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1 Introduction

Let the weight function w(x) be integrable and nonnegative on the interval
[0,27), vanishing there only on a set of a measure zero. For given weight
function w(z),

(F.9)= [ F@glaw(z) dr M)

denotes the corresponding inner product of the functions f and g¢.

The trigonometric functions of the following form

n

Apsipp(z) = (cy Cos (V + ;) x + d, sin <V + ;) ZL‘) , (2)

v=0

where ¢,,d, € R, |c,| + |d,| # 0, are called trigonometric polynomials of
semi-integer degree n + 1/2. Coeflicients ¢, and d,, are leading coefficients.

For any positive integer n, with T%/2 we denote the set of all trigonometric
polynomials of semi-integer degree at most n+ 1/2, i.e., linear span of the set

{COS(I/ +1/2)z, sin(v +1/2)x, v =0,1,... ,n}.

The trigonometric polynomial of semi-integer degree n+1/2, of the form (2), is
called orthogonal trigonometric polynomial of semi-integer degree n+1/2 with
respect to the weight function w(x) if it is orthogonal on [0, 27) with respect
to the inner product (1) to every trigonometric polynomial of semi-integer
degree from T, 1/2 "1, 1.e., to every trigonometric polynomial of semi-integer degree
less than or equal to n — 1/2. These trigonometric systems have applications
in construction of quadrature formulas with maximal trigonometric degree
of exactness. It is known that orthogonal trigonometric polynomial of semi-
integer degree A, ./, with given leading coefficients ¢, and d,, is uniquely
determined (see [1, §3]).

We consider the following two choices of leading coefficients. For the choice
cn = 1, d,, = 0, we denote orthogonal trigonometric polynomial of semi-integer
degree by AgH/Q, and for the choice ¢, = 0 and d,, = 1 by A§+1/2- For the
expanded forms of A, /2 and AY L, /o We use the following notation

Agﬂﬂ(x) = cos( )x + Z (c,," cos( ;)x + d™ sin (1/ + ;)x), (3)

1 1 1
A§+1/2($) :sin(n + 2>$ + Z (fﬁ”) cos(y + 2)90 + g sm(u + Q)x) (4)
v=0

In [2] we proved that orthogonal trigonometric polynomials of semi-integer de-



gree Afy ) o(x) and A7, (7)), k € N, satisfy the following five-term recurrence
relations:

Ag+1/2( )= (2C08x_ak )Ak 1/2( T) — 6k Ak 1/2( z) (5)
_O% Ak 3/2( T) — ﬁk Ak 3/2( ),

and

AL () = <2cosx—6<”>Ak 1a(@) — vk JAC | (@) (6)
WAL () — 07 AT (),

where recurrence coefficients are given by Ong) = B( ) = %2) = (5(2) =0, and

O‘i(cl) _ I JS — Ik—le—I’ Oé;(f) _ ¢ I8, — ]k—llk—27 ™
Dy Dy _»
W T e — L JJE @ el o —IC I s
g Dy ’ F Dy_o ’
'Y](gl) _ I]ffljk—l — Ik—1J1571’ 7](3) _ Ik—lllffz — I}ffljk—Q’
Dy Do
51(:) = Iy Ty = Ieadis 5](62) _ Ig  IE o — Do
Dy ’ Do ’

where Dy,_; = I,?_j],f_j — ];?_j, J =12, and

(Au+1/27 Ay+1/2> JC = (2cos IAV—‘,—I/% Ay+1/2) (8)
[S (AV+1/2’A§+1/2>7 JS (2cos xAV—i—l/Q’AV-i-l/Q)
I, = (A§+1/27Af+1/2>’ J, = (2cos xAy+1/2,Af+1/2).

Knowing recurrence coefficients in five-term recurrence relations (5) and (6)
we can obtain coefficients of expanded forms (3) and (4) for AS, , and A7 ,.

Theorem 1 Coefficients ¢, d¥), f#) ¢®) ke N, v=0,1,...,k— 1, of the
representations (3) and (4) can be computed by the following formulas:

C((]l)zl_agl)v dél):_ﬁg)a fO =N )7 g(())__l_(s( )7
082) — 1+ C(()l) . Oégl)c(()l) . ﬁél)fél . ()é22 :

dy) = —dy — oy dy) — 3" gs" — 557,



2 1 1 1 1) (1 2
= 80 = ) )=o)
I L

?

for k > 2:

k k—1 1 k k—1 1
01(4)1—61(42) 04()7 dl(e)l_dgcfQ)_ 1(4)7

k
(k—1) 1 k—1) 1
fk 1—fk2 l(g)a 92)1—9122 5()

for k > 3:
k k— k— k
)= D — P
k k k— (1 2
Ay =1+ —adf 5 - BV A — o2

k k-1 k-1 1) (k-1 1) (k-1 2) (k-2 2) (k—2
AP = D D o gl ol g,
k—1) 1) (k-1 1) (k-1 2
d 2—d( I(c)dl(cf2)_ﬁl(c)gl(c—2)_ IE)>
k k-1 k—1 1) (k-1 1) p(k—1 2) (k—2 2) (k-2
fé)—f( )-l—f( ) 71(9)( ) 5(f ) %(C)C((] )_515;)8 )’
(k—1) 1) (k—1) k 1 2
fk 2*fk3 _7£) k—2 _5 ) ’Yii)a
k k—1 k—1 1) (k- 1) (k=1 2) (k—2 2) (k—2
(k) _ ( )+g( )_()d( 1)_@53)(() )—7()dé )—51(6)9(() )’

9o —340 1 k

k—1 1) (k— kl
= 14 g0 — ol — 60— 2

and for k >4, forv=1,... k—3:

Qﬁ
NG
I
t/\

e+ cffif’ —a e — B AR — el — g ),

k—1 — 1 — 2 — 2 —
T dfY = alalf T - Vgl — 0Pl — gl

139 = B0+ 1R =l = G0 = e = 0 £,

1 — 1 — 2 — 2 —
gyk) _ 95_1 ) +g£+1 ) —%i )dl(/k 1) _51(C )gl(jk 1) _%(g )dl(/k 2) 5}(€ )gl(jk 2).

Q
Z
I

&f\

Proof. Substituting Af+1/2(:v) and A§+1/2(93)a v==Fk—2k—1,k, given by
(3) and (4) in recurrence relations (5) and (6) and comparing coefficients
multiplying cos(v + 1/2)x and sin(v + 1/2)x, v = 0,1,..., k, on the left and
on the right hand sides of obtained equalities, we get what is stated. O

Also, in [2], numerical method for construction of the corresponding quadra-
tures with maximal trigonometric degree of exactness was presented. This
method is based on the five-term recurrence relations for orthogonal trigono-
metric polynomials AY, /o and AYL /2- In fact, the main problem in procedure
presented in [2] is calculation of five-term recurrence coefficients.



In this paper, in Section 2, for some special weight functions explicit formulas
for five-term recurrence coefficients as well as explicit formulas for coefficients
of expanded forms (3) and (4) are presented.

In [2] is proved that the case of an symmetric weight function on (0, 27), i.e.,
case when w(z) = w(2r — z), x € (0,27), reduces to algebraic polynomials,
and five-term recurrence relations reduce to the three-term recurrence relations
(see [2, Section 3]). So, in this paper we will not consider such weights.

2 Explicit formulas

For some special weight functions w(z) we can find explicit formulas for re-
currence coefficients a,(f), ,(f), ,(cj), 51(:)7 j=1,2, k € N, as well as for inte-
grals IS, I I, JS, J2, J, k € Ny, and for coefficients c(®), d(F) | f(k) = g(k)

v=01,... k keN (" =¢g" =1 4" =" =0).

First, we consider weight functions w,,(x) = 1+ sinmx, m € N. In the sequel
we need the following integrals (d,,,, is Kronecker delta function, &, ¢ € Ny):

/O27r cos(k + 1/2)z cos(f + 1/2)xwy,(x) dz = moy 4, (9)

N
3

sin(k + 1/2)xsin(f + 1/2)zw,,(x) do = 7y 4,

cos(k + 1/2)zsin(¢ + 1/2)zw,,(x) dx

—~

ho\
3

(6k,f—m + 5k,m—€—1 - 5k,£+m)7 k > 17

o
3
NN

COS

—~

x/2)sin(f 4+ 1/2)zw,,(x) dx = g((hm_g + 80.0-m),

o
3

cosx cos(k + 1/2)x cos(l + 1/2)zw, () de = gék,gil, k>1,

o
3

cos x cos(x/2) cos(l + 1/2)zw,(v) dz = g(So,g + g51,g,

cosxsin(k + 1/2)xsin(f + 1/2)zw,,(x) dx = géuﬂ, k>1,

N
3

cos zsin(z/2) sin(¢ + 1/2)zw,, () dz = —g(s(),z + gél,g,

N
3

™

cosx cos(k + 1/2)xsin(f + 1/2)zw; (z)dz = 1

(0k,1—¢ + O p—2 — Ok p12),

¥
3

cosz cos(k + 1/2)xsin(f 4+ 1/2)zw,,(x) dx
T

4

o\o\o\c\wC\o\c\
3

(Okm—t + Ok m—t—2 + Ok p—ms1 — Ok prme1), m > L.



Knowing these integrals it is easy to see that cases m = 1, an odd m > 1, and
an even m must be separately considered.

Theorem 2 For the weight function wy(z) = 1+ sinz we have the following
explicit formulas for coefficients in recurrence relations (5) and (6) (k € N):

(W) _ 50 _ (ke Ak @ _ 50 _1 (k>1) (10
—2
5(1) 1) _ : 5£2) _ 722) _ (_1>k+1 (/C > 1)’

ET T T ar 1)@k + 1)

(2) _ 30 _ @ _ 5@

2k —1

Proof. In order to prove this theorem, we will prove the following explicit
formulas for integrals (v € Ny):

+ )7 (—1)¥x (—1)¥x
¢ — S — L c_ S _ ’ L =0: (11
v v 2v+1 ’J” Yo w417 2(2V+1)’J 0; (1)

and, also, explicit formulas for coefficients of representations (3) and (4):
for odd k

k k +1+4 .
Cél) = —gél) = (—1>[k/2] 1 m, 1 = O7 1, ey [k/2],

k k 4144 . 92
Céi—) 1= géi—)l - ( 1)[k/2] ! 1= 17 R [k/ ]a

2k +1°
k41424
k k i .
AP = — B — (qyle/a+ i i 0,1,...,[k/2],
k k Jk+1 =21 )
déz)—l = 2(121 = (—1)[k/2]+1+ W’ 7 = ]_7 cey [k/2]’
and for even k
k41424
k k i
Cél) = géz) = (_1)k/2+ W? = 07 17 ) k/27
k+1—2¢
k k i
Céill = _géill = <_1)k/2+ 2%k 1 =L k/2
k-2
A = fP = (R T 0 1 k)2
2% 21 ( ) 2k+ 17 ? ) ) / )
k k k4 2i )
dgz)—l = _f2(i21 = (_1)k/2+ m, 1=1,... ,k’/2.

By direct calculations, using (7), (8), and formulas in Theorem 1, we verify



formulas (11) for v = 0; formulas for recurrence coefficients 0451), 59), %1) and
5V formulas for coefficients c(()l), d[()l), fél) and gél); and (11) for v = 1.

Suppose that given explicit formulas are exact for two successive nonnegative
integers k — 2 and k — 1. Starting with formulas (11) forv =k—2,k—1, k > 2
by direct calculation (using formulas (7)) we obtain recurrence coefficients
(10). We have

D — ke \? 2 w2k +1) T2k —1)
T2k -1 A2k —1)2  4R2k—1)" 7T 42k -3)°
and
O Ig  JE = Tea i _ Ig I
: Dy—y Dy—1
okt (CDMo4@2k—1) (1) 4k
S 2k—1 2k—1 m22k+1) (2k—1)(2k+1)’
@ ¢TIl
Q" =
Dy
o kr (k=1)m (=) 'm (1) 7w\ 4(2k—3) 1
S \2%k -1 2k—-3  202k—1) 202k-3)) m2(2k—1)
(1) _ [kalefl - kaljkcfl _ _[k,ljkc;l
b Dy Dy
(DR (DR 42k-1) —2
202k—1) 2%k—-1 7w2k+1) (2k-1)(2k+1)
(2) _ Ik—ljkc_g - ]1?_1]k—2
g Dy
(=Dt (k=17 kr o (=1)* 21\ 4(2k - 3)
S \202k—1) 2k—-3  2k—1 2(2k—-3)) 72(2k—1)
k—1 —k 2 2
— (1)1 _ ()
(=1) <2k—1 2k—1> 2k — 1 (=1) 2k — 1’
(1) _ IZ e — i Jiy _ _]k—leS_1 _ g
’ Dy Dy, "
5(1) _ [1?711]12971 — Iy—1Jk _ [lglljlil _ _a(l)
kK - - k >
Dy Dy
@ hoali o —If (Lo 5@ Ll s —liali o ()
e = D =Pk 9 = D = Qg .
k-2 k—2

Using (10), and formulas given in Theorem 1, we directly verify given formulas
for c(k), dgk), fi(k), gi(k)7 1=0,1,...,k, (c,(ﬁk) = g,(f) = 1and d,(ck) = f,gk) =0). For

i



example, if k is even, then [(k —1)/2] = k/2—1and fori=1,...,[(k—3)/2]

we obtain

k k—1 k—1 1) (k=1 (1 k—2) 2) (k-2
ng)l_cgz )+ gz ) al(c);zl )f2 gzl 5()21 1)

k—2i+1 k—l 22
2k — 1 2k — 1
(b= 1420) e
(2k — 1)2(2k + 1)
k—1—2i
T
k12
==Y 2k +1
) =) + e —a i = B Y — e - g
k—14 2 k2i1k+1+22
o= e A
o ARE=1=20) s 2k +2)
2k — 122k 1) 2k — 122k 1 1)
k—1+2i 2(k — 2 — 2i)
ok — 3 (2k — 1)(2k — 3)
kjoyi A1+ 20
2k +1

:(_1)k/2+i—1 + (_1)k/2+7;

2(k — 2i)
(2k — 1)2(2k + 1)
2(k — 2+ 2i)
(2k — 1)(2k — 3)

(_1>k/2+z’

_(_1)k/2—1+i + (_1)k/2+1

_ (_1)k/2+z

+(=1)

_(_1)k/271+i + (_1)k/2+i

—(-1)

Also, we have

(k) _ (k=1) (1)

Cr-1= Cr—2 o,
_ (_1)k/2—1+1+k/2—1k —1- Q(k/Q — 1) o (_1)k+14k _ 1
2(k—1)+1 2k —1)(2k+1)  2k+1’
I e Y e I B T o N
_,_2%k-3 4k 2(k +k — 2) Lo 2%k
T 2%k—1 (2k—122k+1)  (2k—122k+1) 2k +1’
(k) :Cék_l) + Cgk_l) i Oz(l)cék_l) . Igl)fék—l) . O‘/(f) (k—2) @g (k—2)

k 0
(] wjosn kA1 Ak(k —1)
+(—1)k/2

+ (1)

T I AT (2k — 1)2(2k 4+ 1)
2k e k—1
(2k — 1)2(2k + 1) 2k — 3
20k —2) (1) k+1
(2k —1)(2k —3) 2k + 1

(=12

Analogously we can verify formulas for ¢, 5 = 0,1,...,k — 1, in case when

7 9

k is odd, and also formulas for di ,f-( ),g(k), ,=0,1,...,k—1, ke N.

7 K3



Now, only we need to do is to verify formulas (11) for v = k, using given
explicit formulas for coefficients cgk), dgk), f(k), gfk) i=0,1,...,k. Using (9)
we have

IS =m (1 + c(()k)d(()k)) + 7rkz_:1 (cl(,k)Q + dl(,k)2) +7 Z ( ®)d ,,+1 - CV+1d,(,k)> ,
v=0
k—1
F=r(1+f7g7) + 7 > (9% + g% 4 7 Z (FPgS), — 1P
Iy = g(() + fd§ )+7TZ( £ 4+ dP g

k-1
T35 Z ( gy + f u+1) - g > (0512191(}6) + flslj-)ldz(/k)) ;

v=0
2 2
JC =7 (cg’“ Y R CF OB NG )
« (* PO
—1—27?2(1(,) 1+d(kdy+1)+7TZ( V+2—cl,+2dk)),
v=0 v=0

k)2 (k)2 (k) p(k
J;fZ?T(é) g+ 1P gt +g)f)>

k—1
+27 Z (fy(k)fy% + gy 9u+1) +m Z ( 9V+2 ZE+)29'E ))
v=0

k) k) (k) k) (k k) (k) k) ;(k

e (0 ) 1 T (4 P+ 100 )
+7TZ( G 10 g+ gfhdP + e )
+5 Z( gl/+2 1/+ gy +fk)d1/]22_fuli)2d(k)

(k) (k) - _

Substituting here explicit formulas for coefficients cgk), dz(k), 797, 1 =
0,1,...,k we obtain formulas (11):
(—1)k+17r k-1 A ) (_1)1971, ( k—1 ‘ . 2)
[k:72 E—i)(k+14+1)+———"—=12 k—1)(k+1)—k
Ok +1)2 %( ) ) 22+ 17 ;( )(k + 1)

(1) 2
+(2k+1 (22 i)(k+2+1)+ (k:+1)>

(=112 (—kr /2 )
SR ETERIE LG C R Ty (6k(k Ak —1) — k )
+2<(2_]{1J)r17r)2 (2%(19 + 1)(4k +5) + (k + 1)2) = (_1)’62(2]{11),



T 2k+1 2k

[c [ - .Q_L . 1
k k (2k+12 Zz (2k+1)zgl(z+ )

::@#l06@k+)@k+muk+$
—(Qki¥U2;2kCMr+1ﬂ2k%—2)::iﬁiﬁi).

On similar way we obtain formulas for integrals J<, J and J,. O

Theorem 3 For the weight function w,,(z) = 1+ sinmz, where m > 3 is an
odd integer, we have the following explicit formulas for coefficients in five-term
recurrence relations (5) and (6) (¢ € Ny):

agl) = —(55 —1 Oé (5 0,
ﬁwkzhmzzl:éfzﬁazl,ﬁpz—&nz
fork=4m-+1,¢>1:

@ _ <@ _ +1D)*-1 oy (=D
=0 BCTES Q) = =0 = oo

for all other values of integers k > 1 hold 0% = 5 =1, 04’ =9, =0,
—1)¢
for k=[m/2] + ¢m + 1: ﬁk :%({2): (=1)

200+ 1)’

(-1
for k =[m/2] + tm + 2: ﬁ](f) = ,y](€2) — )
for all other values of positive integers k hold 5,9) = ’y,(f) = 0, and for all
positive integers k hold ﬁ(l) ( ) = 0.

Proof. The steps in proof is the same as in proof of Theorem 2.

Simultaneously, with formulas for recurrence coefficients, we prove the follow-
ing formulas for integrals:

for v = fm

1O _ 5 _ (f—i-l)ﬂ"
v v 20+ 1

for v = ¢m + [m/2]

1€ _ 5 (€+1)7T’
v v 20+ 1

10



forv=0m—1,{>1

20+ 1)
40

in the case m > 3, forv =I¢m+1,...,fm+ [m/2] — 1

I,

Il
=~
Il
o
K.
Il
|
K‘

CI)
\‘é
t

B

IS =1 =

{+1
f:fzgar,bzﬂzﬁ:ﬁza

and for v =0m+ m/2|+1,...,((+1)m —2

7S (20 + 3)m

- — 10 1 1\ I, =J,= ¢ =J%=0;
” .’ H+1) J,=J J, 0;

and for coefficients of representations (3) and (4):

for k=tm+p, p=0,1,...,[m/2]

. § 20+ 1—2j
Cé_)m'm = 915;—)2jm = (- )Jwa i=0,1,...,[¢/2],
k k 27+1
Cl(c )ij (2p+1) — glg: )2jm (2p+1) — (_1)“_]%7 J=0,1,....[((-1)/2],
(k) (k) _ 20—25
dk (2j+1)m _fk—(2j+1)m - (_1)] 20 +1 ,y  J= 07 17 ey [(f - 1)/2]7
(k) _ e 20+
dh4w+nm—@pu>—w@—@ﬂdww@pu>—(‘l)+J2£+-1’ 7=0.1,....[¢/2-

fork=Itm—p, (>1,p=1,...,[m/2]

3
k k J .
Cl(c )2]m = gl(c )2jm = (_1)] ) J = 07 17 M) [(ﬁ - 1)/2]7

l
Cl(ck)2;m+(2p )= glg:k)2jm+(2p 1) = = (- 1)Z+jéa i=1,...,[¢/2],
d(k (2j4+1)m — _flgli)(QjJrl)m = (_1>j2€_(225+1)7 J=0,1,..., [£/2] -1,
dg&w+nm+@p4>::fﬁiw+nm+@p4>::V‘DLHQiigl’ =01 (=172

all other coefficients are equal to 0.

By using (9), (7), and Theorem 1, it is easy to see that for all nonnegative
integers k < [m/2] — 1 given formulas are correct, i.e., we have ]57 =I5 =
J§ = —J§ = I = Jo =0, a{) = =5} = 1,8” = 4" = 0; and
for 1 < k g hn/ﬂ LI =1 =m Iy = Jpy = J ::Jk 0, cﬁﬂ =

dF) = fk) =0,v=0,1,....,k—1 (cf. [1, §3, Example 4]'), and
1 Notice that in [1] orthogonal trigonometric polynomials with leading coefficients
c%n) = d%n) = 1 were considered.

11



) = 5(1) = ﬁ(j) = fy(]) 0, 5(2) =1lforl <k < [m/Z] — 1 For
k = [m/Q] we have also a,ﬁ) =6 = Y = 4 = 0 P = §?
B = dl) = fk) = gk = 0 v = 0,1,...,k 17 and according to (9) we
obtain I{ = ],f =, J& = J) = J, =0, but, now, I}, = 7/2, and, because of
that, for k = [m/2] +1 = m — [m/2], we have 5,(9 = 7(2) 1/2, as well as
d,(f_)Q = ,ili)Q = —1/2. We set apart these two values of k, in order to compare
this case with case of an even m (see Theorem 4).

Starting with given formulas for v = k—2,k—1, k > [m/2]+2, by direct calcu—

lation (using (7)) we verify formulas for recurrence coefficients a ﬁk , %; : 5,23'),
j = 1,2. Using these formulas and Theorem 1 we obtain formulas for coeffi-
cients ¢, d¥), fF) gy =0,1,... k.

Finally, using given explicit formulas for coefficients c d(k fl(k » 9 )a
0,1,...,k, according to (9), similar as in proof of Theorem 2, we verify given
explicit formulas for integrals I, I7, Iy, J&, J2, J,. O

Theorem 4 For the weight function wy,(z) = 1+sinma, where m is an even
integer, coefficients of five-term recurrence relations (5) and (6) are given by
the following formulas (¢ € Ny):

oft = ~al! =1, af? 5"

form = 2: ﬁ(l)_fy _1/2
form=2k=20,0>1

m__sm_ (DT o) ey 47—

Y 201 kT T Typ o Ok 20
form=2,k=20+1,¢>1
V4 2 V4
m__so_ (=1 o _ s _ @) -1 0 o _ (=1
Y T orrr TR irnr 0 TR T ouny

fork=40m/2+4+ 1, m > 4, where € is an odd positive integer

@ _ <@ _ (E+D°—1 @ q)
5k = W, Oék = 5k = 0,

for k =10m/2, m >4, where { is an even positive integer

-1 £/2+1

fork=40m/2+4+1, m >4, where { is an even positive integer

2 12
@ _ s _ D=1 ay_ oy (=1)
Q, k ESVE Qg k (11

12



for m > 4, for all other values of integers k > 1 hold Oz,(f) = 69 =1 and
oM — 50 _ g

k. — Yk — Y%
fork=m/2+ tm, m>4: BV =~ = (=1

1 1 (_1)€+1

fork=m/24+tm+1, m>4: ﬁ]g):%g): 2 1)
for m >4, for all other values of positive integers k hold ﬁ,il) = 7,(61) =0,
and for all even m, for all positive integers k hold 6,(5) = 7,22) =0.

Proof. As in previous theorems, we prove simultaneously the following for-
mulas:

form=2v=2(
7€ S 0+ )m

—S="""" 1 =0,
v v 204+1"7 0
c_ 45 _ U+ _ ¢ T
J, =—J) =(-1) @l 1) J, = (-1) 220+ 1)
form=2,v=20+1
204+ 3)7
IC: S:( L=
v v 40+1)° 0,
20+ 3)m
C_ _gS_ (1" :_1e+1(
JV Jl/ ( ) 4(€+1)7 JV ( ) 8(£+1)27

forv=40m, m >4

(+1)m

¢ — 18 (0 + 1)m [ 7 0 C 7S 1)¢
14 14 ) )
/ (=1) (20+1)2

v v 2€_’_17 v v

forv=»Im+m/2, m>4

20+ 3)7 (204 3)7
IC:[S:<7 I,=J=J5=0, J,=(-1)""———"2
TS VI v O e
forv=4m+m/2—-1,m>4
(+ D) T
10:13:7( L =J=J=0, J =(-1)f——
v 041 v v ()2(2£+1)’

forv=0m—-1,0>1,m>4

20+ )
_[C — ]S — (
v v 40



in the case m > 4, forv =4(m+1,... . fm+m/2 —2

]C:IS_(€+1)7T

SN S
v 20417

I
=~
I
<3
S

n
|
ja]

and for v =¢m+m/2+1,...,({ +1)m — 2

20+ 3)m
IC: S:( Iy: = C: S: .
by S J,=J J> =0
fork=Itm+p, p=0,1,... m/2—1

(k) (k) (_1)jw

Cp—~ 2]m_gk 2jm T 2£+1 s j:o,l,,[€/2],

k k 27 +1 .
Cl(c )2jm @2p+1) = gl(c )2Jm (2p+1) = (-)H— j=0,1,...,[(¢—1)/2],

20+ 1
(k) __® _ 20—-25 .
dk7(2j+1)m - _fk7(2j+1)m — <_1)] 2/ +1 y J= 07 17 ) [(ﬁ - 1)/2]7
2(7+1) .
k o o Vi o
dk—(2j+1)m—(2p+1) - fk—(2j+1)m—(2p+1) - (_1) K 20 4+1"° =0,1,..., [6/2]_

fork=tm—p, (>1,p=1,...,m/2
k k L—=7
cl(c )2]m_glg: )ZJm: (_1)]7a J :0717’[<€_1)/2]7

(k) (k) i)
Cr—2jm+@2p—1) — ~ Jk—2jm+(2p—1) — =(-1) ﬂza J=1,...,[¢/2],
k k 20— (27 +1) )
d/(i‘_)(zj'i‘l)m = _fzg—)(2j+1)m = (_1)32—€a J=0,1,....[¢/2] -

(k) _ _ 42 1 .
dkz—(2j+1)m+(2p—1) - fk—(2j+1)m+(2p—1) - (_1) +JT€7 J = Oa 1a SRR [(6_1)/2]?

all other coefficients are equal to 0.

By direct computation as in proof of Theorem 3 we see that for m > 4 for
all k < m/2 — 1 given formulas are correct, i.e., I§ = I = J§ = —J5 =,
In=Jo=0 oY = =6 =18Y = 4 = 0: and for 1 < k < m/2 — 2,
I =17 =n, I, = Jk—JC—JS—Oc’“)—d’“)—f’“) g® =0,

v=201,....,k—1 and 04(1) (5(1) 6(] —() (2)—5(2)—1f0r
1 <k<m/2-— 2 Then for k=m/2—1 we get also 04(1) = 5(1) ,(Cj) =
(J)—O a(z) 5 =dP = k) = g®) =0, »=0,1,...,k — 1 and

Ic =1 =m I = J = Jk, = 0 but, now, Jj —7r/2 and, because of that,
for k = m/2, we have (" = 4" = 1/2, as well as d\", = f, = —1/2. We
put forward these values of k to see the difference to case of an odd m.

The proof is similar as the proof of Theorems 2 and 3. O
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Theorem 5 For the weight function w(x) = /2 + sinz + cosz five-term
recurrence coefficients are given by the following formulas:

1 1
oy’ = 33+ V2), B = 3(=1- V2),
) _ 1

3
and for any integer k > 2

1
= 5(-1+v2), 8= (-3+V2),

1
_1)[(k=1)/2] _ B
ol — (2k—-1)(2k+1) (( 1) (2k —1) + \/§) , k — even,
b 1

2k — 1)(2k + 1) ((=1)*™D2(2k + 1) +v2) , k — odd,

@ (2]{;i1)2 ((2k —1)% = 14 (=1)"?(2k - 1)\/5) , k — even,

v (%il)z ((2k = 1" = 14 (~)*I2V2) .k~ odd,
1 k—1)/2
ﬁ’g) _ (2k — 1)£2k +1) ((_1)[( P2k +1) — \/5) , k — even,
e (D, k-
1 k/2

5(2) B m (1 + (1" \/§) ; k — even,

k 2k —1) (14 (—)*V2(2k — 1)V2) | k — odd,

—_

1)1/ B
1 _ ) (2k=1)(2k+1) (=D (2k+1) +V2), k — even,
1

2k — 1)(2k + 1) ((=1)*™D2(2k — 1) +V2) , k — odd,
1

<_1 - (_1)k/2\/§> ; k — even,

2) 2k —1)2

Ve T 1
k-1 (~14+ (=)™ D22k = 1)V2) , k — odd,

(1) (2k — 1)1(2k; +1) <<_1)[(k_1)/2]+1(2k — 1)+ \/5) , k — even,
5, =

k (2k — 1)1(% 1) ((_1)(k+1)/2(2k +1) + \/5) , k— odd,

@) (Qk;il)Z ((2k — 1) =1+ (—1)M* 2k — 1)\/5) , k — even,
) =

B e (C VI RS A N e
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Proof. The steps in proof are the same as in proof of the Theorem 2. In this
case the following formulas hold (k, ¢ are nonnegative integers):

cos(k 4 1/2)z cos(£ + 1/2)zw(x) dz = 7v/20,, + g&c’gil, k>1,
cos(z/2) cos( + 1/2)zw(z) dz = 7(V2 + 1/2)d0 + géu,

sin(k + 1/2)xsin(¢ + 1/2)zw(x) de = 7T\/§(5k,g + géuﬂ, kE>1,

cos(k+1/2)xsin(f + 1/2)zw(z) dz = g(ék,g,1 — Okut1), k> 1,

J
J
/02
/O " sin(z/2) sin(l + 1/2)zw(z) de = 7(v2 — 1/2)0, + g(su,
J
/O cos(x/2) sin(f + 1/2)zw(z) dz = g(&w 8L,

J

cosz cos(k + 1/2)z cos(f + 1/2)xw(z) dx
\/_

*5ke+ —Oket1 + 5k£:|:27 k>1,
2w
/ cos T cos(m/2) cos(¢ 4+ 1/2)zw(z) dz
0

_ (V2+D)r 2v2+ 1)r
T2 a

/027r cos x cos(3x/2) cos({ + 1/2)zw(x) dx
_@V2+lm, w2

) —0
1 Wik 501t +

/027r cosxsin(k + 1/2)xsin(f 4+ 1/2)zw(z) dz =
\/_

*5kz+ —— Ok oe1 + 51@1&2, k>1,

T
doe + de+ 152,67

T
da0 + 153,37

2
/027r cos zsin(z/2) sin(¢ + 1/2)zw(x) dz
1)

_(=vV2+r f+ ™ 0’£+(2\/§4— D

/02 Cosﬂfsin(Bx/Z) sin(¢ + 1/2)zw(z) dx
_v2-Um )

N 2

)T

T
00+ 152,27

v
505—1-*51@—1- —— 09 + 5367

4

/02 coszcos(k +1/2)zsin(f + 1/2)zw(z) dr = —

1 (6k,1—€ + Oo—2 — Ok 042)-

Using these formulas, we obtain
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(V2 4+ 1/2)e? 4 (V2 — 1/2)d d% 4 e gl
+7r\/§Z(c,(,")2+ )+7r2(,§ oy +dd,)

+m Z (C ' u+1 Ign)cz(j%) ’

:ﬂ(\/§+1/2)f0”) +7T(\/§_1/2) (n)2+ﬂ_fén) (n)

VIR (£ 4 g 4 z (£ 1+ 9 a"h)

+7T Z (f(n gz/+ V flgi)l) )

(\/_+ 1/2)ef” 5 + 7 (V2 = 1/2)d{" g6 + ;T (g6 +dg” 6

V3 Z (e £ 4+ g

ﬂz( I S AP+ gy )

+ z( gt — g0l + Fd — d ).
2
(1 VDA + (1 = VR +W(cgn>d<n> )
(2\/_—1-1)00 cgn)—i-?T(Q\/_ +7TZ< m? 4 2)
n—1
oy EE (€l + )
v=1

n—2
+ Z (Cl(,n)cz(ﬁ2 + dl(/n)dsjr)2 + Cl(/n)dr(/Jr —dy 1/+)2)
v=0
n 2 n n
:7T(1+\/§)f(§) +7T(1—\/§)gé (fo 91 +f1() ())
VI DAY+ r(@v2 - gl + 1 Y (100 4 g)

v=1
2mV2 Z ( IR+ 91(/”)951)1)
t Z (f(n V+2 + gV gzx+2 + f n) glgn)fzsi)Q) ,
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= (14 V) [ 4 w1 = V) g S (A + gl
v=1

+2w%@ﬂ@wuf ) )

7(2\/§+ 1) (e 17+ P f50) + (2\/5— 1) (gt +d" g5
+7T\/_ Z ( l/+1 f V+1 + d g,,+ + g(n)d(;j_)1>
g Z ( M £ + F ey + d gy + girdy

+ C(u )gu+2 + fy(")d(ffz - 9;(/”)01(/722 - d&n)f,Sié) .

In order to prove this theorem we prove the following formulas for integrals
(l/ € N(]):

2(2:+1) ((—1)u/z +2(v + 1)\/5) . v — even,
Il? =
2(2;+1) ((—1)[u/2]+1 +2(v + 1)\/5) , v — odd,
2<2f+1) ((—1)u/2+1 +2(v + 1)\/5) .U — even,
]’5 e
g(zfm (=D +2(v +1)v2), v —odd,
) | L R —
v ( ) 2(2V—|— 1),
L 1 -1 v/2 1 \/5 B
c (2v + 1)? ( + (=D (v +1) )77/ even,
JS =
s (1 0P VE) v - o
< (21/11)2 (1 + (—1)u/2+1(y + 1)\/5) , V — even,
JS =
(211)2 (1 + (_1)[V/2]+1y\/§)  u—odd,
1%
(e V2
J, = (20 +1)?

TV +1)V2

(1) AR v — odd.

Finally, coefficients of representations (3) and (4) are given as follows. For a
positive integer n, let denote k = [n/4] and m = n — 4[n/4]. Then for an even
n, for £ =0,1,...,k we have
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(yw:(—lﬁ+60_¢y%mV2(%k 0+ )vfﬁ%((k+€)+1ﬂ

a1
iV = (_213:%1“ (2(4(1« +0)+3)+ (2(k —0)+ 2) \/§> :

for (=0,1,...,k—(2—m)/2

C(n) ( 1 ) k+0+1 T
4041~ 2n+1 2
2(k —

=g :T((
aw, = (2 f? (0672 (2 +0)+ 1+ ) va+ 2k - 0 - 1)),

4 <1W<22m( Ak +0)+3) + (1)<2m/2((k e)—1+2)¢§),

4042 — on+1

Ak — ) +1) + (2(k+€)+1+7;>\/§>,
0)—1+ >VF+ ((k+@+50,

and, for /¥ =0,1,... k—1

n) (1)k+e+1<2—m(4(k_€)_3) (1)(2m/2<(k_|_€_|_1) ”;)ﬂ)j

s T Ton 1 2
dg@g::%((2(k+e+1>+7;>ﬂ+?(4<k—5)_1)).
For an odd n, for £=0,1,..., k we have
cg’g):(;?ll)}j:iﬂ <m2_1(4(k;—€)+3) + (1)o7 (5 (k:+£)+1+21> va),
= TT ((0-0+ ") Ve + 2+ 0 +3),
dgp_g >++1 (( (k:+€)+1+2)\/_+ e -0 + ))
Jorte o

0= S (M a0 45+ (0 (- 0+ P21 va),

and, finally, for £ =0,1,...,k — (3 —m)/2 we have
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(n) (_1)k+2+1

).

=50 (3_27”(4(1@—6) 1)+ (2(k+€+1)+m2_1) \/§> ,

)y = (2_nlf+1€ (-7 (26— 0) = 257) VB4 a0+ 7)

a5, = % ((—1)<m—1>/2 (2</<; o)+ m;) v+ Lag—0+ 1)) ,
), = g;jf? (3 A+ 0) +5) + (2(k: . 3_27”) ﬂ) .

Coefficients g™ can be obtained from expressions for ¢{™ multiplying by —1
the first addend in the brackets on the right hand side, and coefficients f{™
can be obtained from expressions for d/® multiplying by —1 the first addend

in the brackets on the right hand side.

All explicit formulas can be obtained by direct calculation using the same
steps as in Theorem 2. O

We use symbolic computations in Mathematica and software package Orthog-
onalPolynomials described in [3] in order to verify all given formulas.
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