
=0

as follows

1—
f(xy) =2k (27/,—72/;1;)3). 3)



Here (a); denotes Pochhammer’s symbol that is defined by

r k
<a>k=a<a+1>--~<a+k—1>=§fl<l_>)7 (a)o =1,

where I is the Euler gamma function.

The function f(x;¥) is even, with £(0;¥) = 1, so that we can consider it only on
[0,1).

Thus, for 0 < x < 1 we consider the following determinant of Turan type

fxB)  flx—a)
Dx;a,B) = ) “)
feB—1) fle—a—1)

as well as its partial derivatives with respect to the parameters ¢ and 3, i.e.,
0 d
Alxo,B) = ED(MO@ﬁ) and B(x;a,B) = %D(X;a’ﬁ)v &)
respectively. Therefore, we need the corresponding even function f : (—1,1) - R
defined by (2).

Remark 1 In the computation of Mhaskar—-Rahmanov—Saff numbers (cf. [14]) for an
exponential weight function on (0, +c<), the following nonlinear equation in x,

ﬁ o
o fluooam D\ (B fBol) NEE
ﬁ(ﬁ f(x;ﬁl)) f(x;B) a(a f(x;a1)> fl—a)=t,

must be solved for @ > 0, B > 1, and a given positive ¢, where f is defined by (1),
i.e., (3). The equation has a unique solution in (0, 1).

This paper is organized as follows. Some important properties of functions f(x;7)
and f7(x;v) and their power expansions are given in Section 2. Section 3 is devoted
to properties of the determinant D(x;a,3), including an inequality of Turén type,
as well as a power expansion of D(x; ¢, 3). Finally, in Section 4 some properties of
A(x; o, B) and B(x; @, B) are presented.

2 Some Properties of the Functions f(x;y) and f7(x;7)

According to the representation (3), by trivially rewriting the Pochhammer symbols
as binomial coefficients,

(1), (F+3) =2 =0y =2 () () w

we get the following power expansion of the function (1).
Theorem 1 For |x| < 1 we have

ren=% (1)(2)3)" ©

n=0



Remark 2 Since

Y(Y—l)xz+7(7—1)(}’—2)(7—3) 4y

4 64 s

flay) =1+
we have

Fr0) = fal) =1, f(x2)=f(x3)=1+ 7(7’4_ D2 et

Also, it is easy to see that

vr—1)
2 )
The corresponding expansion of the function x — i (x;¥) can be done in a similar

way.

FO) =1, f(0;7)=0, f"(0;7)=

Theorem 2 For |x| < 1 we have

wr-EEC )G o

n=1 k=1

Alternatively, it can be expressed in the form

filey) = f @, (7) ({)Zn’ 8)

& (n)?

where @, (y) =y(y—1)---(y—=2n+1).

Proof Using the binomial expansion and the expansion of log(1+1) in ¢, we have the
following potential series

(141)"log(1+1) = f {i (—lk)"‘(nyk> }t", lt| <1,

n=1 k=1

for each y € R. Then, substituting ¢ by xt and integrating it over (—1,1) with respect
to the Chebyshev weight of the first kind, we obtain

o0 n (_1)k71 y ) 1 rl
1Y) = E7 A i
=L {E () e
ie., (7).

Using the Saalschiitz formula [17, p. 11]

LWL G )G

k=0 =1

for x := —1, z := 7, and by substituting n by 2n, we get

¥ (7113](_1 <2ny— k> ) (2);—]{1() % -5 (2}:1—11) (=) =v@n =)

k=1 k=1




where v is the digamma function, i.e.,

CIESEGL)-CE Bt

because of

d oy R
dy(logwn(Y)) = oy kg() —

The expansion (8) can be also obtained by a formal differentiation of (6) with
respect to y. O

The expansion (7), i.e., (8), gives

fn=er-n(3) +50r —or+ny-3)(%)

1 4 x\0
5 (67 =757 43407 — 6757 + 5487 — 120) (5)

8
+$ (277 — 497" +483y° — 24507 +67697° — 98497° + 6534y — 1260) (3 )

1
+1aa00 (107 — 4057 46960y — 61507° +3796387° — 13466257*

+28947207° — 35181007 +2053152y—362880) (5 ) Y o).

Remark 3 For y = 0 the expansion (7), i.e., (8), reduces to

1 /20 fx\2n
0)=-Y — (f) . —l<x<l. 9
J1(x:0) ;%(n) 5 <x< ©)
Using an equality from [16, §5.2.13.4, p. 711] we get the sum of the series (9) in the
form
1+vV1—x2
ful:0) = log =5

The expansion (9) is a typical slowly convergent series for x close to 1. For example,
for x = 1, we have

Jfu(1;0) = —log2 = —0.6931471805599453094172321214581765680755 ... ,

but a direct summation of the first 40000 terms in (9) (for x = 1) gives only 2-digits
accuracy.
For y = 1, the corresponding expansion is

= n 2



The monic polynomials ¥+ @, (y) of degree 2n from Theorem 2 has simple zeros
aty=k, k=0,1,...,2n—1, and the zeros of w}(y), denoted by ¥, are located in the

o0
n=1

intervals %En) € (k—1,k),k=1,...,2n— 1. The sequence of the first zeros {}/1(")
is a decreasing sequence. Numerical values of this sequence are

{0.5000,0.3820,0.3366,0.3103,0.2925,0.2793,0.2690,0.2606, 0.2536,0.2477,...}.

It is easy to conclude that }(y) < 0 for y < )/1(") and ), (y) > 0 for yl(") <y<

}/2(">, n=2,3,.... Since Y = 1/2 belongs to the last interval, we conclude that all
coefficients for n > 1 in (8) are positive, so that f7(x;1/2) > 0. Indeed, for y=1/2
this expansion for f7(x;1/2) becomes

FLe1/2) = x* N 31x° N 2689x8 N 51719x'0
o 64 ' 3072 393216 ' 10485760

The first two derivatives of the function x — f(x;y) are

-1 _ _ _
Fly) = y/ (1+x1) tdt:}/(y 1)x2F1 <3 7’2 y;z;x2>

o(x"?).

V1i-12 2 2 2
and
’ V(Y—l)/' ()25 vy=Dx  (32-y3-y 1, ,
3Y) = t°dt= B =, , 3 =,2; .
=" L e 2 2\
It is also easy to see that

xf' (e y) = v(fxy) - fley—1)). (10)
Differentiating f; (x;y), defined by (2), we get

/ y(1+x1)" Mog(1 +xt) + (1 +x1)7!
V1—12

tdt,

i.e.,
xfi(xy) =y(fily) = fulay—1) +f(xy) — flay—1), (11)

from which, combining with (10), we obtain

YL (y) =7 (fuley) — fulay—1)) +xf (x:7),

ie.,

(1) = (6y) =7 (fulay) — fulsy—1)). (12)
Theorem 3 1° Forx > 0,

fxy)>0 if y<OV y>l1, (13)

and
f(xy)<0 if 0<y<l. (14)

2° For each y € R, we have

filey) <fluy), —1<x<l, (15)

and

Yi(ey) > f(uy), 0<x<l. (16)



Proof 1° It is easy to see that
(1 tY‘lt V(14 x) 7! 1—xt\7-1
floay) = y/ (Chn) i y/ ) (1( ) )dt
V1i—12 V1-12 1+xt

Since (1 —xt)/(14xt) < 1for 0 < x,t < 1, we conclude that the previous integral is
positive for each ¥ > 1 or v < 0, and negative for 0 < y < 1.

2° Consider the difference

fen—futen = - [ U tog(1 4y o
TJ1V/1-12
Since 0 < 14xt < 2 < e, we have that log[e/(1+xt)] > 0, so that the previous integral
is positive and the inequality (15) holds.
The inequality (16) follows directly from (12) if we can prove that fi (x;y) >
Sr(x;7—1). Therefore, we consider

1 1 log(1+xt)

frlay) — fulay—1) = )i [(1+xt)— (1+x)" ] de
_ 7/1 1(14xz) 7_1110g(1+xt) ar
V1—12

x 1 t
= — h(xt)dt,
71/0 V1—1¢2 ()

where h(t) = (1+1)" 'og(1+¢)— (1—1)""'log(1—t). Evidently, h(t) > 0 fort >0,
and the last integral is positive for 0 < x < 1. g

Theorem 4 For each y > —1/2, there exists

2V I (y+ )
1 17
fEN = 7= Fr (17)
Ify < —1/2, then
—y— _py_1
li%ml(l—xz)fyfl/zf(x;y): 2 y-1 F( y 2) (18)

N )

Proof According to (1), it is easy to see that for ¥ > —1/2 the following integral

PO L C ) LR e 1201 N—1)2
rm =1 [ SR a= 2 [ e e

exists and its value is given by (17).
In order to prove (18) we use the equality [12, §6.8]

lim (1 —2)**"%,F (a,b;c;2) = I'(e)(a+b—c)

z—1 F(a)r(b) ’ (19



which is true for each ¢ different from nonpositive integers and R(a + b —¢) > 0.
Then, setting a = (1 —7))/2, b= —v/2, c = 1, and z = x” in the previous equality
and using the well-known Legendre duplication formula (cf. [4, p. 22])

2t—1 1
rQ)=>"—_r@ F(z 7),
@)= == Wr i+
the equality (19) reduces to (18) and it is valid fora+b—c=—-y—1/2 <0, i.e., for
y<—1/2. O
Remark 4 1f v is a negative integer, we have, for example, f(x;—1) = (1 —x2)"/2,
1 2+x° 2+ 3x7
flx=2)= m, fx=3)= m, flx—4) = m, ete.

According to the previous considerations, we can see that the following statement
holds:

Theorem 5 The function x — f(x;7) is convex and increasing in [0,1) for y <0 or
Y > 1, and concave and decreasing for 0 < y < 1. In these cases, f(0;7) =1 is a
minimum and a maximum of this function, respectively. Moreover,

maxlf(x;}/) =f(L;y), ify>1or —1/2<y<0,

0<x<

and
min f(xy) =f(Ly), Fo<y<l,

0<x

where f(1;7) is given in Theorem 4.

Fig. 1 The graphs of the functions: y— f(1;7), Y+ fL(1;7), and y+— frr(1;7) for —1/2 <y <5

For the function f7(x;7), defined by (2), we can also prove the existence of its
value at x = 1 for y > —1/2.



Theorem 6 For each y > —1/2, there exists

1
fulls )=jﬁ~m[w(Hé)—WWH)HogZ]’ 0

where Y(z) is the digamma function, defined by y(z) = d%(logl“(z)) =I"(z)/I'(2).

The equation f1(1;y) = 0 has a unique root y =¥, whose numerical value is
¥ = 0.40044075673535960714733840032575462375799999584117 ... .

Proof Using [16, §2.6.10.25, p. 502] (fora = 1)

/OIX‘H(l —x)P og(1 —x)dx = B(at, B) [W(B) — w(a+B)] (a>—1, p>0),

where B(o,) =I'(a)l'(B)/I'(a+ B), after the transformation x = (1 —¢)/2, we
obtain an integral over the interval (—1,1),

1

st [0 0P Nog 0= B ) w(B) i),

from which, fora =1/2and B =y+1/2>0 (i.e., y> —1/2), we get

1 1+1¢ 1 1 1
=1/201 12100 — 2 dr = 27B( = Z il
/_1(1+t) (1—1)""*log 5 dt 23(2,y+2) ["’(”2) y/(y+1)}
Since (cf. [13, p. 132])

! 1 1 1
Y1200 124 =27B( = Z _Z
'/71(1+t) (1—2)~""ds 23(2,y+2), v>-3

we have

2v 1 1 1
fu(lyy) = ;B(E,%L 5) [II/(%L 5) —w(7+1)+log2] ,

i.e., (20).
The function ¥+ f;.(1;7) is increasing in (— %, +o0) and has a unique zero ¥ near
0.4. Tts numerical value with 50 decimal digits was obtained by Newton’s method.
O

Notice that f.(1;y) = f(1;7) [w (y+3) — w(y+ 1) +log2] for y > —1/2. Oth-
erwise, for y < —1/2, lirP JL(xy) = —oo.
x—1—

The graphs of Y+ f(1;y) and ¥+ f.(1;7) are displayed in Figure 1. Evidently,
they illustrate the inequality (15) atx = 1.
Now, we consider some basic properties of the function x — f7 (x; 7). Since

1 3
f(057) = f1(0:7) =0, fL(0:7) = 1= 5, f£' (0:1) =0, 9 (0;y) = 1(27—3)(72—3% 1),
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it is clear that the function x — f7(x;y) has a local extremum at x = 0. For y > 1/2 it
is a local minimum, and for ¥ < 1/2 this function has a local maximum. Notice also
that a positive function x — f7; (x; ), defined by

J 1t (14+x1)"log*(1+
fLL(X;)any(X;V)E/_I( x’% x’)dt, YER, (21

has the value at x = £1 if ¥ > —1/2. The proof of such a result is similar to the proof
of Theorem 6, where in addition we need the equality [16, §2.6.10.24, p. 502] (for
a=1)

2
/le“”(l —x)Pog?(1 —x)dx = ;WB(oc,ﬁ) (a>—=2, B>0).

Theorem 7 For each y > —1/2, there exists

Su(139) = FO) [W (4 1) =W+ D+ (v (r+3) = w(y+1) +1og2)’|
where f(1;7) is given by (17).

The graph of v+ f11.(1;7) is also displayed in Figure 1.

According to Theorems 4 and 6, as well as the recurrence relations (10) and (11),
we obtain the following result:

Corollary 1 For each 'y > 1/2, there exist the values

FLy)==-0f(y=1) and fi(L;y)=(y=D)f(Ly—=1)+f(Ly-1).
Theorem 8 Let 0 <x < 1.

1° Fory > % x+— fL(x;7) is a positive increasing function on (0,1), with

min f7(x;7) = fL(0;7) =0 and max f1(x;7) = f(l;y),
x€[0,1] x€[0,1]

where f1.(1;7) is given by (20).

2° For y< 0, x — fr.(x;7) is a negative decreasing function on (0, 1), with

max fr(x;y) = f.(0;7) =0
x€[0,1]

and
. . — 1 71 0.
ng(l)fll]fL(x,}’) fuliy), —3<vy<
For y < —3, we have lim f; (x;) = —co.
x—1

3° For 0 < y < %, there exists xo € (0,1) such that f] (xo;y) = 0 and

min f7(x;7) = frL(x0;7) <O. (22)
x€[0,1]
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If 0 <Y<Y, where7 is given in Theorem 6, the inequality fi(x;¥) < 0 holds,
with
max_f(x;y) = f(0;7) =0,
x€[0,1]
and for y<y< % there exists X € (0,1) such that f1.(X;y) =0, aswell as f1(x;7) <0
Jor0<x<Xx and fr(x;y) >0 forx <x <1, with

max f(x;¥) = fL(1;7)
x€[0,1]

Proof 1° According to (13) and (16), for y > 1 we have f] (x;y) > f'(x;y) > 0, so that
x> fr(x;y) is a positive increasing function on (0, 1], with min,¢(o ;) fz(x;¥) = 0 and
max.eo,1] fL(x;¥) = fL(1;7), where this value is given in Theorem 6. This holds also
for each y > % because of positivity of fi(x;y), defined by (21), and the positivity
of f1(x; %) (see comments after Theorem 2). Namely, for an arbitrary fixed x, the
function y — f1(x;y) increases for each y > 1, so that f.(x;7) > fr(x;1) > 0.

2°If y < 0, then, again by (13) and (16), we conclude that f] (x;7) <y~ ' f'(x;7) <
0, i.e., x — f(x;7) is a negative decreasing function on [0, 1), with the maximum at
x=0,1.e.,

[max, Ju(xy) = f(0;7) = 0.

3°Let0<y< % Since f1(x;7) and f] (x;y) are negative for a sufficiently small
positive x and lim,_,;_ f (x;¥) = +eo, we conclude that the continuous function
x— f7(x;7) in (0,1) changes its sign and therefore there exists xo € (0,1) such that
f1(x037) =0, as well as (22).

Suppose now that ¥ (=~ 0.4) is defined as a zero of the function ¥ — f1(1;7).
Thus, we have f.(0;7) = f.(1;%) = 0 and f1(x;7) < 0 for each x € (0,1). Due to
the positivity of the function fzr(x;y), defined by (21), we conclude that f7(x;y) <
Ji(x;7) <0 for y < ¥ and max,cpo 1) fL.(x;¥) = fL(0;7) = 0.

Sh)

0.8+
0.6+
0.4+

0.2+

0.42 0.4 0.46 0.48 050 Y

Fig. 2 The root X of the equation f7.(¥;y) = 0 as a function of y € (7,1/2)



If 7 < y < %, by the same argument, we claim that f;,(x;y) > f1(x; 7). Since, for
such a v we have f7(1;7) > 0, it follows that the continuous function x — f7,(x;y) in
[0, 1] must be equal to zero at some point X € (0, 1), i.e., f.(x;¥) = 0. The rest of the
proof is obvious. The points X for different values of y € (7,1/2) are displayed in
Figure 2. O

Remark 5 The graphs of x — f1(x;7), 0 < x < 1, for some typical values of y €
(0,1/2) are displayed in Figure 3.

fulxy)

-0.05¢

-0.10+

Fig. 3 The graphs of x — f1.(x;7), 0 < x < 1, for (a) y= 0.3; (b) y = 0.375; (c) Y= ¥~ 0.40; (d) y= 0.45;
and (e) y=10.5

3 Properties of the function D(x; ¢, §)

In this section we consider some properties of the determinant (4), i.e.,
D(xa,B) = f(x:B)f (o —a—1) = (B — 1) f(x @),

where f(x;y) is defined by (1), i.e., (3).
By applying (1) and (4), we can express D(x; o, ) as a double integral over the
square S = {(u,v) : —1 <u < 1,—1 < v < 1} in the representation

. 1ot (4 xu)B (14 x00) 7% — (14 xu) B (1 4 x0)
D(x;a,pB :P/ / NP g dudv,

ie.,

—|—qu T 4 xv) =21
D(x; e, ) = ﬂz/ A= Jion (u—v)dudv. (23)
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The following properties of the function D(x; ¢, ) and its partial derivatives with
respect to & and f are satisfied:

Lemma 1 Foreach a, € R, one has D(x;—f3,—a) = —D(x; o, B).
The proof follows immediately from the definition of D(x; ¢, 3) given in (4).
Evidently, D(x; ¢, ) = 0 when a = —f3. An interesting property of D(x; o, 8) is
the following:
Theorem 9 For each o, € R, we have
D(x;a,B) = (1—x*)P~*D(x; B, ).
Proof By Euler’s hypergeometric transformation formula (cf. [4, p. 68])
2Fi(a,bic;z) = (1—2)“ P3F (c—a,c—bic;z),
one has

1;7/_1/- L2\ 2\ /2+y l+y 2+y .
2Fl( 2 ) 291’x)_(1 x) 2F1 2 9 2 ,l’x .

By substituting y by B, —a — 1, —«t, and B — 1, successively in the previous
formula, one obtains

I+a a 5 2-B1-B . ,
2Fl< 2 52719-x)2F1< 2 ) 2 ,l,x
1

_ 1+ 24P o l1—a
= (1= 2B~ . S1ey2 _u 12
(1—x7) {ZFI < ) 3 1x )2F1 < A 1ix >

ie.,
D(X;a7ﬁ) =(1 _xz)ﬁiaD(X;lla%

which completes the proof of the result. g

According to Theorem 4 we can prove the corresponding result for the function
x+— D(x;a, B) when (, B) € R?. In this regard we first have to identify six domains
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Fig. 4 Different domains for (e, 8) € R?, defined by (24)

in R? as presented in Figure 4, i.e.,

a={@p|a=gnp>1}

B:{(a,ﬁ) a>%/\ﬁ<—%},

c=/{(a a<——=AB<—=
{ap)[a<-3np<-3}.

D={(a[3) a<——/\ﬁ>%}, -

E:{(aﬁ) (|a|<%v|ﬁ|<%)/\a+ﬁ>0},

/

F= {(a,ﬁ) (|a|<% v |B|<%) ANo+p <O}.

Theorem 10 Let A,B,C,D,E,F be domains in R? defined by (24).

1° Foreach (a, ) € D, there exists the finite value of the function x — D(x; o, B) at
x ==*1, given by

P2t p) T(-a-Yr(p-3)

(1) = ———7 C(—a+DC(B+1)

(25)



2° For(a,B) e AUE,

3948 I (o+3)I (B+5)

lim(1—*)*"2D(x:01, B) = — Tlaryrg+n - %0
3° For (o,f) € B,
2B _20‘*3*2(a+B)'F(oc—l)l“(—[i—l)'
lim(1 —x)*PD(x 0. B) = r F(a+21)r(—[3+12)’ @D
4° For (a,B) € CUF,
lim(1—2) P+ 2D (e o, ) = (o) .r(—a+%)r(—ﬁ+%)_ 8)

x—1 T I'(—a+DI(-B+1)

Proof 1°For (o, B) € D, i.e., when ot < —1/2 and 8 > 1/2, all four functions which
appear on the right hand side of (4) are defined at -1 so that

D(L;o,B) = f(1;B)f(L—a—1) = (1L =1)f(1; —).
Using Theorem 4, we get

g P TBH) T (Canl) PAr(-Y) 2T (car))
BeP) = ZTEr) VE o Vi TB) val(arl)

ie.,

1

B—a—1 ey — 1 B_l
o)~ gy (03 -p ()]

which is equivalent to (25).

2° In order to prove (26) for (a, ) € AUE, we first prove it for (a, ) € A, i.e.,
when a, 8 > 1/2. Since

(1 7x2)a+1/2D(x;Ot,ﬁ) _ f(x,ﬁ) [(1 7x2)06+1/2f<x;7a7 1)]

—fB=1D)[(1 =) f (e —a)] (1-2%),

by Theorem 4, we get (26), where the contribution to this value is given only by the
first term on the right hand side in the previous equality, because the second term
tends to zero when x — 1.

Consider now a subset of E, when 8 > $ A |a| < 1. Then the values of f(1;f),
f(1;B—1),and f(1;—o) exist, and

a 1

§w

Therefore,

lim(1—x*)**2D(x; . B) = f(1; B)L(—ot—1) = f(1; B~ 1) f(1; —x) lim(1 —xt) e

x—1



16

reduces to (26).
In the part of E, where o > 1 A |B| < 1, the value off(l;B) exists, and

L(B—1) = lim(1—?) P2 p 1) = \f FE gil))

a—1 -2
L(~a) = lim(1 )" 12 f (x—ar) = zﬁ ' F(F(a>2)

as well as the limit L(—a — 1). Then, we have
lim(1—)*"2D(x; e, B) = f(1:B)L(~0t— 1) =L(B — D)L(~a) lim(1 —x*)P+1/2,
x—1 x—1

ie., (26).
Finally, in the part of E, where |a| < % A Bl < % A a+f > 0, the values of
f(1;B) and f(1;—o) exist, as well as the limits L(—o — 1) and L(f3 — 1). Therefore,

lim (1—x*)**2D(x; 0, B) = f(1: B)L(— et = 1) = f(L: =) L(B — 1) lim (1 —a?)** P,

i.e., (26) holds.

3°Let (o,B) €B,ie,a> % AB< —%. Then, the values of f(1;8), f(1;8—1)
f(1;—a), and f(1;—o— 1) do not exist, but the corresponding limits L(), L(B — 1),
L(—a), and L(—o — 1) exist, so that we have

lim(1 —x*)*PD(x;a, B) = L(B)L(—a — 1) — L(B — 1)L(—@)

x—1
e (e t)em-(o-be)

ie., (27).
4°If (a, B) € CUF then (—f, —ot) € AUE. The result (28) follows directly from
2°, because of the property D(x; @, ) = —D(x;—f,—0) (see Lemma 1). O

Now, we prove an inequality of Turan type for the function x — D(x; ¢, B).
Theorem 11 For each o, B € R such that a+ B > 0, the following inequality
D(x;0,8) >0 (29)
holds. If o+ B < O, then the opposite inequality holds.

Proof Interchanging variables u <> v in (23) one can express D(x; a, 3) in the form
of the following arithmetic mean

—l—xuﬁ H(1 4 xv)—1
D(x;0,B) = // mm (u—v)dudvy

(14 xv)B=1(1 4 xu)~*!

+ V1—vZ2V/1—u?

(v—u)dvdu



ie.,

(u—v) l+xu)°‘+ﬁ f(lerv)‘Hﬁ}
dvdu. 30
Dixi.B) = 2m2 // \/1 —V2(1 4 xu) 2 (1 4 xv)otl e G0

Now we define a function ¢ : (—1,1) — R by ¢(r) = x(1 +xt)**P. Since ¢'(r) =
K(a+B)(1+x)%P=1 > 0for a+ B >0, 1 +xu > 0, and 1 +xv > 0, it follows that

(u—v)[x(1 +xu) P —x(1 —|—xv)a+ﬁ} >0,

which implies that the integrand of (30) is positive, and therefore inequality (29)
holds.

If o+ B < 0, according to Lemma 1, we conclude that the opposite inequality of
(29) holds.

Remark 6 In some special cases, when o and 3 take integer values, one can express
D(x;a,B) in an explicit form. In fact, for specific integer values of @ and 3, one has

1—(1—x2)1/2 242-2(1-x)12
D(x,0,1) = ————/—, D(x:0,2)= Yo
(1—x2) 2(1—x2)
x? 3x2 x* (x> +4
D(x;1,1) = ———>, D(x:1,2)= ————, D(x1,3) = (7%22
(1—x2) 2(1—x2) 2(1—x2)
X% (x%+8 5x2 (X242
D(x;2,2) = 7( 522, (x;2,3) = 7( 5/)2,
4(1—x2) 4(1—x2)
3x% (x* 4 18x° + 16) X% (x* 4+ 127 4+ 12)
D(x;2,4) = 52 D(x;3,3) = 772
16 (1 —x2) 4(1—x2)
7x* (x* +4) (3x2 +2) x% (9x° 4-288x* +672x7 +256)
D(x;3,4) = 7 Pudd) = 92
16( —x2) 64 (1 —x2)
9x® 4 360x% + 1680x* + 1600x? + 320
D(x;S,S) ( xS+ x° + xlj—z x“ + )
64(1—x2)"

Using the series (6) we can directly obtain the following power expansion for the
function D(x; o, B):

Theorem 12 The function D : (0,1) — R can be expressed in the power series

D(x;a,B) = Zd() L —l<x<l, G1)

where the coefficients d, = d,(a, ) are given by

=% () (0) ) (25245,
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Remark 7 Taking o = —f in the expression of d, it is easy to see that d,(—f,5) =0,
from which we conclude that (ot + ) |dy (e, B).

The first four coefficients in (31) are
dy = 2(06+ﬁ),
dry = (o +B)(a® +aB +4a+ B> —4B +9),
1
ds = < (a+B)[o* +20°(B+6) +a (487 +67) +20 (B* — 2B +78)

+B* —12B% +67B — 1568 +220],

! (o+B)[a®+3a° (B+8)+ o' (9B +24B +262) + 3¢’ (3B° + 1687 + 32 +504)

d4:ﬁ

+a* (9B* —48B° +474B% — 552 +5221)
+30(B° — 8% +32B° + 184B2 — 669P +3136)
+B° —24B° +2628* — 1512 + 5221 — 94083 + 10500] .

4 Some properties of the functions A(x; ¢, ) and B(x; ¢, 3)

In this section we consider some properties of the function A(x;a,f) (as well as
B(x; @, B)), defined in (5). First we give a power expansion of the function

d
Ao, ) =5 Dlxa, B) = flxp—1)fe(vi—0) = fx ) flv—a—1), (32)
using results of Theorems 1 and 2.

Theorem 13 The function A : (0,1) — R can be expressed in the power series
g X 2n
A, B) = (7) . —l<x<l, 33
(x;a, ) ; a3 x (33)
where the coefficients a,, = a,(a,B) are given by

w= BTG5 B ()

The first five coefficients in (33) are

ay = 27
ay = 3> +4a(f+2)+2B% 49,
1
a3 = ¢ [Sa* + 1207 (B +4) +3a(6B% + 128 +67) + 60 (27 +21B +52)

+3B2(B* — 4B +21) +220],



as= o [7a®+240° (B +6) + 10a* (682 +24B + 131) + 8’ (9B + 3682 + 1793 + 756)
+302(188* +570B% + 9608 +5221) +4a (68> — 36B* + 28583 + 1607 + 4704)
+2(2ﬁ6 — 245 + 1798* — 480B° + 16077 + 5250)] ,

as = [9a® +400" (B +8) +70a°(2B% + 128 +73) + 60’ (4B + 3282 + 149 + 760)

1440
+504 (608 424082 + 350082 + 9600 +49873)

+200 (1287 + 62083 + 304082 + 8617 +41576)

+600 (2B° — 128 + 1553 + 337282 + 46263 +-28041)

+400(B7 — 16B° +175B° — 760B8* + 33723 + 127833 + 43080)

+5B% — 12087 + 1490B8° — 9600B° + 43085+ — 92520B° + 25566087 -+ 828576 .

Evidently, for each (o, ) € R?> we have A(0; &, 8) = 0. Moreover, from Theo-
rem 13 we conclude the following result:

Corollary 2 For each («,) € R? there is a neighbourhood of the point x = 0, in
notation (—r,r), 0 < r < 1, such that A(x; o, ) > 0 for each x € (—r,r), except at the
point x =0, and
min A(xioB) = A0 ) =

Thus, the function x — A(x; c, ), defined by (32), has a local minimum at x = 0
for each (o, B) € R2.

Using the same approach as in Section 3, we have the following integral repre-
sentations:

/ (14 xu)B=1(1 +xv) =% og(1 4 xv)

Al of) = ViR

(u—v)dudv  (34)

and

(1+xu)P~1(1 *=log(1
B(x;a,B) = )™ (1) og(1+xu) (u—v)dudy,
7172

V1I—u?y/1-y2

where S = {(4,v) : =1 <u < 1,—1 < v < 1}, from which we conclude that the fol-
lowing result holds:

Lemma 2 For each o, € R, one has B(x; o, ) = A(x; —f,—).

Using the same procedure as in the proof of Theorem 11 one can express A(x; a, ),
defined in (34), in the form of the following arithmetic mean

dvdu.

) X (u—v) [(l—i-xu)_"‘_ﬁlog(l—i-xu)—(l—f—xv)_“_ﬁlog(l—{—xvﬂ
Awa) =52 [ VT T2 (1 ) B (1 o)1
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In a similar way, as before, one can see that the function
w(r) = x(1+xt)"*Plog(1 +xr)

is increasing on (—1, 1) when
1
0<a < —— =& 1.4427. 35
<a+p< log2 (35)

Indeed, in this case, W' (r) = x*>(1+xt)~* B~1[— (o + B)log(1 4xr) +1] > 0, because
of the fact that log(1 +x¢) < log?2.
Thus, we obtain the following result:

Proposition 1 Under conditions (35), the inequality A(x; &, ) > 0 holds.

Example I Let o = —1 and B = 1. Since f(x;0) = f(x;1) = 1, according to Re-
mark 3, we have

=1 2n\ /x\2n
A(x;—l,l):fL(x;l)—fL(x;O)ZHZ]Zn_l<n>(2) , —l<x<l,

ie.,

Ax,—1,1)=1—-v1-x2>0, 0<x<1.

A(x o, B)
20} (a) (b)
10}
0.2 0.4 0.6 0.8 1.0 x
—10k
—_20L ()

Fig. 5 Graphs of x — A(x; o, B) for (a) o« = —17/4, B = —7/3 (black line); (b) o = —19/10, f = —1/10
(blue line); (¢) & = 12/10, B = —21/10 (red line)

Numerical experiments show that the inequality of Turén type,
Alx;o, ) >0, 0<x<1, (36)

is also true in a wider domain than the strip (35), but not in whole R?. The graphs
of x — A(x;, B) on (0, 1) for some specific parameters o and f3 are presented in
Figure 5. All computations are performed in MATHEMATICA Package. As we can
see A(x;12/10,—21/10) changes its sign near x = 0.91. It could be interesting to
find the exact domains in R? where the inequality (36) is true.
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