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The purpose of this paper is to present a systematic study of some extended special func-
tions like B a;bð Þ

b;q;k x; yð Þ; 2F a;b;q;kð Þ
1 z; b½ � and pF a;b;q;kð Þ

q z; b½ �. We obtain various properties of these
extended functions and establish their some connections with the Laguerre polynomial
and Fox’s H-function. Furthermore, we also establish the extended Riemann–Liouville type
fractional integral operator and extended Kober type fractional integral operators.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

A fairly wide range of important functions in applied sciences (which are popularly known as special functions) are
defined via improper integrals or infinite series (or infinite products). During last four decades or so, several special functions
(such as the gamma and beta functions, the Gauss hypergeometric function, and so on) becomes essential tools for scientists
and engineers due to their applications in mathematical physics, probability theory and other areas. The above-mentioned
applications have largely motivated their extensions and generalizations.

In the present paper, we consider the following special function and its related functions.

Definition 1.1. The extended beta function B a;bð Þ
b;q;k x; yð Þ with Re bð Þ > 0 is defined by !
B a;bð Þ
b;q;k x; yð Þ ¼

Z 1

0
tx�1 1� tð Þy�1

1F1 a; b;� b

tq 1� tð Þk
dt; ð1Þ
where

q P 0; k P 0;min Re að Þ;Re bð Þf g > 0; Re xð Þ > �Re qað Þ; Re yð Þ > �Re kað Þ:
When b ¼ 0, (1) reduces to the ordinary beta function B x; yð Þ minfRe xð Þ;Re yð Þg > 0ð Þ.
Special cases of (1) are given below.

� When q ¼ k ¼ 1, the function (1) becomes the one that has been discussed in [30].
� For a ¼ b, we get
Bb;q;k x; yð Þ :¼ B a;að Þ
b;q;k x; yð Þ ¼

Z 1

0
tx�1 1� tð Þy�1 exp � b

tq 1� tð Þk

 !
dt: ð2Þ
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The case when q ¼ k ¼ m > 0 has been studied in [20].
� For q ¼ k ¼ 1 and a ¼ b, we get
Bb x; yð Þ :¼ B a;að Þ
b;1;1 x; yð Þ ¼

Z 1

0
tx�1 1� tð Þy�1 exp � b

t 1� tð Þ

� �
dt; ð3Þ

which has been considered in [9,23]. A complete description of (3) can be found in [8].

With the help of these new beta functions many extended hypergeometric functions (including multivariate cases) have
been created and considered (For univariate cases, see [10,24,26,30]; for multivariate cases, see [29,33]). Their applications
on fractional calculus and statistics are also given in [1,5,24]. In this paper, we focus on the following two definitions. For
convenience, we shall always use the notation:
bB a;bð Þ
b;q;k xþ n; yð Þ :¼

B a;bð Þ
b;q;k xþ n; yð Þ
B a;bð Þ

0;q;k x; yð Þ
¼
B a;bð Þ

b;q;k xþ n; yð Þ
B x; yð Þ : ð4Þ
Definition 1.2. The extended Gauss hypergeometric function is defined by
2F a;b;q;kð Þ
1

x1; x2

y1
; z; b

� �
¼
X1
n¼0

x1ð ÞnbB a;bð Þ
b;q;k x2 þ n; y1 � x2ð Þ z

n

n!
ð5Þ

q P 0; k P 0; minfRe að Þ;Re bð Þg > 0; Re y1ð Þ > Re x2ð Þ > 0; zj j < 1ð Þ:
Generally, we can define the following extended generalized hypergeometric function. In fact, function of this type has
been introduced and studied in [26].

Definition 1.3. The extended generalized hypergeometric function is defined by
pF a;b;q;kð Þ
q

x1; . . . ; xp

y1; . . . ; yq
; z; b

" #
¼
X1
n¼0

A njp; qð Þ z
n

n!
; ð6Þ
where q P 0; k P 0;minfRe að Þ;Re bð Þg > 0, and its coefficient is determined by
A njp; qð Þ ¼

x1ð Þn
Yq

j¼1

bB a;bð Þ
b;q;k xjþ1 þ n; yj � xjþ1
� �

; p ¼ qþ 1; Re yj

� �
> Re xjþ1

� �
> 0; zj j < 1

� �
;

Yq

j¼1

bB a;bð Þ
b;q;k xj þ n; yj � xj
� �

; p ¼ q; Re yj

� �
> Re xj

� �
> 0; z 2 C

� �
;

Yr

i¼1

1
yið Þn

Yp

j¼1

bB a;bð Þ
b;q;k xj þ n; yrþj � xj
� �

; r ¼ q� p; p < q; Re yrþj

� �
> Re xj

� �
> 0; z 2 C

� �
:

8>>>>>>>>>><>>>>>>>>>>:

When the variable b vanishes, function (6) reduces to the ordinary generalized hypergeometric function defined by
pFq x1; . . . ; xp; y1; . . . ; yq; z
� �

� pFq
x1; . . . ; xp

y1; . . . ; yq
; z

" #
¼
X1
n¼0

x1ð Þn � � � xp
� �

n

y1ð Þn � � � yq

� �
n

zn

n!
;

where xð Þn denotes the Pochhammer symbol defined, in terms of the familiar gamma function, by
xð Þn ¼
C xþ nð Þ

C xð Þ ¼
1 n ¼ 0; x 2 C n f0gð Þ
x xþ 1ð Þ � � � xþ n� 1ð Þ n 2 N; x 2 Cð Þ:

�

For conditions of convergence and other related details of this function, see [4,17,27].

We also need some other special functions such as Meijer’s G-function, Fox’s H-function and the Fox–Wright function, etc.
Their definitions will be given in the corresponding sections.

Definition 1.4 [31]. Let f zð Þ :¼
P1

n¼0anzn and g zð Þ :¼
P1

n¼0bnzn be two power series whose radii of convergence are denoted
by Rf and Rg , respectively. Then their Hadamard product is the power series defined by
f � gð Þ zð Þ :¼
X1
n¼0

anbnzn:
The radius of convergence R of the Hadamard product series f � gð Þ zð Þ satisfies Rf � Rg 6 R.
If, in particular, one of the power series defines an entire function, then the Hadamard product series defines an entire

function, too.
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The concept of the Hadamard product is very useful in our investigation. It can help us decompose a newly-emerged func-
tion into two known functions. Let us consider the function pF a;b;q;kð Þ

pþr z; b½ �. Its decomposition is illustrative. That is
pF a;b;q;kð Þ
pþr

x1; . . . ; xp

y1; . . . ; ypþr
; z; b

" #
¼ 1Fr

1
y1; . . . ; yr

; z
� �

� pF a;b;q;kð Þ
p

x1; . . . ; xp

y1þr ; . . . ; ypþr
; z; b

" #
jzj <1ð Þ:
This paper is organized as follows. Section 2 establishes several new properties of the extended beta functions with dif-
ferent parameters, in particular some connections with the Laguerre polynomial and Fox’s H-function are found. In Section 3,
we first prove a very general Mellin–Barnes type contour integral representation for the extended generalized hypergeomet-
ric function, and then derive a few important results such as the extended Gauss summation formula, extended Kummer’s
first transformation and extended Nørlund’s expansion etc. In Section 4, results depending on some new extended fractional
integral operators are obtained. With the help of the extended Riemann–Liouville fractional integral, a decompositional for-
mula of the extended generalized hypergeometric function is formulated. Further, several Kober type fractional integral
operators are also considered.

2. New results of the extended beta functions

In this section, we present various properties for the extended beta function B a;bð Þ
b;q;k x; yð Þ defined by (1) and discuses their

(some) connections with the hypergeometric functions, Laguerre polynomials and Fox’s H-function.

Theorem 2.1. The function defined by integral (1) exists under the conditions
q P 0; k P 0; min Re bð Þ;Re að Þf g > 0; Re bð Þ > 0
and
Re xð Þ > �Re qað Þ; Re yð Þ > �Re kað Þ:
Further, if a ¼ b, the integral also exists when x; y 2 C. If b ¼ 0, the conditions of existence becomes minfRe xð Þ;Re yð Þg > 0.
Proof. For convenience, we write N tð Þ :¼ b
tq 1�tð Þk Re bð Þ > 0ð Þ. Observe that

� if q > 0 and k > 0, then N tð Þj j ! 1 as t ! 0 (or t ! 1);
� if q > 0 and k ¼ 0, then N tð Þj j ! 1 as t ! 0, and N tð Þ ! b as t ! 1;
� if k > 0 and q ¼ 0, then N tð Þj j ! 1 as t ! 1, and N tð Þ ! b as t ! 0.

We only need to consider the first case, and the other cases can be easily included. Let s1 s1 > 0ð Þ and s2 s2 < 1ð Þ be the num-
bers such that, for any t 2 s1; s2½ � and b fixed, the following inequality
N tð Þj j 6 T <1
holds, where T is a positive number. Then, we rewrite integral (1) as
B a;bð Þ
b;q;k x; yð Þ ¼

Z s1

0
þ
Z s2

s1

þ
Z 1

s2

� �
tx�1 1� tð Þy�1

1F1 a; b;�N tð Þð Þdt ¼ I1 þ I2 þ I3:
Since the asymptotic behavior of confluent hypergeometric function 1F1 xð Þ as Re xð Þ ! �1 is given by (see [12, p. 278])
1F1 a; b; xð Þ ¼ C bð Þ
C b� að Þ �xð Þ�a 1þO jxj�1

	 
h i
; Re xð Þ ! �1;
it is easy to find that
I1j j 6
Z s1

0
tRe xð Þ�1 1� tð ÞRe yð Þ�1

1F1 a; b;�N tð Þð Þj jdt

6 K
Z s1

0
tRe xð Þ�1 1� tð ÞRe yð Þ�1 N tð Þj j�Re að ÞeIm að Þ arg N tð Þð Þdt

6 K1

Z s1

0
tRe xð Þ�1 1� tð ÞRe yð Þ�1 b

tq 1� tð Þk

�����
�����
�Re að Þ

dt

¼ K1

jbjRe að Þ

Z s1

0
tRe xð ÞþRe qað Þ�1 1� tð ÞRe yð ÞþRe kað Þ�1dt

6
K1

jbjRe að Þ B Re xð Þ þ Re qað Þ;Re yð Þ þ Re kað Þð Þ
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K;K1 > 0; Re xð Þ þ Re qað Þ > 0; Re yð Þ þ Re kað Þ > 0ð Þ:
The boundedness of integral I3 can be obtained in the same manner.
Now, we estimate the integral I2. By the continuity of 1F1 a; b; zð Þ we have
1F1 a; b;�N tð Þð Þj j 6 M; t 2 s1; s2½ �:
Then, by writing N :¼ maxt2½s1 ;s2 �t
Re xð Þ�1 1� tð ÞRe yð Þ�1, we get
I2j j 6 M
Z s2

s1

tRe xð Þ�1 1� tð ÞRe yð Þ�1dt 6 MN s2 � s1ð Þ:
This completes the proof. h
Remark 2.2. From the proof of Theorem 2.1, it is clear that there always exists a positive number C such that
B a;bð Þ
b;q;k x; yð Þ

��� ��� 6 CB x; yð Þ;
if minfRe xð Þ;Re yð Þg > 0. Thus in most cases our extended definitions share most of the properties of the classical ones.
2.1. Relations between the extended beta functions and hypergeometric functions

We begin with the following theorem, which establishes a very useful integral representation of B a;bð Þ
b;q;k x; yð Þ.

Theorem 2.3. The following integral expression holds true:
B a;bð Þ
b;q;k x; yð Þ ¼ C bð Þ

C að ÞC b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1Bbs;q;k x; yð Þds; ð7Þ

q P 0; k P 0; Re bð Þ > Re að Þ > 0; Re bð Þ > 0ð Þ;
where the function Bbs;q;k x; yð Þ is defined by (2).
Proof. By using the integral representation of (1) and the Euler integral representation of confluent hypergeometric function
[13, p. 126, Theorem 7.1], we have
B a;bð Þ
b;q;k x; yð Þ ¼

Z 1

0
tx�1 1� tð Þy�1

1F1 a; b;�N tð Þð Þdt

¼ C bð Þ
C að ÞC b� að Þ

Z 1

0
tx�1 1� tð Þy�1

Z 1

0
sa�1 1� sð Þb�a�1e

� bs
tq 1�tð Þk ds

� �
dt

¼ C bð Þ
C að ÞC b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1

Z 1

0
tx�1 1� tð Þy�1e

� bs
tq 1�tð Þk dt

� �
ds

¼ C bð Þ
C að ÞC b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1Bbs;q;k x; yð Þds:
This completes the proof. h

Setting q ¼ k ¼ 1 in (7) gets
B a;bð Þ
b;1;1 x; yð Þ ¼ C bð Þ

C að ÞC b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1Bbs x; yð Þds; ð8Þ
which contains a simpler integrand. Since the generalized beta function B1
4b x; yð Þ have the following expansion (see [23, pp.

24–25], see also [8, pp. 234–235]):
B1
4b x; yð Þ ¼

ffiffiffiffi
p
p

21�x�y C xð ÞC yð Þ
C xþy

2

� �
C 1þxþy

2

� � 2F2

2�x�y
2 ; 1�x�y

2

1� x;1� y
;�b

" #

þ
ffiffiffiffi
p
p

21�x�y C �xð ÞC y� xð Þ
C y�x

2

� �
C 1þy�x

2

� � bx
2F2

2þx�y
2 ; 1þx�y

2

1þ x;1þ x� y
;�b

" #

þ
ffiffiffiffi
p
p

21�x�y C �yð ÞC x� yð Þ
C x�y

2

� �
C 1þx�y

2

� � by
2F2

2þy�x
2 ; 1þy�x

2

1þ y;1þ y� x
;�b

" #
;

we can substitute this into (8) and integrate out s to get the following result.
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Corollary 2.4. The following hypergeometric series expression holds true:
B a;bð Þ
b;1;1 x; yð Þ ¼

ffiffiffiffi
p
p

21�x�y C xð ÞC yð Þ
C xþy

2

� �
C 1þxþy

2

� � 3F3

2�x�y
2 ; 1�x�y

2 ;a

1� x;1� y;b
;�4b

" #

þ
ffiffiffiffi
p
p

21þx�y C bð ÞC aþ xð Þ
C að ÞC bþ xð Þ

C �xð ÞC y� xð Þbx

C y�x
2

� �
C 1þy�x

2

� � 3F3

2þx�y
2 ; 1þx�y

2 ;aþ x

1þ x;1þ x� y;bþ x
;�4b

" #

þ
ffiffiffiffi
p
p

21�xþy C bð ÞC aþ xð Þ
C að ÞC bþ xð Þ

C �yð ÞC x� yð Þby

C x�y
2

� �
C 1þx�y

2

� � 3F3

2þy�x
2 ; 1þy�x

2 ;aþ y

1þ y;1þ y� x;bþ y
;�4b

" #
;

where minfRe xð Þ;Re yð Þ;Re að Þ;Re bð Þ;Re bð Þg > 0, and no two members of f0; x; yg differ by an integer.
Corollary 2.5. If b;q; k > 0;minfRe xð Þ;Re yð Þg > 0;Re bð Þ > Re að Þ > 0, then we have the following inequality
B a;bð Þ
b;q;k x; yð Þ

��� ��� 6 Xa;b
q;k bð ÞB Re xð Þ;Re yð Þð Þ; ð9Þ
where, and in what follows, ! q; kð Þ :¼ qþkð Þqþk

qqkk and
Xa;b
q;k bð Þ :¼ 1F1

Re að Þ
Re bð Þ

;�! q; kð Þb
� �

C Re að Þð ÞC Re bð Þ � Re að Þð Þ
C að ÞC b� að Þj j :
Proof. Since the function N tð Þ attains its minimum at t ¼ q= qþ kð Þ, we get
Bb;q;k x; yð Þ
�� �� 6 Z 1

0
tRe xð Þ�1 1� tð ÞRe yð Þ�1 exp �N tð Þð Þdt 6 exp �! q; kð Þbð ÞB Re xð Þ;Re yð Þð Þ: ð10Þ
By using (7) and (10) together we find that
B a;bð Þ
b;q;k x; yð Þ

��� ��� 6 C bð Þj j
C að ÞC b� að Þj j

Z 1

0
sRe að Þ�1 1� sð ÞRe b�að Þ�1 Bbs;q;k x; yð Þ

�� ��ds

6
B Re xð Þ;Re yð Þð ÞC Re bð Þð Þ

C að ÞC b� að Þj j

Z 1

0
sRe að Þ�1 1� sð ÞRe b�að Þ�1 exp �! q; kð Þbsð Þds

¼ 1F1
Re að Þ
Re bð Þ

;�! q; kð Þb
� �

C Re að Þð ÞC Re bð Þ � Re að Þð Þ
C að ÞC b� að Þj j B Re xð Þ;Re yð Þð Þ: �
Remark 2.6. If we set q ¼ k ¼ a ¼ b ¼ 1 and x; y; b > 0, inequality (10) reduces to
Bb x; yð Þ 6 e�4bB x; yð Þ;
which has been proved in [8, p. 224, Theorem 5.5].
When all parameters in inequality (9) become real, it gives
B a;bð Þ
b;q;k x; yð Þ 6 Xa;b

q;k bð ÞB x; yð Þ ) bB a;bð Þ
b;q;k xþ n; yð Þ 6 Xa;b

q;k bð Þ xð Þn
xþ yð Þn

;

where bB a;bð Þ
b;q;k xþ n; yð Þ is defined by (4) and
Xa;b
q;k bð Þ ¼ 1F1

a
b

;�! q; kð Þb
� �

:

Applying this inequality to (6) we have the following.

Corollary 2.7. If b;q; k > 0;a; b > 0; xi; yj > 0 i ¼ 1; . . . ; p; j ¼ 1; . . . ; qð Þ and xi; yj also satisfy the conditions given in Definition
1.3, we have
pF a;b;q;kð Þ
q

x1; . . . ; xp

y1; . . . ; yq
; z; b

" #
6

Xa;b
q;k bð Þ

h iq

pFq
x1; . . . ; xp

y1; . . . ; yq
; z

" #
; p ¼ q; p ¼ qþ 1;

Xa;b
q;k bð Þ

h ip

pFq
x1; . . . ; xp

y1; . . . ; yq
; z

" #
; p < q:

8>>>>><>>>>>:



636 M.-J. Luo et al. / Applied Mathematics and Computation 248 (2014) 631–651
2.2. Relations between the extended beta functions and Laguerre polynomials

Some nice representations of the extended beta function Bb x; yð Þ in terms of the Laguerre polynomials have been
established in [8,23]. Recently, the same method has also been used to find some useful series representation of the
extended Mittag–Leffler function [28]. The following theorems focus on the connections between the extended beta
function B a;bð Þ

b;q;k x; yð Þ and the Laguerre polynomials Ln xð Þ defined by the generating function [3, p. 176, Eq. (5.33)]
1� uð Þ�1 exp � xu
1� u

	 

¼
X1
n¼0

Ln xð Þun; juj < 1; 0 6 x <1: ð11Þ
Theorem 2.8. The extended beta function defined by (2) possesses the following series expression
Bb;q;k x; yð Þ ¼ e�b
X1
n¼0

Ln bð ÞSn 1ð Þ q P 0; k P 0; b P 0; Re xð Þ > �q; Re yð Þ > �kð Þ; ð12Þ
where Sn zð Þ is a polynomial defined by
Sn zð Þ ¼
Xn

m¼0

�nð Þm
m!

C xþ mþ 1ð Þqð ÞC yþ mþ 1ð Þkð Þ
C xþ yþ mþ 1ð Þ qþ kð Þð Þ zk: ð13Þ
For q ¼ M; k ¼ N M;N 2 Nð Þ, it reduces to
Bb;M;N x; yð Þ ¼ B x; yð Þ xð ÞM yð ÞN
xþ yð ÞMþN

e�b

�
X1
n¼0

Ln bð ÞMþNþ1FMþN
�n;D M; xþMð Þ;D N; yþ Nð Þ

D M þ N; xþ yþM þ Nð Þ
;

MMNN

M þ Nð ÞMþN

" #
;

ð14Þ
where, and in what follows, D M; xð Þ abbreviates the array of M parameters
x
M
;

xþ 1
M

; . . . ;
xþM � 1

M
; M ¼ 1;2; . . . :
Proof. In order to prove the theorem we need a useful variant of (11), that is,
e�
b
u ¼ e�bu

X1
n¼0

Ln bð Þ 1� uð Þn; juj < 1;0 6 b <1: ð15Þ
Observe that 0 6 jtq 1� tð Þkj 6 !�1 q; kð Þ < 1;8t 2 0;1½ �. We can set u ¼ tq 1� tð Þk in (15) to get
e
� b

tq 1�tð Þk ¼ e�btq 1� tð Þk
X1
n¼0

Ln bð Þ 1� tq 1� tð Þk
h in

¼ e�btq 1� tð Þk
X1
n¼0

Ln bð Þ
Xn

m¼0

�nð Þm
m!

tqm 1� tð Þkm
:

Then, by using definition (2) and interchanging the order of integration and summation, we may find that
Bb;q;k x; yð Þ ¼ e�b
X1
n¼0

Ln bð Þ
Xn

m¼0

�nð Þm
m!

Z 1

0
txþqþqm�1 1� tð Þyþkþkm�1dt

¼ e�b
X1
n¼0

Ln bð Þ
Xn

m¼0

�nð Þm
m!

C xþ mþ 1ð Þqð ÞC yþ mþ 1ð Þkð Þ
C xþ yþ mþ 1ð Þ qþ kð Þð Þ ;
which completes the proof of the first assertion.
The second assertion follows directly from the identity
að Þkn ¼
a
k

	 

n

aþ 1
k

� �
n
� � � aþ k� 1

k

� �
n
kkn

: �
Since the Laguerre polynomial Ln xð Þ possesses the orthogonality property [14, p. 809]
Z 1

0
e�xLm xð ÞLn xð Þdx ¼ dmn; ð16Þ
we easily deduce the following integral identity.
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Corollary 2.9. If m;M;N 2 N and minfRe xð Þ;Re yð Þg > 0, then the following integral identity
Z 1

0
Lm bð ÞBb;M;N x; yð Þdb ¼ B x; yð Þ xð ÞM yð ÞN

xþ yð ÞMþN
MþNþ1FMþN

�m;D M; xþMð Þ;D N; yþ Nð Þ
D M þ N; xþ yþM þ Nð Þ

;
MMNN

M þ Nð ÞMþN

" #
ð17Þ
holds true.
Remark 2.10. There is another way to derive this nice formula. Since the equation [14, p. 809]
Z 1

0
e�bxLm xð Þdx ¼ b� 1ð Þm

bmþ1 ; Re bð Þ > 0
holds, the integral on the left-hand side of (17) can be evaluated as
Z 1

0
Lm bð ÞBb;M;N x; yð Þdb ¼

Z 1

0
Lm bð Þ

Z 1

0
tx�1 1� tð Þy�1 exp � b

tM 1� tð ÞN

 !
dt

" #
db

¼
Z 1

0
tx�1 1� tð Þy�1

Z 1

0
Lm bð Þ exp � b

tM 1� tð ÞN

 !
db

" #
dt

¼
Z 1

0
txþM�1 1� tð ÞyþN�1 1� tM 1� tð ÞN

	 
m
dt;
which, after a brief computation, is in fact the result (17). The justification of the interchange of the order of integration fol-
lows easily from the inequality [27, p. 450, Eq. (18.14.8)]:
jLm bð Þj < eb=2 b P 0ð Þ:
It is also worth mentioning that we can consider (14) and (17) from another point of view. By a Laguerre series, we mean a
series of the form (see [3, p. 179, Theorem 5.2])
f bð Þ ¼
X1
m¼0

cmLm bð Þ; 0 < b <1; ð18Þ
where the expansion coefficients cm is determined by
cm ¼
Z 1

0
e�bf bð ÞLm bð Þdb; m ¼ 0;1;2; . . . ð19Þ
If f is piecewise smooth in every finite interval b1 6 b 6 b2;0 < b1 < b2 <1, and
Z 1

0
e�bf 2 bð Þdb <1;
then the Laguerre series (18) with coefficients determined by (19) converges pointwise to f bð Þ at every continuity point of f.
At points of discontinuity, the series converges to the average value 1

2 f xþð Þ þ f x�ð Þ½ �.
Now, we can set f bð Þ ¼ ebBb;M;N x; yð Þ. Then (17) gives the expression of cm. Substituting this cm into the Laguerre series

(18) we can find (14).

Applying (16) to equation ([8, p. 238, Theorem 5.13])
Bb x; yð Þ ¼ e�2b
X1

m;n¼0

B xþmþ 1; yþ nþ 1ð ÞLm bð ÞLn bð Þ; Re xð Þ > �1; Re yð Þ > �1; ð20Þ
we can deduce the following theorem.

Theorem 2.11. Let minfRe xð Þ;Re yð Þg > �1. Then there holds the formula
Z 1

0
ebBb x; yð Þdb ¼ B xþ 1; yþ 1ð Þ3F2

1; xþ 1; yþ 1
xþy

2 þ 1; xþyþ1
2 þ 1

;
1
4

" #
; ð21Þ
where function Bb x; yð Þ is defined by (3).
Proof. We multiply both sides of (20) by eb and integrate out b, then the orthogonality property (16) help us reduce the dou-
ble series involving in the right-hand side of (20) to a single series.
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There is also another way to prove (21) without using orthogonality. Express the extended beta function Bb x; yð Þ in its
integral representation, then we have
Z 1

0
ebBb x; yð Þdb ¼

Z 1

0
eb
Z 1

0
tx�1 1� tð Þy�1 exp � b

t 1� tð Þ

� �
dt

� �
db

¼
Z 1

0
tx�1 1� tð Þy�1

Z 1

0
eb exp � b

t 1� tð Þ

� �
db

� �
dt:
It is straightforward to justify the interchange of the orders of integration. Write f tð Þ :¼ 1
t 1�tð Þ � 1. Then f tð Þ remains positive

for all t 2 0;1ð Þ. Exactly, f tð ÞP 3;8t 2 0;1½ �. Thus, the inner integral is evaluated as
Z 1

0
e�f tð Þbdb ¼ 1

f tð Þ ¼
t 1� tð Þ

1� t 1� tð Þ :
Now,
Z 1

0
ebBb x; yð Þdb ¼

Z 1

0

tx 1� tð Þy

1� t 1� tð Þdt

¼
X1
k¼0

1ð Þk
k!

C xþ 1þ kð ÞC yþ 1þ kð Þ
C xþ yþ 2þ 2kð Þ

¼ B xþ 1; yþ 1ð Þ
X1
k¼0

1ð Þk xþ 1ð Þk yþ 1ð Þk
xþ yþ 2ð Þ2kk!

¼ B xþ 1; yþ 1ð Þ
X1
k¼0

1ð Þk xþ 1ð Þk yþ 1ð Þk
xþy

2 þ 1
� �

k
xþyþ1

2 þ 1
� �

k

1
4

� �k

k!
:

The result follows from interpreting the final series as a generalized hypergeometric function. h

Employing the same method we give the following statement.

Theorem 2.12. Let q; k > 0;minfRe xð Þ;Re yð Þg > 0. Then there holds the formula
Z 1

0
ebBb;q;k x; yð Þdb ¼ 3W1 1

1;1ð Þ; xþ q;qð Þ; yþ k; kð Þ
xþ yþ qþ k;qþ kð Þ

����� �
; ð22Þ
where pWq zð Þ is the Fox–Wright function defined by (see [17, pp. 56–58])
pWq zð Þ ¼ pWq z
ai;aið Þ1;p
bj;bj

� �
1;q

�����
" #

:¼
X1
k¼0

Qp
i¼1C ai þ aikð ÞQq
j¼1C bj þ bjk

� � zk

k!
ð23Þ

z; ai; bj 2 C;ai;bj 2 R i ¼ 1; . . . ;p; j ¼ 1; . . . ; qð Þ; D :¼
Xq

j¼1

bj �
Xp

i¼1

ai P �1

 !
:

Proof. The derivation of (22) is direct. However, the convergence of 3W1 1ð Þ needs more consideration. According to the con-
ditions given in [17, Theorem 1.5], the series in (23) is absolutely convergent for
jzj < d :¼
Yp

i¼1

jaij�ai
Yq

j¼1

jbjj
bj ;
provided that D ¼ �1. In our case, we have
D ¼ �1 and d ¼ 1þ k
q

� �q

1þ q
k

	 
k

> 1 q > 0; k > 0ð Þ:
Thus, 3W1 1ð Þ is convergent. h
Theorem 2.13. The extended beta function defined by (1) possesses the following series expression
B a;bð Þ
b;q;k x; yð Þ ¼

X1
n¼0

Sn 1ð Þ2F2
nþ 1;a

1; b
;�b

� �
;

where the polynomial Sn zð Þ is defined by (13).
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Proof. We start by recalling the following useful identity [14, p. 810, Eq. (7.415)]
Z 1

0
xk�1 1� xð Þl�1e�bxLn bxð Þdx ¼ B k;lð Þ2F2

nþ 1; k
1; kþ l

;�b

� �
Re kð Þ > 0; Re lð Þ > 0ð Þ: ð24Þ
Then, using (12) in integral representation (7), we get
B a;bð Þ
b;q;k x; yð Þ ¼ C bð Þ

C að ÞC b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1e�bs

X1
n¼0

Ln bsð ÞSn 1ð Þds:
Interchanging the order of summation and integration shows that
B a;bð Þ
b;q;k x; yð Þ ¼

X1
n¼0

Sn 1ð Þ
B a;b� að Þ

Z 1

0
sa�1 1� sð Þb�a�1e�bsLn bsð Þds:
Using (24) with suitable parameters, we get the result. h
2.3. H-function and G-function representations of Bða;bÞb;q;k x; yð Þ

For integers m;n; p; q such that 0 6 m 6 q;0 6 n 6 p, and for parameters ai; bi 2 C and for parameters ai; bj 2 Rþ ¼ 0;1ð Þ
i ¼ 1; . . . ; p; j ¼ 1; . . . ; qð Þ, the H-function is defined in terms of a Mellin–Barnes type integral in the following manner ([16, pp.

1–2]; see also [18, p. 343, Definition E.1.] and [22, p. 2, Definition 1.1]):
Hm;n
p;q z

ai;aið Þ1;p
bj;bj

� �
1;q

�����
" #

¼ Hm;n
p;q z

a1;a1ð Þ; . . . ; ap;ap
� �

b1;b1ð Þ; . . . ; bq;bq

� ������
" #

¼ 1
2pi

Z
L

H sð Þz�sds;
where
H sð Þ ¼
Qm

j¼1C bj þ bjs
� �Qn

i¼1C 1� ai � aisð ÞQp
i¼nþ1C ai þ aisð Þ

Qq
j¼mþ1C 1� bj � bjs

� �

and the contour L is suitably chosen, and an empty product, if it occurs, is taken to be unity.

When ai ¼ bj ¼ 1 i ¼ 1; . . . ; p; j ¼ 1; . . . ; qð Þ, it reduces to the Meijer’s G-function, i.e.,
Gm;n
p;q z

a1; . . . ; ap

b1; . . . ; bq

����� �
¼ Hm;n

p;q z
ai;1ð Þ1;p
bj;1
� �

1;q

�����
" #

:

More detailed information about Meijer’s G-function may be found in [3,21].

Theorem 2.14. Let
q > 0; k > 0; minfRe að Þ;Re bð Þ;Re bð Þg > 0; Re xð Þ > �Re qað Þ; Re yð Þ > �Re kað Þ:
Then the extended beta function (1) can be expressed as
B a;bð Þ
b;q;k x; yð Þ ¼ C bð Þ

C að ÞH
3;1
2;4 b

1� a;1ð Þ; xþ y;qþ kð Þ
0;1ð Þ; x;qð Þ; y; kð Þ; 1� b;1ð Þ

����� �
:

Let
q ¼ 0; k > 0; minfRe að Þ;Re bð Þ;Re bð Þ;Re xð Þg > 0; Re yð Þ > �Re kað Þ:
Then we have
B a;bð Þ
b;0;k x; yð Þ ¼ C bð ÞC xð Þ

C að Þ H2;1
2;3 b

1� a;1ð Þ; xþ y; kð Þ
0;1ð Þ; y; kð Þ; 1� b;1ð Þ

����� �
: ð25Þ
Similarly, we have
B a;bð Þ
b;q;0 x; yð Þ ¼ C bð ÞC yð Þ

C að Þ H2;1
2;3 b

1� a;1ð Þ; xþ y;qð Þ
0;1ð Þ; x;qð Þ; 1� b;1ð Þ

����� �
; ð26Þ
where
q > 0; k ¼ 0; minfRe að Þ;Re bð Þ;Re bð Þ;Re yð Þg > 0; Re xð Þ > �Re qað Þ:
Proof. For Kummer’s confluent hypergeometric function 1F1 a; b; zð Þ, the following contour integral representation holds true
(see [13, p. 127, Theorem 7.2]):
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1F1 a; b; zð Þ ¼ 1
2pi

C bð Þ
C að Þ

Z þI1

�I1

C aþ sð ÞC �sð Þ
C bþ sð Þ �zð Þsds; j arg �zð Þj < p

2
:

The path of integration separates all the poles s ¼ �a� n n 2 N0ð Þ to the left and all poles s ¼ n 2 N0 to the right.
Then, from integral representation (1),
B a;bð Þ
b;q;k x; yð Þ ¼

Z 1

0
tx�1 1� tð Þy�1

1F1 a;b;�N tð Þð Þdt

¼ 1
2pi

C bð Þ
C að Þ

Z 1

0
tx�1 1� tð Þy�1

Z þi1

�i1

C aþ sð ÞC �sð Þ
C bþ sð Þ

b

tq 1� tð Þk

 !s

ds

" #
dt

¼ 1
2pi

C bð Þ
C að Þ

Z þi1

�i1

C aþ sð ÞC �sð Þ
C bþ sð Þ bs

Z 1

0
tx�qs�1 1� tð Þy�ks�1dt

� �
ds

¼ 1
2pi

C bð Þ
C að Þ

Z þi1

�i1

C aþ sð ÞC �sð ÞC x� qsð ÞC y� ksð Þ
C bþ sð ÞC xþ y� qþ kð Þsð Þ bsds

¼ 1
2pi

C bð Þ
C að Þ

Z þi1

�i1

C sð ÞC xþ qsð ÞC yþ ksð ÞC a� sð Þ
C b� sð ÞC xþ yþ qþ kð Þsð Þ b�sds s! �sð Þ

¼ C bð Þ
C að ÞH

3;1
2;4 b

1� a;1ð Þ; xþ y;qþ kð Þ
0;1ð Þ; x;qð Þ; y; kð Þ; 1� b;1ð Þ

����� �
:

Eqs. (25) and (26) can be derived in the same way. h

By using the famous Gauss–Legendre multiplication formula [27, p. 138. Eq. (5.5.6)]:
C mzð Þ ¼ 2pð Þ
1�m

2 mmz�1
2

Ym
j¼1

C zþ j� 1
m

� �
; z – 0;� 1

m
;� 2

m
; . . . ; m 2 N;
it is straightforward to find the following results.

Corollary 2.15. If m;n 2 N;minfRe að Þ;Re bð Þg > 0, we have
B a;bð Þ
b;m;n x; yð Þ ¼

ffiffiffiffiffiffiffi
2p
p mx�1

2ny�1
2

mþ nð Þxþy�1
2

C bð Þ
C að ÞG

mþnþ1;0
mþnþ1;mþnþ2 ! m;nð Þb

1� a;D mþ n; xþ yð Þ
0;D m; xð Þ;D n; yð Þ;1� b

����� �
:

Further, the extended beta function B a;bð Þ
b;m;n x; yð Þ (as a function of b) satisfies the following ordinary differential equation:
�! m;nð Þb #b þ að ÞDmþn;xþy
b � #bD

m;x
b D

n;y
b #b � 1þ bð Þ

 �
w bð Þ ¼ 0;
where w bð Þ :¼ B a;bð Þ
b;m;n x; yð Þ, the differential operators Dm;x

b and #b are defined by
Dm;x
b :¼

Ym
j¼1

#b �
xþ j� 1

m

� �
and #b :¼ b

d
db

:

Remark 2.16. When a ¼ b and q ¼ k ¼ 1 we can easily find:
Bb x; yð Þ ¼
ffiffiffiffi
p
p

21�x�yG3;0
2;3 4b

xþy
2 ; xþyþ1

2

0; x; y

�����
" #

Re bð Þ > 0ð Þ;
which has been proved in [8, p. 232, Theorem 5.12].
2.4. A finite sum of Bða;bÞb;q;k x; yð Þ

Theorem 2.17. The extended beta function defined by (1) have the following finite sum
XN

k¼0

�1ð ÞN
N

k

� �
b� að Þk

bð Þk
B a;bþkð Þ

b;q;k x; yð Þ ¼ að ÞN
bð ÞN
B aþN;bþNð Þ

b;q;k x; yð Þ;
where
N 2 N; Re bð Þ > 0; minfRe að Þ; Re bð Þg > 0; q P 0; k P 0
and
Re xð Þ > �Re qað Þ; Re yð Þ > �Re kað Þ:
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Proof. For Kummer’s confluent hypergeometric function 1F1 zð Þ we have the following finite sum [6, p. 411, 5.14.1 (1)]
XN

k¼0

�1ð Þk
N

k

� �
b� að Þk

bð Þk
1F1

a
bþ k

; z
� �

¼ að ÞN
bð ÞN

1F1
aþ N

bþ N
; z

� �
: ð27Þ
Replacing z with �N tð Þ, and multiplying by tx�1 1� tð Þy�1 on both sides of (27) we get
XN

k¼0

�1ð Þk
N
k

� �
b� að Þk

bð Þk
tx�1 1� tð Þy�1

1F1
a

bþ k
;�N tð Þ

� �
¼ að ÞN

bð ÞN
tx�1 1� tð Þy�1

1F1
aþ N
bþ N

;�N tð Þ
� �

: ð28Þ
Finally, we obtain Theorem 2.17 by integrating (28) with respect to t over 0;1ð Þ. h

An application of Theorem 2.17 gives the following result.

Corollary 2.18. The extended Gauss hypergeometric function defined by (5) have the following finite sum with respect to
parameters a and b, that is,
2F aþN;bþN;q;kð Þ
1

x1; x2

y1
; z; b

� �
¼ bð ÞN

að ÞN

XN

k¼0

�1ð Þk
N

k

� �
b� að Þk

bð Þk
2F a;bþk;q;kð Þ

1

x1; x2

y1
; z; b

� �
;

where
N 2 N; minfRe að Þ; Re bð Þg > 0; q P 0; k P 0; Re y1ð Þ > Re x2ð Þ > 0; zj j < 1:
Remark 2.19. In fact, many finite sum formulas of Kummer’s confluent hypergeometric function listed in [6] can be used to
establish some useful finite sum formulas for the extended beta function, and further the finite sum formulas of the extended
Gauss hypergeometric function.
3. Contour integral representation of pF a;b;q;kð Þ
q ½z; b�

The Mellin transform of a function f tð Þ, denoted by F sð Þ, is defined by (see [22, p. 46]; see also [17])
F sð Þ :¼M f tð Þf g sð Þ ¼
Z 1

0
ts�1f tð Þdt; ð29Þ
provided that the integral converges. The inverse Mellin transform is given by the contour integral
f xð Þ ¼M�1 F sð Þf g xð Þ ¼ 1
2pi

Z cþi1

c�i1
F sð Þx�sds c ¼ Re sð Þð Þ: ð30Þ
If F sð Þ is analytic in the relevant strip then f xð Þ is uniquely determined by F sð Þ by using the formula (30). For a general theory
of the Mellin transform, we refer to [7].

In order to establish the main result of this section, we need the following well-known theorem which is widely used to
evaluate definite integrals and infinite series.

Theorem 3.1 (Ramanujan’s Master Theorem [2]). Assume f admits an expansion of the form
f xð Þ ¼
X1
n¼0

u nð Þ
n!

�xð Þn u 0ð Þ – 0ð Þ:
Then the Mellin transform of f is given by
Z 1

0
xs�1f xð Þdx ¼ C sð Þu �sð Þ:
We are now ready to present a Mellin–Barnes type contour integral representation of the extended generalized hypergeo-
metric function.
Theorem 3.2. For p ¼ qþ 1, the extended generalized hypergeometric functions pF a;b;q;kð Þ
q z; b½ � possesses the following integral

representation:
qþ1F a;b;q;kð Þ
q

x1; . . . ; xqþ1

y1; . . . ; yq
; z; b

" #
¼ 1

2pið Þq
Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1
Hq x; y; sð Þ

Yq

j¼1

C sj
� �

C a� sj
� �

C b� sj
� �

� qþ1Fq
x1; x2 þ qs1; . . . ; xqþ1 þ qsq

y1 þ qþ kð Þs1; . . . ; yq þ qþ kð Þsq
; z

" #
b�
Pq

j¼1
sj ds1 � � �dsq; ð31Þ
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where
q; k > 0; minfRe að Þ;Re bð Þ;Re bð Þg > 0; Re yj

� �
> Re xjþ1

� �
> 0; cj :¼ Re sj

� �
> 0;

Hq x; y; sð Þ :¼ Cq x; y; sð Þ
Cq x; y; 0ð Þ and Cq x; y; sð Þ :¼

Yq

j¼1

C xjþ1 þ qsj
� �

C yj � xjþ1 þ ksj
� �

C yj þ qþ kð Þsj
� � :
In the above contour integral, we require that each contour in the complex sj-plane starting at�i1 and ending atþi1 separates all
the poles of C xjþ1 þ qsj

� �
C yj � xjþ1 þ ksj
� �

C sj
� �
ði.e., sj ¼ �n; sj ¼

�xjþ1�n
q ; sj ¼

xjþ1�yj�n
k n 2 N0ð ÞÞ to the left and all the poles of

C a� sj
� �

(i.e., sj ¼ aþ n n 2 N0ð ÞÞ to the right.
For p ¼ q, we have
qF a;b;q;kð Þ
q

x1; . . . ; xq

y1; . . . ; yq
; z; b

" #
¼ 1

2pið Þq
Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1

eHq x; y; sð Þ
Yq

j¼1

C sj
� �

C a� sj
� �

C b� sj
� �

� qFq
x1 þ qs1; . . . ; xq þ qsq

y1 þ qþ kð Þs1; . . . ; yq þ qþ kð Þsq
; z

" #
b�
Pq

j¼1
sj ds1 � � �dsq; ð32Þ
where
q; k > 0; minfRe að Þ;Re bð Þ; Re bð Þg > 0; Re yj

� �
> Re xj

� �
> 0; cj :¼ Re sj

� �
> 0;

eHq x; y; sð Þ :¼
eCq x; y; sð ÞeCq x; y; 0ð Þ

and eCq x; y; sð Þ :¼
Yq

j¼1

C xj þ qsj
� �

C yj � xj þ ksj
� �

C yj þ qþ kð Þsj
� � :
For p < q r ¼ q� pð Þ we have
pF a;b;q;kð Þ
pþr

x1; . . . ; xp

y1; . . . ; ypþr

; z; b

" #
¼ 1

2pið Þp
Cp bð Þ
Cp að Þ

Z c1þi1

c1�i1
� � �
Z cpþi1

cp�i1
Kp x; y; sð Þ

Yp

j¼1

C sj
� �

C a� sj
� �

C b� sj
� �

� pFpþr

x1 þ qs1; . . . ; xp þ qsp

y1; . . . ; yr; yrþ1 þ qþ kð Þs1; . . . ; ypþr þ qþ kð Þsp

; z

" #
b�
Pp

j¼1
sj ds1 � � �dsp; ð33Þ
where
q; k > 0; minfRe að Þ;Re bð Þ;Re bð Þg > 0; Re yrþj

� �
> Re xjþ1

� �
> 0; cj :¼ Re sj

� �
> 0;

Kp x; y; sð Þ :¼ Dp x; y; sð Þ
Dp x; y; 0ð Þ and Dp x; y; sð Þ :¼

Yp

j¼1

C xj þ qsj
� �

C yjþr � xj þ ksj
� �

C yjþr þ qþ kð Þsj
� � :
Note that the description of the contours in (32) and (33) is similar to that of (31).
Proof. By applying Ramanujan’s Master Theorem to the series representation of the extended generalized hypergeometric
function qþ1F a;b;q;kð Þ

q �z; b½ �, we have
Z 1

0
zs�1

qþ1F a;b;q;kð Þ
q

x1; x2; . . . ; xqþ1

y1; . . . ; yq
;�z; b

" #
dz ¼ C sð ÞA �sjqþ 1; qð Þ;
where
A �sjqþ 1; qð Þ ¼ C x1 � sð Þ
C x1ð Þ

Yq

j¼1

bB a;bð Þ
b;q;k xjþ1 � s; yj � xjþ1
� �

:

The use of the inverse Mellin transform (30) gives the following contour integral:
qþ1F a;b;q;kð Þ
q

x1; x2; . . . ; xqþ1

y1; . . . ; yq

; z; b

" #
¼ 1

2pi

Z cþi1

c�i1
C sð ÞA �sjqþ 1; qð Þ �zð Þ�sds

¼ 1
2pi

Z cþi1

c�i1

Yq

j¼1

B a;bð Þ
b;q;k xjþ1 � s; yj � xjþ1
� �

B xjþ1; yj � xjþ1
� � C sð ÞC x1 � sð Þ

C x1ð Þ
�zð Þ�sds: ð34Þ
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Here c :¼ Re sð Þ > 0; arg �zð Þj j < p and the path of integration separates all the poles of C sð Þ (i.e., s ¼ �n 2 N0) to the left and
all the poles of A �sjqþ 1; qð Þ to the right. The poles of C x1 � sð Þ are s ¼ x1 þ n n 2 N0ð Þ. However, the poles of function

B a;bð Þ
b;q;k xjþ1 � s; yj � xjþ1
� �

do not always exist. If we choose a ¼ b, the poles of Bb;q;k xjþ1 � s; yj � xjþ1
� �

will disappear.

If we set b ¼ 0 in (34), the contour integral gives the standard expression of the classical generalized hypergeometric
function qþ1Fq zð Þ (see [17, p. 30, Eq. (1.6.29)]):
qþ1Fq
x1; . . . ; xqþ1

y1; . . . ; yq
; z

" #
¼ 1

2pi

Qq
j¼1C yj

� �Qqþ1
l¼1 C xlð Þ

Z cþi1

c�i1

Qqþ1
l¼1 C xl � sð ÞQq
j¼1C yj � s

� � �zð Þ�sC sð Þds: ð35Þ
The derivation of (35) by applying Ramanujan’s Master Theorem is given in [2].
In Theorem 2.14, we have proved that the extended beta function B a;bð Þ

b;q;k x; yð Þ can be regarded as a H-function. Thus, we can
write
B a;bð Þ
b;q;k xjþ1 � s; yj � xjþ1
� �

¼ C bð Þ
C að ÞH

3;1
2;4 b

1� a;1ð Þ; yj � s;qþ k
� �

0;1ð Þ; xjþ1 � s;q
� �

; yj � xjþ1; k
� �

; 1� b;1ð Þ

�����
" #

¼ 1
2pi

C bð Þ
C að Þ

Z cjþi1

cj�i1

C sj
� �

C a� sj
� �

C yj � xjþ1 þ ksj
� �

C b� sj
� � C xjþ1 � sþ qsj

� �
C yj � sþ qþ kð Þsj
� � b�sj dsj;
where cj :¼ Re sj
� �

> 0, the path of integration starts at cj � i1 and terminates at cj þ i1.
Substituting this into (34) and interchanging the orders of integration, we have
qþ1F a;b;q;kð Þ
q

x1; x2; . . . ; xqþ1

y1; . . . ; yq
; z; b

" #

¼ 1
2pið Þq

Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1

Yq

j¼1

C sj
� �

C a� sj
� �

C yj � xjþ1 þ ksj
� �

C b� sj
� �

B xjþ1; yj � xjþ1
� �

� 1
2pi

Z cþi1

c�i1

Yq

j¼1

C xjþ1 � sþ qsj
� �

C yj � sþ qþ kð Þsj
� � C sð ÞC x1 � sð Þ

C x1ð Þ
�zð Þ�sds

" #
b�
Pq

j¼1
sj ds1 � � �dsq

¼ 1
2pið Þq

Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1

Yq

j¼1

C sj
� �

C a� sj
� �

C yj � xjþ1 þ ksj
� �

C b� sj
� �

B xjþ1; yj � xjþ1
� � Yq

j¼1

C xjþ1 þ qsj
� �

C yj þ qþ kð Þsj
� �

� qþ1Fq
x1; x2 þ qs1; . . . ; xqþ1 þ qsq

y1 þ qþ kð Þs1; . . . ; yq þ qþ kð Þsq
; z

" #
b�
Pq

j¼1
sj ds1 � � �dsq: ð36Þ
In the above contour integral, each contour starting at cj � i1 and ending at cj þ i1 separates all the poles of
C xjþ1 þ qsj
� �

C yj � xjþ1 þ ksj
� �

C sj
� �

to the left and all the poles of C a� sj
� �

to the right. Since the validity of (35) requires that
yj R Z�0 , we also need yj þ qþ kð Þsj R Z�0 such that the evaluation of (36) is allowed. Actually, for q; k > 0, and Re yj

� �
> 0 we

always have
yj þ qþ kð Þs�j R Z�0 ; j ¼ 1; . . . ; q;
where s�j ¼ aþ n n 2 N0ð Þ are the poles of C a� sj
� �

, and for other cases, this requirement can be easily satisfied.
The proof of (31) is now complete. The integral representations (32) and (33) can be proved in a similar manner. h
Remark 3.3. The Mellin transform of the extended Gauss hypergeometric function (with different parameters) have been
studied by many authors. For instance, Özergin et al. [30, p. 4608, Corollary 3.6] show that
2F a;b;1;1ð Þ
1

x1; x2

y1
; z; b

� �
¼ 1

2pi

Z c1þi1

c1�i1

C a;bð Þ sð ÞB x2 þ s; y1 þ s� x2ð Þ
B x2; y1 � x2ð Þ 2F1

x1; x2 þ s
y1 þ 2s

; z
� �

b�sds; ð37Þ
where C a;bð Þ sð Þ � C a;bð Þ
0 sð Þ is a specific case of the extended gamma function defined by
C a;bð Þ
b sð Þ :¼

Z 1

0
ts�1

1F1 a; b;�t � b
t

� �
dt minfRe að Þ;Re bð Þ;Re bð Þg > 0ð Þ:
After simplification, (37) can be expressed in our notation.
Theorem 3.2 is very illuminating. To some degree, it provides an easy criteria for us to see which properties holden by a

classical generalized hypergeometric function pFq zð Þ can be inherited by its extension pF a;b;q;kð Þ
q z; b½ �. Several instructive appli-

cations of this theorem are given below.

Corollary 3.4 (Extended Gauss’ summation formula). For q; k > 0;minfRe að Þ;Re bð Þg > 0;Re y1ð Þ > Re x2ð Þ > 0;Re bð Þ > 0, we
have the following extended Gauss summation formula
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2F a;b;q;kð Þ
1

x1; x2

y1

; 1; b

" #
¼ C bð ÞC y1ð Þ

C að ÞC x2ð ÞC y1 � x2ð Þ � H
3;1
2;4 b

1� að Þ; y1 � x2;qþ kð Þ

0;1ð Þ; x2;qð Þ; y1 � x1 � x2; kð Þ; 1� b;1ð Þ

�����
" #

ð38Þ

¼
B a;bð Þ

b;q;k x2; y1 � x1 � x2ð Þ
B x2; y1 � x2ð Þ ;Re y1 � x1 � x2ð Þ > 0: ð39Þ
Proof. Let q ¼ 1 in (31). By using Gauss’ summation formula, 2F1 1ð Þ can be summed as
2F1
x1; x2 þ qs1

y1 þ qþ kð Þs1
; 1

� �
¼ C y1 þ qþ kð Þs1ð ÞC y1 � x1 � x2 þ ks1ð Þ

C y1 � x2 þ qþ kð Þs1ð ÞC y1 � x2 þ ks1ð Þ ;
where Re y1 � x1 � x2ð Þ > 0, and Re s1ð Þ ¼ c1 > 0.
Thus, we have
2F a;b;q;kð Þ
1

x1; x2

y1

; 1; b

" #
¼ 1

2pi
C bð Þ
C að Þ

Z c1þi1

c1�i1
H1 x; y; sð ÞC s1ð ÞC a� s1ð Þ

C b� s1ð Þ 2F1

x1; x2 þ qs1

y1 þ qþ kð Þs1

; 1

" #
b�s1 ds1

¼ 1
2pi

C bð Þ
C að Þ

Z c1þi1

c1�i1

C s1ð ÞC x2 þ qs1ð ÞC y1 � x1 � x2 þ ks1ð ÞC a� s1ð Þ
C b� s1ð ÞC y1 � x2 þ qþ kð Þs1ð ÞC1 x; y; 0ð Þ b�s1 ds1:
From the definition of H-function (38) follows. By interpreting this special H-function as the extended beta function (see The-
orem 2.14) we obtain (39). h
Remark 3.5. Some special cases of (39) can be found in [10,20,30].
Corollary 3.6 (Extended Kummer’s first transformation). For q; k > 0;minfRe að Þ;Re bð Þg > 0;Re y1ð Þ > Re x2ð Þ > 0;Re bð Þ > 0,
we have the following transformation
1F a;b;q;kð Þ
1

x1

y1
; z; b

� �
¼ ez

1F a;b;k;qð Þ
1

y1 � x1

y1
;�z; b

� �
:

Proof. Letting q ¼ 1 in (32) gives
1F a;b;q;kð Þ
1

x1

y1
; z; b

� �
¼ 1

2pi
C bð Þ
C að Þ

Z c1þi1

c1�i1

eH1 x; y; sð ÞC s1ð ÞC a� s1ð Þ
C b� s1ð Þ 1F1

x1 þ qs1

y1 þ qþ kð Þs1
; z

� �
b�s1 ds1:
By using Kummer’s first transformation [4, p. 191]
1F1
a

c
; x

� �
¼ ex

1F1
c � a

c
;�x

� �
;

we have
1F a;b;q;kð Þ
1

x1

y1
; z; b

� �
¼ 1

2pi
C bð Þ
C að Þ

Z c1þi1

c1�i1

eH1 x; y; sð ÞC s1ð ÞC a� s1ð Þ
C b� s1ð Þ 1F1

x1 þ qs1

y1 þ qþ kð Þs1
; z

� �
b�s1 ds1

¼ ez

2pi
C bð Þ
C að Þ

Z c1þi1

c1�i1

eH1 x; y; sð ÞC s1ð ÞC a� s1ð Þ
C b� s1ð Þ 1F1

y1 � x1 þ ks1

y1 þ kþ qð Þs1
;�z

� �
b�s1 ds1

¼ ez
1F a;b;k;qð Þ

1

y1 � x1

y1
;�z; b

� �
: �
Remark 3.7. Some special cases of this transformation can be found in [10,20,30].
Corollary 3.8 (Differentiation formula). If q; k > 0;minfRe að Þ;Re bð Þg > 0;Re bð Þ > 0, and xi; yj satisfies the conditions stated in
Definition 1.3, then we have the following formula
dn

dzn pF a;b;q;kð Þ
q

x1; . . . ; xp

y1; . . . ; yq

; z; b

" #( )
¼

x1ð Þn � � � xp
� �

n

y1ð Þn � � � yq

� �
n

pF a;b;q;kð Þ
q

x1 þ n; . . . ; xp þ n

y1 þ n; . . . ; yq þ n
; z; b

" #
:
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Proof. For a classical hypergeometric function pFq zð Þ, we have [27, p.405, Eq. (16.3.1)]
dn

dzn pFq

x1; . . . ; xp

y1; . . . ; yq

; z

" #( )
¼

x1ð Þn � � � xp
� �

n

y1ð Þn � � � yq

� �
n

pFq

x1 þ n; . . . ; xp þ n

y1 þ n; . . . ; yq þ n
; z

" #
:

To apply Theorem 3.2, write
dn

dzn pFq

x1; . . . ; xp

y1; . . . ; yq

; z

" #( )
¼

C x1 þ nð Þ � � �C xp þ n
� �

C y1 þ nð Þ � � �C yq þ n
� � C y1ð Þ � � �C yq

� �
C x1ð Þ � � �C xp

� � pFq

x1 þ n; . . . ; xp þ n

y1 þ n; . . . ; yq þ n
; z

" #
:

For p ¼ qþ 1, we have
dn

dzn qþ1F a;b;q;kð Þ
q

x1; . . . ; xqþ1

y1; . . . ; yq

; z; b

" #( )
¼ 1

2pið Þq
Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1
Hq x; y; sð Þ

Yq

j¼1

C sj
� �

C a� sj
� �

C b� sj
� �

�
C x1 þ nð ÞC x2 þ nþ qs1ð Þ � � �C xqþ1 þ nþ qsq

� �
C y1 þ nþ qþ kð Þs1ð Þ � � �C yq þ nþ qþ kð Þsq

� � C y1 þ qþ kð Þs1ð Þ � � �C yq þ qþ kð Þsq
� �

C x1ð ÞC x2 þ qs1ð Þ � � �C xqþ1 þ qsq
� �

� qþ1Fq

x1 þ n; x2 þ nþ qs1; . . . ; xqþ1 þ nþ qsq

y1 þ nþ qþ kð Þs1; . . . ; yq þ nþ qþ kð Þsq

; z

" #
b�
Pq

j¼1
sj ds1 � � �dsq

¼ x1ð Þn
2pið Þq

Cq xþ n; y þ n; 0ð Þ
Cq x; y; 0ð Þ

Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1
Hq xþ n; y þ n; sð Þ

Yq

j¼1

C sj
� �

C a� sj
� �

C b� sj
� �

� qþ1Fq

x1 þ n; x2 þ nþ qs1; . . . ; xqþ1 þ nþ qsq

y1 þ nþ qþ kð Þs1; . . . ; yq þ nþ qþ kð Þsq

; z

" #
b�
Pq

j¼1
sj ds1 � � �dsq

¼ x1ð Þn
Cq xþ n; y þ n; 0ð Þ

Cq x; y; 0ð Þ qþ1F a;b;q;kð Þ
q

x1 þ n; . . . ; xqþ1 þ n

y1 þ n; . . . ; yq þ n
; z; b

" #
: ð40Þ
From the definition of Cq x; y; 0ð Þ, we have
Cq xþ n; y þ n; 0ð Þ
Cq x; y; 0ð Þ ¼

Yq

j¼1

C yj

� �
C xjþ1 þ n
� �

C yj þ n
� �

C xjþ1
� � ¼Yq

j¼1

xjþ1
� �

n

yj

� �
n

: ð41Þ
Combining (40) with (41) gives the differentiation formula for qþ1F a;b;q;kð Þ
q z; b½ �.

Similarly, we can prove this result for qF a;b;q;kð Þ
q z; b½ � and pF a;b;q;kð Þ

pþr z; b½ � r ¼ q� pð Þ. h
Remark 3.9. A similar result has been proved (by using series manipulation technique) in [26, Theorem 3.3].
Corollary 3.10. For q; k > 0;minfRe að Þ;Re bð Þg > 0;Re yj

� �
> Re xjþ1

� �
> 0 j ¼ 1; . . . ; qð Þ;Re bð Þ > 0, we have the following finite

sum
XN

k¼0

�1ð Þk
N

k

 !
kaþ 1ð ÞN�1

qþ1F a;b;q;kð Þ
q

�k; x2; . . . ; xqþ1

y1; . . . ; yq

;
z

kaþ 1
; b

" #

¼ zN

Naþ 1

Yq

j¼1

C bð ÞC yj

� �
C að ÞC xjþ1

� �
C yj � xjþ1
� �H3;1

2;4 b
1� a;1ð Þ; yj þ N;qþ k

� �
0;1ð Þ; xjþ1 þ N;q

� �
; yj � xjþ1; k
� �

; 1� b;1ð Þ

������
24 35 ð42Þ

¼ zN

Naþ 1

Yq

j¼1

B a;bð Þ
b;q;k xjþ1 þ N; yj � xjþ1
� �

B xjþ1; yj � xjþ1
� � : ð43Þ
Proof. We first state the following identity [6, p. 423, Eq. (10)]
XN

k¼0

�1ð Þk
N

k

 !
kaþ 1ð ÞN�1

qþ1Fq

�k; x2; . . . ; xqþ1

y1; . . . ; yq

;
z

kaþ 1

" #
¼ zN

Naþ 1

Qq
j¼1 xjþ1
� �

NQq
j¼1 yj

� �
N

:
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For convenience, we rewrite it as
XN

k¼0

�1ð Þk
N

k

� �
kaþ 1ð ÞN�1

qþ1Fq
�k; x2 þ qs1; . . . ; xqþ1 þ qsq

y1 þ qþ kð Þs1; . . . ; yq þ qþ kð Þsq
;

z
kaþ 1

" #

¼ zN

Naþ 1

Yq

j¼1

C xjþ1 þ qsj þ N
� �

C yj þ qþ kð Þsj
� �

C xjþ1 þ qsj
� �

C yj þ qþ kð Þsj þ N
� � :
Now, we use (31) to get
XN

k¼0

�1ð Þk
N

k

� �
kaþ 1ð ÞN�1

qþ1F a;b;q;kð Þ
q

�k; x2; . . . ; xqþ1

y1; . . . ; yq
;

z
kaþ 1

; b

" #

¼ 1
2pið Þq

Cq bð Þ
Cq að Þ

Z c1þi1

c1�i1
� � �
Z cqþi1

cq�i1
Hq x; y; sð Þ

Yq

j¼1

C sj
� �

C a� sj
� �

C b� sj
� � XN

k¼0

�1ð Þk
N

k

� �
kaþ 1ð ÞN�1

� qþ1Fq
�k; x2 þ qs1; . . . ; xqþ1 þ qsq

y1 þ qþ kð Þs1; . . . ; yq þ qþ kð Þsq
;

z
kaþ 1

" #
b�
Pq

j¼1
sj ds1 � � �dsq

¼
zN

Naþ1

	 

Cq x; y; 0ð Þ

Yq

j¼1

1
2pi

C bð Þ
C að Þ

Z cjþi1

cj�i1

C xjþ1 þ qsj þ N
� �

C yj � xjþ1 þ ksj
� �

C sj
� �

C a� sj
� �

C yj þ qþ kð Þsj þ N
� �

C b� sj
� � b�sj dsj: ð44Þ
Interpreting the last member of (44) in terms of H-function, we arrive at the result (42). A use of Theorem 2.14 may gives
(43). h
Corollary 3.11 (Extended Nørlund’s expansion). For q;k> 0;minfRe að Þ;Re bð Þg>0;Re yj

� �
>Re xjþ1

� �
> 0 j¼1; . . . ;qð Þ;Re bð Þ>0,

we have the following expansion
qþ1F a;b;q;kð Þ
q

x1; . . . ; xqþ1

y1; . . . ; yq
; zf; b

" #
¼ 1� zð Þ�x1

X1
k¼0

x1ð Þk
k!

qþ1F a;b;q;kð Þ
q

�k; x2; . . . ; xqþ1

y1; . . . ; yq
; f; b

" #
z

z� 1

	 
k

: ð45Þ
Proof. The expansion (45) follows directly from Nørlund’s formula ([25, p. 294, Eq. (1.21)]; see also [27, p. 411,
Eq. (16.10.2)]):
qþ1Fq
x1; . . . ; xqþ1

y1; . . . ; yq
; zf

" #
¼ 1� zð Þ�x1

X1
k¼0

x1ð Þk
k!

qþ1Fq
�k; x2; . . . ; xqþ1

y1; . . . ; yq
; f

" #
z

z� 1

	 
k

: � ð46Þ
Remark 3.12. The derivation of (45) from (3) is obvious. So, it is worth mentioning a proof due to N.E. Nørlund. Following
Nørlund [25, Section 5] we begin by recalling Euler’s transformation:
X1
k¼0

x1ð Þk
k!

akzk ¼ 1� zð Þ�x1
X1
k¼0

x1ð Þk
k!

Dka0

	 
 z
1� z

	 
k

;

where
D0a0 ¼ a0; D1a0 ¼ a1 � a0; Dka0 ¼ Dk�1a1 � Dk�1a0 ¼
Xk

i¼0

�1ð Þk�i k

i

� �
ai; k P 2:
If we put
ak ¼
Yq

j¼1

bB a;bð Þ
b;q;k xjþ1 þ k; yj � xjþ1
� �

fk;
we get for the difference of order k the hypergeometric polynomial
Dka0 ¼
Xk

i¼0

�1ð Þk�i k
i

� �Yq

j¼1

bB a;bð Þ
b;q;k xjþ1 þ i; yj � xjþ1
� �

fi ¼ �1ð Þkqþ1F a;b;q;kð Þ
q

�k; x2; . . . ; xqþ1

y1; . . . ; yq
; f; b

" #
:

Euler’s transformation then gives the relation (45).
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4. Extended fractional integral operators

First, we establish the extended Riemann–Liouville type fractional integral operator in this section. Then with the help of
the extended Riemann–Liouville fractional integral operator, a decompositional formula of the extended generalized hyper-
geometric function pF a;b;q;kð Þ

q z; b½ � is formulated. Next, we introduce four extended Kober type fractional integral operators
involving the extended Gauss hypergeometric functions, and then we establish their Mellin transform in the form of
Theorems.

4.1. Extended Riemann–Liouville fractional integral operator

The classical Riemann–Liouville (left-sided) fractional integral of order l 2 C Re lð Þ > 0ð Þ is defined by [17]
Ilx f xð Þf g :¼ 1
C lð Þ

Z x

a
x� tð Þl�1f tð Þdt x > að Þ:
The corresponding Riemann–Liouville fractional derivatives of order l 2 C Re að ÞP 0ð Þ is defined by
Dl
x y xð Þf g :¼ d

dx

� �n

In�l
x y xð Þf g ¼ 1

C n� að Þ

Z x

a
x� tð Þn�l�1y tð Þdt n ¼ ½Re lð Þ� þ 1; x > að Þ;
where ½Re lð Þ� means the integral part of Re lð Þ.
Now, by introducing new parameters, we consider the following extension of the classical Riemann–Liouville fractional

integral:
Il;bz f zð Þf g :¼ 1
C lð Þ

Z z

0
f tð Þ z� tð Þl�1

1F1 a; b;� zqþkb

tq z� tð Þk

 !
dt;
where q P 0; k P 0;minfRe að Þ;Re bð Þ;Re lð Þ;Re bð Þg > 0. It is clear that Il;bz may become Ilz when b ¼ 0. The case when
q ¼ k ¼ 1 and a ¼ b have been considered in [29]. Similar constructions are also used in [26,33].

From the definition of extended beta function (1), we have
Il;bz zg�1� �
¼ zgþl�1

C lð Þ B
a;bð Þ

b;q;k g;lð Þ; Re gð Þ > 0: ð47Þ
Repeated application of property (47) yields the following result.

Theorem 4.1 (Decompositional structure). For q; k > 0;minfRe að Þ;Re bð Þg > 0;Re bð Þ > 0, we have
pFða;b;q;sÞ
q

x1; . . . ; xp

y1; . . . ; yq
; z; b

" #
¼

I
yq�xqþ1
z f� � � Iy1�x2

z fð1� zÞ�x1gg; p ¼ qþ 1; ð48Þ
I

yq�xq
z f� � � Iy1�x1

z fezgg; p ¼ q; ð49Þ

I
yrþp�xp
z � � � Iyrþ1�x1

z 1Fr
1

y1; . . . ; yr

; z
� �� �� �

;
r ¼ q� p;

p < q:
ð50Þ

8>>>><>>>>:

where
Iy�x
z f zð Þf g :¼ C yð Þ

C xð Þ z1�yIy�x;b
z zx�1f zð Þ

� �
; Re yð Þ > Re xð Þ > 0;
and Iy�x;b
z is the extended Riemann–Liouville fractional integral operator.
Proof. In order to derive (48) we proceed as follows,
Iy1�x2 ;b
z zx2�1 1� zð Þ�x1

� �
¼
X1
n¼0

x1ð Þn
n!

Iy1�x2 ;b
z zx2þn�1� �

¼ zy1�1

C y1 � x2ð Þ
X1
n¼0

x1ð ÞnB
a;bð Þ

b;q;k x2 þ n; y1 � x2ð Þ z
n

n!

Re y1ð Þ > Re x2ð Þ > 0ð Þ:
Rearranging the equation we have
C y1ð Þ
C x2ð Þ

z1�y1 Iy1�x2 ;b
z zx2�1 1� zð Þ�x1

� �
¼ 2F a;b;q;kð Þ

1

x1; x2

y1
; z; b

� �
:

Performing Il;bz again in a similar manner, we have
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C y2ð Þ
C x3ð Þ

z1�y2 Iy2�x3 ;b
z zx3�1

2F a;b;q;kð Þ
1

x1; x2

y1

; z; b

" #( )

¼ C y2ð Þ
C x3ð Þ

z1�y2
X1
n¼0

x1ð Þn
n!

bB a;bð Þ
b;q;k x2 þ n; y1 � x2ð ÞIy2�x3

z zx3þn�1� �
¼ 3F a;b;q;kð Þ

2

x1; x2; x3

y1; y2

; z; b

" #
; Re yj

� �
> Re xjþ1

� �
; j ¼ 1;2:
Continuing this process gives (48). Eqs. (49) and (50) can be similarly proved. h
4.2. Extended Kober type fractional integral operators

Definition 4.2. Define
I f zð Þ½ � :¼ lz�g�1

C 1� Að Þ

Z z

0
2F a;b;q;kð Þ

1

A; B

C
;
atl

zl ; b
� �

tgf tð Þdt ð51Þ
and
J f zð Þ½ � :¼ lzd

C 1� Að Þ

Z 1

z
2F a;b;q;kð Þ

1

A; B

C
;
azl

tl
; b

� �
t�d�1f tð Þdt; ð52Þ
where A;B;C;g;l; d; a 2 C Re Cð Þ > Re Bð Þ > 0ð Þ and 2F a;b;q;kð Þ
1 z; b½ � denotes the extended Gauss hypergeometric function.

The condition of the validity of the operators (51) and (52) are given below:

� 1 6 p; q <1; 1
pþ 1

q ¼ 1; j arg 1� að Þj < p; l > 0;
� Re gð Þ > � 1

q ; Re dð Þ > � 1
p ; Re C � A� Bð Þ > �1;

� f 2 Lp 0;1ð Þ, where Lp 0;1ð Þ is a Lebesgue space of measurable real or complex valued functions.
Remark 4.3. It may be noted that, if we set, b ¼ 0 in (51) and (52), we obtain the known operators due to Kalla and Saxena
[15, p. 231, Eqs. (1) and (2)]:
I f zð Þ½ � ¼ I
A;B;C

g;l; a
; f zð Þ

� �
¼ lz�g�1

C 1� Að Þ

Z z

0
2F1

A; B

C
;
atl

zl

� �
tgf tð Þdt; ð53Þ

J f zð Þ½ � ¼ J
A;B;C

d;l; a
; f zð Þ

� �
¼ lzd

C 1� Að Þ

Z 1

z
2F1

A; B

C
;
azl

tl

� �
t�d�1f tð Þdt:
Similarly, if we set C ¼ B; a ¼ 1; b ¼ 0 in (51) and (52), we get operators given by Erdélyi [11, p. 217]. In the sequel, if we
set C ¼ B;l ¼ 1; a ¼ 1; b ¼ 0 in (51) and (52), we have results due to Kober [19, p. 193].
Remark 4.4. It is necessary to point out that our new definitions are very close to their original definitions.
Let us consider the operator (53). We have, for f zð Þ 2 Lp 0;1ð Þ,
I f zð Þ½ �j j 6 l
C 1� Að Þj j

Z 1

0
2F a;b;q;kð Þ

1

A; B

C
; aul; b

� ����� ����uRe gð Þ f zuð Þj jdu:
From the results of Section 2, it will be not very difficult to see that
2F a;b;q;kð Þ
1

A; B

C
; aul; b

� ����� ���� 6 C Cð Þ
C Bð ÞC C � Bð Þ

���� ����X1
n¼0

Að Þn
�� �� B a;bð Þ

b;q;k Bþ n;C � Bð Þ
��� ��� jajuln

n!

6

Xa;b
q;k bð Þ C Cð Þj j

C Bð ÞC C � Bð Þj j
X1
n¼0

jAjð Þn
C Re Bð Þ þ nð ÞC Re C � Bð Þð Þ

C Re Cð Þ þ nð Þ
jajuln

n!

6 L � 2F1
jAj; Re Bð Þ

Re Cð Þ
; jajul

� �
;

where Xa;b
q;k bð Þ is defined in Corollary 2.5 and
L ¼ Xa;b
q;k bð Þ C Cð Þj j

C Re Cð Þð Þ
C Re Bð Þð ÞC Re C � Bð Þð Þ

C Bð ÞC C � Bð Þj j :



M.-J. Luo et al. / Applied Mathematics and Computation 248 (2014) 631–651 649
If all parameters are real, the expression will be simple. Thus,
I f zð Þ½ �j j 6 Ll
C 1� Að Þj j

Z 1

0
2F1

jAj; Re Bð Þ
Re Cð Þ

; jajul
� �

uRe gð Þ f zuð Þj jdu

¼ L1 � I
jAj;Re Bð Þ;Re Cð Þ

Re gð Þ;l; jaj
; jf zð Þj

� �
; jf zð Þj 2 Lp 0;1ð Þ;
where
L1 ¼ L � C 1� jAjð Þ
jC 1� Að Þj ; 0 < jAj < 1ð Þ:
The above inequality illustrates that for some suitable parameters, our new integral operator can be well majorized by its
original form.
Theorem 4.5. Let f zð Þ 2 Lp 0;1ð Þ;1 6 p 	 2 [or f zð Þ 2 Mp 0;1ð Þ and p > 2], Re C � A� Bð Þ > 0;l > 0,
Re gð Þ > max
1
p
;
1
q

� �
;

1
p
þ 1

q
¼ 1; and j arg 1� að Þj < p:
Then the following Mellin transform formula exist:
M I f zð Þ½ �f g sð Þ ¼ l
C 1� Að Þ g� sþ 1ð Þ 2F a;b;q;kð Þ

1

A; B

C
; a; b

� �
� 2F1

1; 1
l g� sþ 1ð Þ

1
l g� sþ 1ð Þ þ 1

; a

" #
M f zð Þf g sð Þ;
where M f zð Þf g denotes the Mellin transform of f zð Þ defined by (29), and Mp 0;1ð Þ denotes the class of all functions f zð Þ of Lp 0;1ð Þ
with p > 2 which are inverse Mellin transforms of functions of Lq �1;1ð Þ q ¼ p=ðp� 1Þð Þ.
Proof. From (51) we easily have by using (29)
M I f zð Þ½ �f g sð Þ ¼ l
C 1� Að Þ

Z 1

0
zs�g�2

Z z

0
2F a;b;q;kð Þ

1

A; B

C
;
atl

zl ; b
� �

tgf tð Þdt
� �

dz:
By changing the order of integration, we obtain
M I f zð Þ½ �f g sð Þ ¼ l
C 1� Að Þ

Z 1

0
tgf tð Þ

Z 1

t
zs�g�2

2F a;b;q;kð Þ
1

A; B

C
;
atl

zl ; b
� �

dz
� �

dt: ð54Þ
For convenience, we denote the inner integral in (54) by J. Then
J ¼ ts�g�1
Z 1

0
ug�s

2F a;b;q;kð Þ
1

A; B

C
; aul; b

� �
du

¼ ts�g�1

l

C 1
l g� sþ 1ð Þ
	 


C 1
l g� sþ 1ð Þ þ 1
	 
X1

n¼0

Að Þn 1
l g� sþ 1ð Þ
	 


n

1
l g� sþ 1ð Þ þ 1
	 


n

bB a;bð Þ
b;q;k Bþ n;C � Bð Þ a

n

n!

¼ ts�g�1

l

C 1
l g� sþ 1ð Þ
	 


C 1
l g� sþ 1ð Þ þ 1
	 
 2F a;b;q;kð Þ

1

A; B
C

; a; b
� �

� 2F1

1; 1
l g� sþ 1ð Þ

1
l g� sþ 1ð Þ þ 1

; a

" #
:

ð55Þ
The final step above is obtained by applying the Hadamard product. Substituting (55) into (54), the result follows. h

By following a similar procedure we obtain the following theorem.

Theorem 4.6. If f zð Þ 2 Lp 0;1ð Þ;1 6 p 	 2 [or f ðzÞ 2 Mp 0;1ð Þ and p > 2], Re C � A� Bð Þ > 0;l > 0,
Re dð Þ > max
1
p
;
1
q

� �
;
1
p
þ 1

q
¼ 1 and j arg 1� að Þj < p;
then we have
M J f zð Þ½ �f g sð Þ ¼ l
C 1� Að Þ sþ dð Þ 2F a;b;q;kð Þ

1

A; B
C

; a; b
� �

� 2F1

1; 1
l dþ sð Þ

1
l dþ sþ lð Þ

; a

" #
M f zð Þf g sð Þ:
Definition 4.7. Define
R f zð Þ½ � ¼ z�r�d

C dð Þ

Z z

0
tr z� tð Þd�1

2F a;b;q;kð Þ
1

A; B

C
; a 1� t

z

� �
; b

� �
f tð Þdt ð56Þ
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and
K f zð Þ½ � ¼ zf

C dð Þ

Z 1

z
t�f�d t � zð Þd�1

2F a;b;q;kð Þ
1

A; B

C
; a 1� z

t

	 

; b

� �
f tð Þdt; ð57Þ
where A;B;C; f;r; d; a 2 C Re Cð Þ > Re Bð Þ > 0ð Þ and 2F a;b;q;kð Þ
1 z; b½ � denotes the extended Gauss hypergeometric function.

The condition of the validity of the operator (56) and (57) are given below:

� 1 6 p; q <1; 1
pþ 1

q ¼ 1; j arg 1� að Þj < p;l > 0.
� Re rð Þ > � 1

q ;Re fð Þ > � 1
p ;Re dð Þ > 0;Re C � A� Bð Þ > �1.

� f 2 Lp 0;1ð Þ, where Lp 0;1ð Þ denotes the Lebesgue space.
Remark 4.8. If we set b ¼ 0 in (56) and (57), we get the known operators introduced by Saxena and Kumbhat [32].
Theorem 4.9. If f zð Þ 2 Lp 0;1ð Þ;1 6 p 	 2 [or f zð Þ 2 Mp 0;1ð Þ and p > 2], Re C � A� Bð Þ > 0;l > 0,
Re rð Þ > max
1
p
;
1
q

� �
;

1
p
þ 1

q
¼ 1; and j arg 1� að Þj < p;
then the following Mellin transform formula holds true:
M R f zð Þ½ �f g sð Þ ¼ C r� sþ 1ð Þ
C dþ r� sþ 1ð Þ 2F a;b;q;kð Þ

1

A; B

C
; a; b

� �
� 2F1

1; 1
l dð Þ

1
l dþ r� sþ 1ð Þ þ 1

; a

" #
M f zð Þf g sð Þ;
where Mp 0;1ð Þ denotes the class of all functions f zð Þ of Lp 0;1ð Þ with p > 2 which are inverse Mellin transforms of functions of
Lq �1;1ð Þ q ¼ p=ðp� 1Þð Þ.
Proof. From (56) we easily get
M R f zð Þ½ �f g sð Þ ¼ 1
C dð Þ

Z 1

0
zs�r�d�1

Z z

0
tr z� tð Þd�1

2F a;b;q;kð Þ
1

A; B

C
; a 1� t

z

� �
; b

� �
f tð Þdt

� �
dz:
Changing the order of integration, which is permissible under the conditions stated in Theorem 4.9, we get
M R f zð Þ½ �f g sð Þ

¼ 1
C dð Þ

Z 1

0
trf tð Þ

Z 1

t
zs�r�d�1 z� tð Þd�1

2F a;b;q;kð Þ
1

A; B

C
; a 1� t

z

� �
; b

� �
dz

� �
dt: ð58Þ
For convenience, we also denote the inner integral in (58) by J0. Then
J0 ¼ ts�r�1
Z 1

0
ud�1 1� uð Þr�sþ1�1

2F a;b;q;kð Þ
1

A; B

C
; au; b

" #
du

¼ ts�r�1 C dð ÞC r� sþ 1ð Þ
C dþ r� sþ 1ð Þ

X1
n¼0

Að Þn dð Þn
dþ r� sþ 1ð Þn

bB a;bð Þ
b;q;k Bþ n;C � Bð Þ a

n

n!

¼ ts�r�1 C dð ÞC r� sþ 1ð Þ
C dþ r� sþ 1ð Þ 2F a;b;q;kð Þ

1

A; B

C
; a; b

" #
� 2F1

1; d

dþ r� sþ 1
; a

" #
: ð59Þ
Finally by applying the Hadamard product and substituting (59) into (58), we get the desired result. h

The same method gives the following theorem.

Theorem 4.10. If f zð Þ 2 Lp 0;1ð Þ;1 6 p 	 2 [or f zð Þ 2 Mpð0;1Þ and p > 2], Re C � A� Bð Þ > 0;l > 0,
Re fð Þ > max
1
p
;
1
q

� �
;

1
p
þ 1

q
¼ 1; Re dð Þ > 0; and j arg 1� að Þj < p;
then the following Mellin transform formula holds:
M K f zð Þ½ �f g sð Þ ¼ C sþ fð Þ
C ðsþ fÞ þ dð Þ 2F a;b;q;kð Þ

1

A; B

C
; a; b

� �
� 2F1

1; 1
l dð Þ

1
l dþ fþ sð Þ

; a

" #
M f zð Þf g sð Þ:
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5. Concluding remarks and observations

As a conclusive remark we point out that the new special functions like B a;bð Þ
b;q;k x; yð Þ; 2F a;b;q;kð Þ

1 z; b½ � and pF a;b;q;kð Þ
q z; b½ � intro-

duced in this paper should be regarded as a class of continuous analogues (with respect to parameter b) of the classical beta
function and hypergeometric functions.

The importance of these functions is that they inherit most of the properties of the original functions and provide new
relations between different functions. In addition, these new extensions are very compatible with the fractional calculus.
Therefore, results of this paper are general in character and give some contributions to the theory of the special function.
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