Computational and Applied Mathematics manuscript No.
(will be inserted by the editor)

The roots of polynomials and the operator Ai3 on the Hahn
sequence space /1

Eberhard Malkowsky - Gradimir V.
Milovanovi¢ - Vladimir Rakocevi¢ - Orhan Tug

Received: date / Accepted: date

Abstract In this paper, we define the third order generalized difference operator A?,
where
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and show that it is a linear bounded operator on the Hahn sequence space /. Then
we study the spectrum and point spectrum of the operator Ai3 on h. Furthermore,
we determine the point spectrum of the adjoint of this operator. This is achieved by
studying some properties of the roots of certain third order polynomials.
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1 Preliminaries, background and notation

We denote the space of all complex valued sequences by ®. Each vector subspace
of  is called a sequence space. The spaces of all bounded, convergent and null se-
quences are denoted by /.., ¢ and ¢, respectively. Also ¢ is the space of all sequences
that terminate in zeros.

A sequence space X is called an F K—space if it is a complete linear metric space
with continuous coordinates p,, : X — C with p,(x) = x, for all x = (x,);7_, € X and
every n € N={1,2,...}, where C denotes the complex field. An FK space X D ¢
is said to have AK if X = lim,,_,. x", where xI" = Y xpe® (m € N) denotes the

m—section of the sequence x = (x;)7_, € X and %) = (e;k));":] for each k € N is the

sequence with e,ik) =land eE.k) =0for j # k. If ¢ is dense in X, then X is called an AD
space; thus AK implies AD. A normed FK space is called a BK space, that is, a BK
space is a Banach sequence space with continuous coordinates, [4, pp. 272-273]. The
interested reader is also referred to the text books [12,2,1,7]. The sequence spaces £,
¢ and ¢ are BK-spaces with the usual supremum norm defined by ||x||e = supep X/
By ¢4, £p, cs, cso, bs and by, we denote the spaces of all absolutely convergent, p-
absolutely convergent; where 1 < p < oo, convergent, convergent to zero, bounded
series, and bounded variation sequences, respectively. Moreover we denote by, as
the sequence space bv N ¢y.
The —duals of a sequence space X is defined as

XP ={a=(a)7.; € 0:ax= (ax )i € esforallx = (x )7 € X}.

Let X and Y be any two sequence spaces and A = (a,,k);?k:l be an infinite ma-
trix of complex numbers a,;, where k,n € N. Then, we say that A defines a matrix
transformation from X into Y denoted by writing A : X — Y, if for every sequence
x = (xx)5_, € X the sequence Ax = (A,x);_,, the so—called A—transform of x, is in Y,
where .

Aux = Za”kxk (1.1)
k=1
provided the series on the right side of (1.1) converges for each n € N. For simplicity
in notation, in what follows, the summation without limits runs from 1 to c. By
(X :Y), we denote the class of all matrices A such that A: X — Y. Thus,A € (X :7)
if and only if A, = (au);_, € XB foralln € N, and Ax € Y forall x € X.

The Hahn sequence space i was defined by Hahn [8] and studied by many math-
ematicians (see [15-17]). KiriSci [9-11] compiled all results on % in his papers. In
[9], he defined a new Hahn sequence space derived by the Cesaro mean. Moreover, in
[11], he defined the p—Hahn sequence space h,,. Yesilkayagil and Kirigci [20] stud-
ied the fine spectrum of forward difference operator A on 4. More recently, Das [5]
determined the fine spectrum of the lower triangular matrix B(r,s) on A.
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The Hahn sequence space & [8] is defined as

h= {x: () €@ Zk|Axk| < 00} Nco, (1.2)

k=1

where A denotes the forward difference operator on @, that is, Axy = x; — xee1 (=
(x¢)7_, € ) for all k € N. Hahn proved that
n
Z X | < oo p.
k=1

Rao [15, Proposition 1] showed that % is a BK space with AK with respect to the
norm given by ||x|| = Y k|Ax;| for all x € h, and characterizeed the classes (& :Y) for
Y € {co,¢, 0w, l1,h} [15, Popositions 6-10], in particular, [15, Proposition 10]

1
W= o, = {x (Xk)j=1 € @ : sup—
n N

Theorem 1 ([15, Proposition 10]) We have A € (h: h) if and only if

limap =0 forall k=1,2,..., (1.3)
n—oo
Zn|ankfan+1,k| converges forall k=1,2,..., (1.4)
n=1

n (anv - an+1,v) < oo, (1.5)

™~
M»

sup
k

n=1 1

v

Remark 1 It was shown in [13, Remark 3.10] that the condition in (1.4) is redundant,
so0 A € (h,h) is and only if the conditions in (1.3) and (1.5) are satisfied.

Let X be a Banach space. Then Z(X) is the set of all bounded linear operators
on X into itself. Also X* denotes the continuous dual of X, that is, the space of all
continuous linear functionals on X.

The adjoint operator 7% : X* — X* of T € Z(X) is defined by

(T*y*)(x) =y"(Tx) forall y* € X* and x € X, (1.6)

and T* € B(X*).
If T € #(X), then we write

o(T)=0(T,X)={A€C:T-AI ¢ BX) "}

for the spectrum of T, where I is the identity on X and Z(X)~! is the set of all
invertible operators in % (X), that is, the set of all T € (X)) that are one to one and
onto.

The point or discrete spectrum of T € Z(X) is the set
0,(T) =0,(T,X) ={A € C: Tx=Ax for some x € X \ {0}};

any A € 6,(T) is said to be an eigen value of T ([12,14,19]).
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2 The spectrum of the matrix operator A? on the Hahn sequence space /

The study of spectra of bounded linear operators is an important area of research
in operator theory, which generalizes the notion of eigenvalues. In particular, the
spectrum of difference operators has many applications in different scientific and
engineering problems concerning the eigenvalues. Our study is motivated by and
related to the results in [6, 18] and the references therein.

In this section, we define the matrix operator Af and show Al-3 € A(h). Then we
study the the spectrum and point spectrum of the operator Al-3 on h.

The operator Af is defined by

5 3 (—1) (3 3 1 -
(Ai x)k = ZO i1\ Xf—j = X — Exk,] + Xk—2 — Zxk,3 for x = (xk)k:l € ;
i—

we use the convention throughout that any term with an index < 0 is equal to zero.
Thus the operator A?x is given by the infinite matrix A = (@ )y ,_,, Where

1 (k=n,n-2)
f% (k=n—1)
Ank = 1 (n:1727 )
0 (otherwise)

First we show A € %(h) and compute the operator norm ||A?||.
Theorem 2 We have A? € %(h) and || A?|| = 49/4.

Proof 1Tt is clear that Af is linear.
We have to show by Remark 1 that

lim a,;, = 0 for all k @.1)
n—oo
and
oo m
supcy, < oo, where ¢, = — Z n Z(ank —dpi1y)| for m=1,2,.... (2.2)
m m,=1 k=1 '

The condition in (2.1) is clearly satisfied.

We are going to evaluate sup,,, ¢,.

We put by = Y01 (ank — ans1 k) for all n and m. If we omit the terms by, ,,, that
do not contain at least one nonzero term d, Or a1, then the indices of summation
n and k obviously satisfy

1<n<m+3 and max{l,n—3}<k<min{n+1,m},

and
1 m+3 max{n+1,m}
Cm = — Z n Z (ank _anJrl,k) . (23)
ma,= k=max{n—3,1}
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We put form=1,2,...

min{m,n+1}

3
1
SSn) = Z (ank _arz+l,k) )
n=1 k=1
— +1
Sm = Z ank_an+l,k) )
n=4 |k=n-3
and
3) m+3 m
Sm’ = Z n Z (ank _anJrl,k) .
n=max{4,m} |k=n—3
(i) First we show
,(,%):0 forall m=1,2,.... 2.4)

Obviously S'2) = 0 for m = 1,2,3,4. Let m > 5. Then, for4 <n <m— 1,

n+1

(@nk — An1 ,k)
k=n—3

= |arz,rzf3 — 1 pn-3+ Anpn—2 — ntipn-2

+ anpn—1—Anripn—1+ nn— A1 n+ Anpt1 — A1+l |

13 3
:‘———0+1+————1+1+ +0—-1{=0,

i 2
that is, (2.4) holds.
(ii)) Now we show
45
T (m=1)
21
S = = m=2) 2.5)
29
T (m>3)
We obtain
n_y
S17 =Y nlan —ani11| = lan — azi| 4 2|az — azn| +3laz) — aa
n=1
3 3 1 45
= 1+§‘+2}§1‘+3‘1+Z}Z,
3 2
:Z Zank*anﬂ,k
n= k=1
= |ai —azi +ain —an|+2lay —azi +axn — axn|+ |az) —as +az —agn
3 3 1 3
— 1 22141 l+-—21
‘+ +0—1|+2|-3 ++2‘+3‘+4 5 ‘
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3 5 21
and form > 3

2 3
1)

S = Z an — any1 4| +3 | Y (azk — as

=1 i=

HMN

= |ai1 — a1 +ain — an|+2lay —azi +axn —axn +ay—as

+3laz) — as1 +az — as + a3z — as3)|

2

= 1+§+071 +2 f§f1+1+§+071 +3 1+1—§71+1+—
N 2 2 2 4

4,§4¥24F1§.47z2
2 4 47

that is, (2.5) holds.
(iii) Now we show

1 (m=1)
21
— (m=2)
4
§03) _
"2 (m=3)
2 "=
15m 17
et >
1 +4 (m>4)
We have
1
SE3)4|a4]a51|4‘ZO =1,

[\S]

Z Ank — an+1,k)

5L

= 4|as1 — as) +asp — asz| + S|as) — ag1 + asr — aes|

SHPY R IS Y P O R L
n 4 4 4| 4 47
6 3
3
Sg )= n (ank *an+1,k)
n=4 |k=n—-3
3 3
Z agi+ase) | +5| ) (asy — aer) |+ 6ags —ars|
k=1 k=2

= 4|as1 — as) +asp — asry +asz — as3| + 5|asy — agr + as3 — ag3
+ 6|aez — a3

3
2

(2.6)
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1 1 3 1 1 1
=4 041 4+-—2—1|+5|———0+1+-|+6|—-
ot e
3 25
—6+5+§—7
and form > 4
3) m+3 m
Sw’ =Y n|Y (@ — ans1x
n=m |(n—3

= m|am,m73 — am+1m—3 + Amm—2 — Am+1,m—2 + Amm—1 — Am+1,m—1
+ amm — Am+1 ,m|
+ (m + 1)|am+l m=2 = Am+2m—2 F A1 m—1 — Am2,m—1 + A+ 1.m — Am+2.m
+ (m + 2) |am+2,mfl — p+3,m—1 1 Am+2.m — am+3,m|
+ (m + 3) |am+3,m - am+4,m|

1 1 3 3 1 1 3
=m|—=—0+14-—2>—1+1+2 D]—=—0+14-—2—1
m’40+ +71-5 ++2‘+(m+)‘40+ +7175
+(m+2) ] 0+1 : + (m+3) L
" 4 iR 4
3 m+3 15m 17
=m+(m+1)J+m+2)+— ===+
Finally, it follows from (2.4), (2.5) and (2.6)

45 49
== =1
1 /21 21 21
| —+— | =— (m=2)

o= Lis) 50— 2<4 4> 4

"o e 1(29 25\ _79 (m=23)
3\4 " 2) 12 "=
1 /29 17 15m 15 23
=4 4 T ) =24 = >
m<4+4 4) 4  2m (m>4)

Obviously
49

c1 > ¢y forall m>2, sothat supc, =c; = 7
m

Thus the condition in (2.2) is satisfied, so A? € A(h), and it follws from [13, Corol-
lary 3.15 (a)] that

49
A = supem = —. 2.7)
m 4

Now we determine the spectrum of A? € Z(h).

Theorem 3 We have

G(Al3,h)c{/1€@:|1k|§14—l}_ 2.8)
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Proof We assume |1 —A| > 11/4.
First, we observe that since Af — Al is a triangle, its inverse B = (bu)y i =

(A} — AI)~! exists. An application of [3, Theorem 2] yields

1
Sy 0 0 0 0 0
3 1
2(1-1)2 -2 0 0 0 0
5440 3 1
4(1-2)3 2(1-2)2 -2 0 0 0
2424204 +5 5442 3 1 0 0
B = 8(1-2)* 4(1-1)3 2(1-2)2 -1
2812452 +1 202420A+5 5442 3 1 0
16(1-2)3 8(1—A)* 4(1-1)3  2(1-A)2 1-14
16A3+150A24-84A—7 2842452441 2A2420A+5 5444 3 1
32(1—1)0 16(1—2)3 8(1I-A)*  4(1-A)3 2(1-A)2 1-2

We obtain the general expression of elements b, in terms of & = 1/(1 — 1), for all
k < n by the following calculation as

1

bn,n: ngv
_ 3 3
bn,nfl - 2(171)2 - 25 ]
544 1,
bn,nfz - m - 45 (95 4)a

207420045 1

bun3 = W = géz (2752_245 +2),

2824524 +1 1 5,0 4

16A° +150A% + 842 -7 1 4 5 s
bup-s = (1A% =35 (24387 —432£% 4 1988 — 16)

- 40% 4+ 192A° + 48047 + 684 — 15
e 64(1—21)7

1
= @53 (729E* — 1620&3 + 1080E2 — 208& +4),

) _ 3(44A% 436843 + 34217 —20A —5)
mA=7 = 128(1-1)8

3
= 1—2854 (729E* — 1944E3 + 171082 — 544& +44)
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1 3 1
bn,k = m (Eb”]’k — bnfz,k + an3~,k) forallk<n—1, etc.

We obtain by the computation above

1

T—7 (k=n),
_ 1 3 1
bk =4 — by 1k —bp okt —by3ix) (0<k<n—1), (2.9)
1— 2 4
0 (k> n).

Now we prove B € Z(h). We have to show by Remark 1 that

lim b, =0 for all k (2.10)
n—soo
and
1 ed m
supc, < o, where ¢, = — Z n Z(b”k_anr[’k) for m=1,2,.... (2.11)
m ma21 k=1
First, we observe that the recursion formula (2.9) yields
busije1 =bp for1 <k<n andn=1,2,.... (2.12)

So in order to show (2.10), it suffices to show

lim o, =0, where o, = b, for all n.
n—soo

We apply the recursion formula

1 3 1
< g (51 g) maxtlon il e jon o)

11 1
= 4 : TM : |OC,,| |a where |OC,,|| = max{|oc,,,1|, |Oﬂn,2|, |OCn,3|}

Writing
| Q| = max{ |, 1], [0, 2], |0y, 3|} for 1 > 1,

and |o| = max{|oa|, ||, ||}, we obtain by repeated application of the recursion

formula
1 1 n/3
<= — Jal.
wl< (G )l

S

_ s/
P=\7 T1=7

—_—

Finally, we put

<1,

and obtain
lo,| < p"ex| for n>1,
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hence
0 < lim |0y, | < || lim p" =0
n—oo n—oo

Thus we have shown (2.10).
Now we show (2.11).
We put

oo

and Sm Z n

n=m

m—1

+
= Z Z n+1 k
n=1 k=1
We obtain for m = 1, S{") = 0 and by Part (2.10)

V=Y nlbu —bys1a| <o (Z np" + Z”P”“) = |e|(1+p)S,

n=1 n=1 n=1

bk — bay1.4)]-

I Ms

where

S= inp” < oo,
n=1

Furthermore, if m > 2, we obtain by (2.12), and since b, 1.1 = 0,

0 m—1 |n+1
Sm’ = Z n (bnk_bn+l,k)
n=1 |k=1
m—1
= |bnl *brhtl,l +bn2*bn+l,2+ tee +bn,n *bn+l,n+bn,n+l 7bn+l,n+l
n=1
m—1 m—1

and
) v |
S’ = Zn Z(bnk_bn+l,k)
n=m |k=1
= Z n|bn+l 11— nm| < |(X| Z nPnHJr Z n|bn m+1,1
n=m n=m
<lal{ Y "'+ Y (n4+m)p" |,
n=m n=1
and so

S 4+ 8% = |a ((p + 1)S+m2p”> .
n=1
Consequently, we have

supcy, = supm (S,(,,) +S,(n)) < oo,

m m

Thus we have also shown (2.11).
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Now we show that the point spectrum of the operator Ai3 on the Hahn space is
equal to the empty set.

Theorem 4 We have
o,(Ah) = 0. (2.13)

Proof We assume that A is an eigenvalue of the operator A?. Then there exist non—
zero eigenvectors x € & such that A’x = Ax, that is,

rT1.0 0 0 0 0---7[x x|
-2 1.0 0 00- X X
1—=3 1.0 0 0|y X3
-+ 1-3 1 00 -2
0—1 1-3 1 0-
0 0-% 1-3 1| |x Xn
This yields
xp = Axp,
7EX+X*)LX
21 2 = 2
3
x| — E.XQ +x3 = )LX3,
1

bxr— x b = A
—=X1+Xx2— =x3+x4 = Ax.
R AR Rt 45

3
_an73 +Xp—2— Exnfl +x, = Axp,

Let k € N is the smallest index for which x; # 0. Then x; = Axy implies A = 1
and then x;.1 = (—3/2)x; + x11, that is, x; = 0, a contradiction.

If T € B(h) given by a matrix A, that is, if 7' (x) = Ax for all x € h, then it is known
[19, V. 8, Problem 7, p. 233] that the adjoint operator 7" : A* — h™ is defined by the
transpose A’ of the matrix A.We note that the continuous dual #* of & is isometrically
isomorphic to ([13, Propostion 2.3]) 0.

3 Roots of polynomials

We want to estimate the point spectrum of 7*. To be able to achieve this we need to
study the roots of the polynomial

P(z) =2 42 +62+4(—1+1)=0. @D
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We put A = 14re® (r=[1—1| >0, 6 € [0,27)). The roots of any polynomial are
continuous functions of its coefficients; in our case they are a continuous function of
the constant term ao = 4re'® and in this problem we are only interested in the roots

z;. of the polynomial _
P(z) = 22 — 422 + 67+ 4rel?. (3.2)

If = 0, then z; = 0 and the other two roots are then the complex numbers 2 +iv/2.
If 6 =0 or 6 = 7, that is, a9 = +4r real, then z; will be always real,

{/3\/5\/276% +176ag+ 288 — 27ag — 88
32
2V2

3\3/3\/5\/27a3+ 1760 +288 — 27ag — 88

21 =Z1(Clo) ==+

[SSTRE N

and the other two roots are conjugate complex with absolute value greater than 1. For
such a value z;, which is a decreasing function with respect to ag, we have z; (—3) = 1
and z;(11) = —1 (of course, z;(0) = 0), that is, |z;| < 1if =3 < ap < 11 (for 6 =0
we must have r < 11/4, and for 6 = &, r < 3/4).

For complex ay = 4rei® | the behaviour of the absolute value of the root z] 18
shown in the picture for 0 < 6 < 27, and for some characteristic values of r (=
1/4,1/2,3/4), as well as for r > 3/4, where we see that root is out of the unit circle
(Figure 1).

r=05

YRR
N
w
N

Fig. 1 Behaviour of the absolute value of the root z;

Hence, if we search the ball in the A-plane with center in 1 and where one root of
the polynomial has absolute value less then 1, then it is a ball [A — 1| < 3/4 (only for
the value A = 1 —3/4 = 1/4 of the root z; = z; (4 x 3/4e'™) = z;(—3) = 1).

But, the domain of the values of A for which the root z; has absolute value < 1 is
the interior of the curve coloured in red in Figure 2 (left). For any complex number
A on the boundary, the absolute values of roots are equal to 1. The red circle line
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corresponds to the equality |z; (—4(1 —A))| = 1. The green circle in the same figure
was earlier identified with its center in (1,0): |A — 1] < 3/4. The largest circle line
with |z;| < 1 is the blue circle line |4 — 2| <7 /4 in the same figure. There are two real
points on the circle line where |z;| = 1 with A = 1/4 and A = 15/4 corresponding
to the free terms ap = —3 and ap = 11, that is, when (r,0) = (3/4,7) and (r,0) =
(11/4,0), respectively.

I
-
S}
wl
IS

Fig. 2 A-plane

We know from Theorem 3 that the inclusion in (2.8) holds, that is,
3 11
o(A7,h) C AEC:|1—A|§Z .

Hence, we consider the interior of the blue circle and the exterior of the red curve
which is similar to a cardioide in Figure 2 (right). Let us denote this region by D and
let A = x+iy. By the symmetry of our problem it is enough to consider, for instance,
only the upper part, where Im(1) =y > 0, which we denote by D...

On the real line, one root is real

1
71(x) = 3 <4+\3/§€/3\/§\/27x2 10x+1-27x+5

22/3
V3V3V2I2 —10x+1—27x+5)

and the other two roots are conjugate complex with equal absolute values. The graphs
x+ z1(x) (red) and x — |z2(x)| = |Z2(x)| (green) are given in Figure 3. We see that
forx € [1/4,15/4], we have |z; (x)| < 1.The abolute value of the other two conjugate
complex roots is greater than 1. What is the intersection of the red and green lines,
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that is, the solution of the equation z; (x) = |z2(x)|? We obtain by direct computation

x=15/32. Then
3 S5+iv1l
71(5/32) = > 23(5/32) = 2
with absolute value 3/2.

Clearly, if x < 5/32, then the zero z;(x) is greater than the absolute value of
the other two roots. For x = 5/32, all three roots have the same absolute value. The
problem is in the interval x € (5/32,1/4], where two of the conjuate complex roots
have the same absolute value which is strictly greater than z; (x).

Fig. 3 Graphs of x — z;(x) (red) and x — |z2(x)| = |Z2(x)| (green)

We have to complete our study with the case of y > 0, that is, when A € D, . In
this case, all three zeros are complex and the absolute value of one of them is always
greater than that of the others. For fixed x € (—7/4,15/4), we can see the behaviour
of the absolute values of the roots (in three different colours) in the interval

ye (0,%\/—16x2+32x+ 105).

The graphs of the absolute values of the roots for different y for some typical values
of x are represented in the next figures. Perhaps this could be proved in a simpler way
without those graphs? Of course, in research, we can only make a conclusion that
follows from numerical calculations, which is legitimate!

35¢ 35;
3.0// 3.0//
25f 25F
2.0(/{ 20F

150 15

10E--- -- -- SR 1)) S -- -- —
05f 05F

00 05 10 15 00 05 10 15 20

Fig. 4 Graphs for x = —1 (left) and x = —0.5 (right)
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350 35¢
30F 300
2.5F 250
20F 200
15 1.5k
0] S ———— 10F--- = S
05F 05F
00 05 10 5 20 25 00 05 10 15 20 25
Fig. 5 Graphs for x = —0.25 (left) and x = —0.1 (right)
35; 35;
30F 30f
25F 25f
20 20
1.5 15k
10F--2 - = ———— 10R--D - = -
05F 05F
00 05 10 s 20 25 00 05 10 s 20 25
Fig. 6 Graphs for x = —0.01 (left) and x = O (right)
35; 35;
30F 30f
25 250
20F 200
15 15F
1Of-2 -- = L -- -
05F 05F
00 05 10 s 20 25 00 05 10 15 20 25
Fig. 7 Graphs for x = 0.125 (left) and x = 0.25 (right)
4 Some more results concerning the spectra
Let G denote the set bounded by the red curve in Figure 2 including the boundary.
Theorem 5 The point spectrum of the (Al3 )* operator on h* is
G=o0,((47)".h"). .1

Proof We assume that A is an eigenvalue of the operator (A?)*, then there exist
a non-zero eigenvector x € Ow such that (A?)*x = (A?)"x = Ax, where (A})* is
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35¢

30F

25F

20F

05F

0.0 05 1.0 1.5 20 25

00 05 1.0 1.5 20 25

Fig. 8 Graphs for x = 5/32 (left) and x = 13/64 (right). We remark that here the “blue root” greater than
the “green one” for small values of y, and this happens in a “hole” for x € (5/32,1/4] (see the earlier

situation on the real line)

35 350
25F 255
20F 20F
150 150
10F--- - - e 10f--- - - -
0.5E 05F
0.0 0‘.5 1‘40 1‘.5 2‘.0 2‘.5 0.0 0‘5 1‘.0 l‘.5 2‘0 2‘5
Fig. 9 Graphs for x = 0.5 (left) and x = 1 (right)
350 350
30F 300
2.5F 250
20F 20F
15F 15F
1.0F--- - -- === 10f--- -- -
0.5 0.5F
0.0 015 110 115 210 215 0.0 015 110 115

Fig. 10 Graphs for x = 2 (left) and x = 3 (right)

represented by the matrix

OO O —lw —

O O =W A—
O = I = B— O

SO O OO =
OO OO =W
NN P S N = I =)

X1 X1
X2 X2
X3 X3
=Al .. 4.2)
Xn Xn
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Then we have the following system of equations

st = A
X1 2x2 X3 4X4— X1

1
Xp — =X3+X4 — —X5 = Axp,

2 4
3 n - A
X3 2x4 X5 4x6 = AX3,
1
Xn = 5 Xnt1 + Xp42 — 773 = A,

We have to solve the following difference equation
Xpt3 —4xpi0+6x01 —4(1—A)x,, n> 1. 4.3)

For this we consider the roots of the polynomial in (3.2).

If A € G, then we obtain from Section 3 that the polynomial in (3.2) has a root z;
with |z;] < 1. Now we put x,, = | for each n. Then x, satisfies the recursion formula
(4.3) and it follows that

! <1,
n

n
Y
k=1

that is, x = (x,) € Ow. This shows
G C o,((A7)",h). (4.4)

To show the ocnverse inclusion of (4.4), we assume A ¢ G. The the absolute values
of the roots z1, z and z3 of our polynomial (3.2) are greater than 1. The general form
of x,, in the recursion formula (4.3) is given by

Xp =12} + 225 + €325,

where ¢, ¢p and c3 are complex constants. We write z; = p exp (i6) for k = 1,2,3
and obtain

lim =— = oo,
n—oo 1
thus
1 & én 1 Xk ] 3 ZJ(]_ZJ)
sup | — X | = sup — —— | =Sup — |+ Cj —= o9,
np nkglk nPn k;lé” np 5";1 ]_Zj

Consequently we have x € O...
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We know from Theorems 3 and 5 that
3 11
GCo(A7,h) C )»e((3:|1—)»|§Z .

Now we establish the converse inclusion and obtain altogether the following result.

Theorem 6 We have
G =o(A?,h). (4.5)

Proof We assume A € G. Then we have the recursion formula

1 1 1
b”k = m (gbnl’k - b,/,fz,k + an:;,k) for k <n— 1. (46)

To solve this, we set o, = b,, 1 and consider its characteristic equation

3 b (3. 1
W= (e -ntg) @.7)

If all the roots Uy, Uy, 13 are distinct, then the solution of the homogeneous linear
difference equation (4.7) is

o, = C ] + Gl + C3us. (4.3)
If uy = pp # Uy, then we obtain
o, = Cruf +Conpf + Gy, (4.9)
and trivially, if u; = o = u3, then
oty = Cy ) + Conl! + C3n? . (4.10)

We note that ; is a root of (4.7) if and only if y; = 1/z; for sme root z; of (3.1). Since
A & G, it follows that |w;| = 1/]z] < 1.

Now it is obvious that B € (h, k) in any of the cases (4.8), (4.9) and (4.10), and so
A g oA
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