Numerical Algorithms manuscript No.
(will be inserted by the editor)

On an optimal quadrature formula in the sense of Sard
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Abstract In this paper we construct an optimal quadrature formula in the sense of
Sard in the Hilbert space Ka(P2). Using S.L. Sobolev’s method we obtain new optimal
quadrature formula of such type and give explicit expressions for the corresponding
optimal coefficients. Furthermore, we investigate order of the convergence of the op-
timal formula and prove an asymptotic optimality of such a formula in the Sobolev
space LgQ) (0,1). The obtained optimal quadrature formula is exact for the trigonomet-
ric functions sinz and cosx. Also, we include a few numerical examples in order to
illustrate the application of the obtained optimal quadrature formula.
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1 Introduction and preliminaries

We consider the following quadrature formula

N

1
/O p(z)de =D Cup(aw), (1.1)

v=0
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with an error functional given by

N
£(z) = xqo,1)(%) — Z Cvo(z — xv), (1.2)
v=0

where C and z, (€ [0, 1]) are coefficients and nodes of the formula (1.1), respectively,
X[0,1)(%) is the characteristic function of the interval [0, 1], and d(z) is Dirac’s delta-
function. We suppose that the functions ¢(x) belong to the Hilbert space

Ko(P2) = {¢:[0,1] = R | ¢’ is absolutely continuous and ¢ € L(0,1)},

equipped with the norm

1/2

i 12 ()| = { [ (r(8) ¢<x>)2dm} , (1.3

where P (di;) = dd; + 1 and fol (P2 (d%p) Lp(ac))z dz < oo.

The equality (1.3) is semi-norm and ||¢|| = 0 if and only if ¢(x) = ¢ sinz + c3 cos z.
It should be noted that for a linear differential operator of order n, L = P, (d/dz),

Ahlberg, Nilson, and Walsh in the book [1, Chapter 6] investigated the Hilbert spaces

in the context of generalized splines. Namely, with the inner product

1
(o, %) = /0 Lo(z) - Ly(x) dz,

K5 (Pp) is a Hilbert space if we identify functions that differ by a solution of Ly = 0.
Also, such a type of spaces of periodic functions and optimal quadrature formulae were
discussed in [6].

The corresponding error of the quadrature formula (1.1) can be expressed in the
form

1 N
Rn(e) = [ e@)de =Y Coplon) = (Lo) = [ tapla)ds (14)
v=0
and it is a linear functional in the conjugate space K5 (P2) to the space Ka(P2).
By the Cauchy-Schwarz inequality

(6 0)| < llo [K2(P)|l - [[€] K3 (P2l
the error (1.4) can be estimated by the norm of the error functional (1.2), i.e.,

|15 (P)|| = sup (L)
lp | K2(P2)||=1

In this way, the error estimate of the quadrature formula (1.1) on the space Ko(Ps)
can be reduced to finding a norm of the error functional ¢(z) in the conjugate space
K3 (P2).

Obviously, this norm of the error functional ¢(z) depends on the coefficients Cy
and the nodes z,, v = 0,1,..., N. The problem of finding the minimal norm of the
error functional £(z) with respect to coeflicients Cy and nodes x, is called as Nikolskii
problem, and the obtained formula is called optimal quadrature formula in the sense of
Nikolskii. This problem first considered by S.M. Nikolskii [15], and continued by many
authors (see e.g. [3-6,16,32] and references therein). A minimization of the norm of



the error functional £(z) with respect only to coefficients Cy, when nodes are fixed, is
called as Sard’s problem. The obtained formula is called the optimal quadrature formula
in the sense of Sard. This problem was first investigated by A. Sard [18].

There are several methods of construction of optimal quadrature formulas in the
sense of Sard (see e.g. [3,26]). In the space Lgm)(a, b), based on these methods, Sard’s
problem was investigated by many authors (see, for example, [2,3,5,7-9,12-14,19, 20,
22-28,30,31] and references therein). Here, Lém) (a,b) is the Sobolev space of functions,
with a square integrable m-th generalized derivative.

It should be noted that a construction of optimal quadrature formulas in the sense
of Sard, which are exact for solutions of linear differential equations, was given in [9,
13], using the Peano kernel method, including several examples for some number of
nodes.

An optimal quadrature formula in the sense of Sard was constructed in [21], using

Sobolev’s method in the space Wém’mil)(O, 1), with the norm defined by

B 1 9 1/2
e o ={ [ (470 + 47 ) as)

In this paper we give the solution of Sard’s problem in the space K3(P2), using
Sobolev’s method for an arbitrary number of nodes N. Namely, we find the coefficients
Cy (and the error functional ¢) such that

161765 (Pe)| = in| € 1765 (P2)]- (1.5)

Thus, in order to construct an optimal quadrature formula in the sense of Sard in
K5 (P2), we need consequently to solve the following two problems:

PROBLEM 1. Calculate the norm of the error functional £(x) for the given quadrature
formula (1.1).

PROBLEM 2. Find such values of the coefficients Cy such that the equality (1.5) be
satisfied with fized nodes x, .

The paper is organized as follows. In Section 2 we determine the extremal function
which corresponds to the error functional ¢(x) and give a representation of the norm of
the error functional (1.2). Section 3 is devoted to a minimization of ||¢]|® with respect
to the coefficients C,,. We obtain a system of linear equations for the coefficients of the
optimal quadrature formula in the sense of Sard in the space Ka(Ps). Moreover, the
existence and uniqueness of the corresponding solution is proved. Explicit formulas for
coefficients of the optimal quadrature formula of the form (1.1) are found in Section
4. In Section 5 we calculate the norm of the error functional (1.2) of the optimal
quadrature formula (1.1). Furthermore, we give an asymptotic analysis of this norm.
Finally, in Section 6 some numerical results are presented.

2 The extremal function and representation of the error functional £(x)

In order to solve PROBLEM 1, i.e., to calculate the norm of the error functional (1.2) in
the space K3 (P2), we use a concept of the extremal function for a given functional. The
function y(z) is called the extremal for the functional ¢(z) (cf.[27]) if the following
equality is fulfilled

(6,3pe) = ||C1 K5 (P2)| - llvoe [K2(P2)l- (2.1)



Since Ko(P>) is a Hilbert space, the extremal function v, (z) in this space can be
found using the Riesz theorem about general form of a linear continuous functional on
Hilbert spaces. Then, for the functional £(z) and for any ¢ € Ko(P2) there exists such
a function 1y € Ko(P2), for which the following equality

(6,0) = (e, 0) (2.2)
holds, where
1
(e, 0) = /0 (W () + (@) (9" (@) + () da (2.3)

is an inner product defined on the space Ka(P2).

Further, we will investigate the solution of the equation (2.2).

Let first ¢ € C(%)(0,1), where C(°)(0,1) is a space of infinity-differentiable and
finite functions in the interval (0, 1). Then from (2.3), an integration by parts gives

(2. 0) = / (04 (2) + 207 (2) + vu(e)) p(a) da. (2.9
According to (2.2) and (2.4) we conclude that

Ui (@) + 20 () + ve(w) = £(=). (2.5)

Thus, when ¢ € Cc*(oo)(O7 1) the extremal function v, (z) is a solution of the equation
(2.5). But, we have to find the solution of (2.2) when ¢ € Ka(P2).

Since the space CD’(OO)(O7 1) is dense in K3 (Ps), then functions from Ko(Ps) can be
uniformly approximated as closely as desired by functions from the space C (OO)(O, 1).
For ¢ € Ko(P2) we consider the inner product {1y, ). Now, an integration by parts
gives
1

(e, 0) = (W) +0e(@)) (@) || — (@) + 0i(@)) (o) |

0
1
4 / (w§4><x> 20 () + o(2)) () de
0

Hence, taking into account arbitrariness ¢(z) and uniqueness of the function v, (z) (up
to functions sin x and cos x), taking into account (2.5), it must be fulfilled the following
equation

Y (@) + 207 (2) + () = L), (2.6)

with boundary conditions
¥y (0) + (0) = 0, g (1) +1be(1) =0, (2.7)
¥ (0) +4p(0) = 0, ¥y (1) + (1) = 0. (2.8)

Thus, we conclude, that the extremal function 1,(z) is a solution of the boundary
value problem (2.6)—(2.8).
Taking the convolution of two functions f and g, i.e.,

(f*9)(a /f:r— dy—/f y) dy, (2.9)

we can state the following result:



Theorem 2.1 The solution of the boundary value problem (2.6) — (2.8) is the extremal
function ¥y(x) of the error functional £(x) and it has the following form

Yy(x) = (G £)(z) + dysinx + da cos z,

where d1 and do are arbitrary real numbers, and
1
G(z) = 1 signz (sinz — x cos ) (2.10)
is the solution of the equation

Wi (@) + 20 (@) + Ye(a) = 6(x). (2.11)

Proof 1t is known that the general solution of a non-homogeneous differential equa-
tion can be represented as a sum of its particular solution and the general solution
of the corresponding homogeneous equation. In our case, the general solution of the
corresponding homogeneous equation for (2.6) is given by

w?(x) =dysinz + da cosz + dsx sinx + dgx cos z, (2.12)

where dp, k = 1,2,3,4, are arbitrary constants. It is not difficult to verify that a
particular solution of the differential equation (2.6) can be expressed as a convolution
of the functions £(z) and G(x) defined by (2.9). The function G(z) is the fundamental
solution of the equation (2.6), and it is determined by (2.10).

According to the general rule for finding fundamental solutions of a linear differ-

ential operators (cf. [29, p. 88]), in our case for the operator — + 2— + 1 we get
(2.10) da? dax?

Thus, we have the following general solution of the equation (2.6)
Ye(z) = (€ + G)(z) + dysinx + dg cosz + d3zsinx + dax cos z. (2.13)

In order that in the space Ka(P2) the function 1, (z) will be unique (up to functions
sinz and cosz), it has to satisfy the conditions (2.7) and (2.8), where derivatives are
taken in a generalized sense. In computations we need first three derivatives of the
function G(z):

signx sign x

G'(x) = 51g¥ zsinz, G'(z)= (sinz+x cosz), G (x) = (2cosz—z sinx),

where we used the following formulas from the theory of generalized functions [29],
(signz)’ = 28(x), 6(x)f(z) = 6(2)/(0).

Further, using the well-known formula

L(Fx0)@) = (' x9)@) = ( + (@),
we get

Yp(x) = (0+ G')(x) + dzsinz + (di + d3x) cosx + dy cosz — (dg + dgx) sinz,
Vg (x) = (€% G")(x) + 2d3 cosx — (dy + dzx) sinx — 2dy sinx — (d + dazx) cos z,
¥y (x) = (Lx G"")(x) — 3dgsinz — (d1 + d3z) cos & — 3dy cos & + (dg + dgz) sin .



Then, using these expressions and (2.13), as well as expressions for G¥)(z), k =
0,1, 2,3, the boundary conditions (2.7) and (2.8) reduce to

(€(y),siny) + 4d3 =0,
sinl- ((y),cosy) — cos1- (£(y),siny) + 4d3 cos 1 — 4dysinl = 0,
(¢(y), cosy) + 4dg =0,
cos1- (£(y),cosy) +sinl- (£(y),siny) — 4dgsinl — 4dg cos 1 = 0.

Hence we have d3 = 0, dg = 0, and therefore

(£(y),siny) =0,  (£(y), cosy) = 0. (2.14)
Substituting these values into equality (2.13) we get the assertion of this theorem.
Thus, Theorem 2.1 is proved. a

The equalities (2.14) mean that our quadrature formula will be exact for functions
sinz and cosz.

Now, using Theorem 2.1, we immediately obtain a representation of the norm of
the error functional

N N
K3 (Py)||” = (6x), ve(@) = 3 3 CuCy Glay — 24)

v=0~=0

N 1 1 1
_21/2_:()CV/0 G(m—xy)dx+/0 /0 Gz —y)dzdy. (2.15)

Thus, PROBLEM 1 is solved. Further in Sections 3 and 4 we deal with PROBLEM 2.

3 Existence and uniqueness of optimal coefficients

Let the nodes z, of the quadrature formula (1.1) be fixed. The error functional (1.2)
satisfies the conditions (2.14). Norm of the error functional ¢(z) is a multidimensional
function of the coefficients C,, (v = 0,1,..., N). For finding its minimum under the
conditions (2.14), we apply the Lagrange method. Namely, we consider the function

¥ (Cy,Cq,...,CN,d1,d2) = ||Z||2 —2d; (U(x),sinz) — 2d2 (¢(x), cos x)

and its partial derivatives equating to zero, so that we obtain the following system of
linear equations

N
Z CyG(xy — ) +dysinzy +dacoszy = f(zy), v=0,1,...,N, (3.1)
~v=0

N N

Z Cysinzy =1—cos1, Z Cycosxy =sinl, (3.2)
7=0 v=0

where G(z) is determined by (2.10) and

1
flzw) :/0 G(z — zy) dz.



The system (3.1)—(3.2) has the unique solution and it gives thee minimum to ||¢ H2
under the conditions (3.2).

The uniqueness of the solution of the system (3.1)—(3.2) is proved following [28,
Chapter I]. For completeness we give it here.

First, we put C = (Cp, C1,...,Cpn) and d = (d1, d2) for the solution of the system
of equations (3.1)—(3.2), which represents a stationary point of the function ¥ (C, d).

Setting Cy, = Cy, + Cy1,, v =0,1,..., N, (2.15) and the system (3.1)-(3.2) become

N N N 1
12 =305 ol Glaw —20) — 23 (@ + cl,y)/ Gz — 2y da
v=0 0

v=0~=0

N N

1l
+ Z Z (2CLC1y + C1,,C1 ) Gz — ) + / / Gz —y)dzdy (3.3)
v=0~7=0 0Jo

and

N
ZéyG(xV —xzy) +disinz, +dacoszy, = F(zy), v=0,1,...,N, (3.4)

~y=0

N o N .

Z Cysinzy =0, Z Cycoszy =0, (3.5)
=0 v=0

N
respectively, where F(zy) = f(zv) — Y C17G(zv — ) and C14,v=0,1,..., N, are
=0

partial solutions of the system (3.2).

Hence, we directly get, that the minimization of (2.15) under the conditions (2.14)
by Cy is equivalent to the minimization of expression (3.3) by C, under the conditions
(3.5). Therefore, it is sufficient to prove that the system (3.4)—(3.5) has the unique
solution with respect to C = (Co,C1,...,Cpn) and d = (d1, d2) and this solution
gives the conditional minimum for H£H2 From the theory of the conditional extremum,
we need the positivity of the quadratic form

2
dC)=>_ > &@@ (3.6)

on the set of vectors C = (Cp,C1,...,Cp), under the condition
SC =0, (3.7)
where S is the matrix of the system of equations (3.5)

__ ([ sinzg sinzy --- sinzy
cosTg cosxy --- cosTy )

Now, we show, that in this case the condition is satisfied.

Theorem 3.1 For any nonzero vector C € RN+1, lying in the subspace SC = 0, the

function &(C) is strictly positive.



Proof Using the definition of the function ¥(C,d) and the previous equations, (3.6)
reduces to

?(C)=2 E E G(zy — 24)C,CH. (3.8)
v=0~v=0

Consider now a linear combination of delta functions
N —_
Se() =v2) _ Cud(z— ). (3.9)
v=0

By virtue of the condition (3.7), this functional belongs to the space K3 (P2). So,
it has an extremal function ug(z) € Ka(P2), which is a solution of the equation

4 2
<% + 2% + 1) ug(z) = og(z). (3.10)

As ug(z) we can take a linear combination of shifts of the fundamental solution G/(z):

N
ug(r) = V2 Z CLG(x — zv),
v=0
and we can see that

||u6|K2(P2)H2 = (bgrug) =2 Y CuCyG(zy —21) =@ (C).
v=0~=0

Thus, it is clear that for a nonzero C the function @ (C) is strictly positive and Theo-
rem 3.1 is proved. a

If the nodes zg, x1,...,x N are selected such that the matrix S has the right inverse,
then the system of equations (3.4)—(3.5) has the unique solution, as well as the system
of equations (3.1)—(3.2).

Theorem 3.2 If the matriz S has the right inverse matriz, then the main matriz Q
of the system of equations (3.4)—(3.5) is nonsingular.

Proof We denote by M the matrix of the quadratic form %@ (6), given in (3.8). It is
enough to consider the homogenous system of linear equations

N <§> N (A; %) (g) =0 (3.11)

and prove that it has only the trivial solution.
Let C, d be a solution of (3.11). Consider the function ds(x), defined before by
(3.9). As an extremal function for §s(z) we take the following function

N
ug(r) = V2 Z CuG(x — xy) + dy sinz + da cos z.

v=0

This is possible, because ug belongs to the space Ko(P>) and it is a solution of the
equation (3.10). The first N + 1 equations of the system (3.11) mean that ug(z) takes



the value zero at all nodes z,, v = 0,1,..., N. Then, for the norm of the functional
ds(x) in K3(P2), we have

N
6155 (P2)||* = (6 ug) = V2D Cuuglaw) =0,
v=0

which is possible only when C = 0. Taking into account this, from the first N + 1
equations of the system (3.11) we obtain S*d = 0. Since the matrix S is a right-
inversive (by the hypotheses of this theorem), we conclude that S* has the left inverse
matrix, and therefore d = 0, i.e., d; = d2 = 0, which completes the proof. a

According to (2.15) and Theorems 3.1 and 3.2, it follows that at fixed values of
the nodes z,, v = 0,1,..., N, the norm of the error functional ¢(x) has the unique
minimum for some concrete values of C, :8’1,, v=20,1,...,N. As we mentioned in
the first section, the quadrature formula with such coefficients 8’,, is called optimal
quadrature formula in the sense of Sard, and é’y, v = 0,1,...,N, are the optimal

o
coefficients. In the sequel, for convenience the optimal coefficients €, will be denoted
only as Cy.

4 Coeflicients of optimal quadrature formula in the sense of Sard

In this section we solve the system (3.1)—(3.2) and find an explicit formula for the
coefficients C),. We use a similar method, offered by Sobolev [26] for finding optimal
coefficients in the space Lém) (0,1). Here, we mainly use a concept of functions of a dis-
crete argument and the corresponding operations (see [27] and [28]). For completeness
we give some of definitions.

Let nodes z,, are equal spaced, i.e., x, = vh, h = 1/N. Assume that ¢(z) and ¥(z)

are real-valued functions defined on the real line R.

DEFINITION 4.1 The function ¢(hv) is a function of discrete argument if it is given on
some set, of integer values of v.

DEFINITION 4.2 The inner product of two discrete functions ¢(hv) and ¥ (hv) is given
by

oo

[3071/)] = Z SO(hV)'w(h’/%

v=—00
if the series on right hand side converges absolutely.

DEFINITION 4.3 The convolution of two functions ¢(hv) and ¢ (hv) is the inner product

o0

o(hw) x p(hw) = [p(h), ¥(hw = )] = Y @(h7) - (v = h).

y=—00

Suppose that C,, = 0 when v < 0 and v > N. Using these definitions, the system
(3.1)—(3.2) can be rewritten in the convolution form

G(hv) * Cy + dy sin(hv) + da cos(hv) = f(hv), v =0,1,...,N, (4.1)
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N N
Z Cysin(hv) =1 — cos 1, Z Cy cos(hv) =sinl, (4.2)
v=0 v=0

where

f(hv) = =[4—(2+2cos1+sinl)cos(hv) — (2sinl — cos 1) sin(hv)

N

+sinl- (hv) cos(hv) — (1 4 cos1) - (hv)sin(hv)]. (4.3)

Now, we consider the following problem:

PROBLEM A. For a given f(hv) find a discrete function Cy and unknown coefficients
dy, da2, which satisfy the system (4.1) — (4.2).

Further, instead of Cy we introduce the functions v(hv) and u(hv) by
v(hv) = G(hv) * Cy  and  u(hv) = v(hv) + dy sin(hv) + d2 cos(hv).

In such a statement it is necessary to express Cp, by the function u(hv). For this we
have to construct such an operator D(hv), which satisfies the equation

D(hv) « G(hv) = 6(hv), (4.4)

where §(hv) is equal to 0 when v # 0 and is equal to 1 when v = 0, i.e., d(hv) is a
discrete delta-function.

In connection with this, a discrete analogue D(hv) of the differential operator
a4 2
ey +2W +1, which satisfies (4.4) was constructed in [11] and some properties were
x x
investigated.
Following [11] we have:
d* d?
Theorem 4.1 The discrete analogue of the differential operator P + QW +1
x x
satisfying the equation (4.4) has the form

A A= vl > 2,

2

D(hv) = sinh — h cosh

1+ A, v =1, (4.5)
2hcos2h —sin2h ~ Aj
sinh — hcosh BV
where
4h? sin* h A2
(A2 —1)(sinh — hcos h)?

2h — sin2h — 2sin h Vh2 — sin? h

2(hcosh —sinh)

Al =

and

Ap =

is a zero of the polynomial

2h — sin(2h)
—— A +1 4.
sinh — hcosh +th (4.6)

Q2(0) = A" +

and |A\1| <1 and h is a small parameter.
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4 2
Theorem 4.2 The discrete analogue D(hv) of the differential operator %—‘,—2%—1—1

x T
satisfies the following equalities:

1) D(hv) *sin(hv) = 0,

2) D(hv) x cos(hv) =0,

3) D(hv) x (hv)sin(hv) = 0,

4) D(hv) * (hv) cos(hv) = 0,
D(hv)

5) D(hv) x G(hv) = §(hv).

Here G(hv) is the function of discrete argument, corresponding to the function G(z)
defined by (2.10), and 6(hv) is the discrete delta-function.

Then, taking into account (4.4) and Theorems 4.1 and 4.2, for optimal coefficients
we have
Cy = D(hv) x u(hv). (4.7)

Thus, if we find the function u(hv), then the optimal coefficients can be obtained
from (4.7). In order to calculate the convolution (4.7) we need a representation of the
function u(hv) for all integer values of v. According to (4.1) we get that u(hv) = f(hv)
when hv € [0, 1]. Now, we need a representation of the function u(hv) when v < 0 and
v>N.

Since Cy = 0 for hv ¢ [0, 1], then Cp = D(hv) x u(hv) = 0, hv ¢ [0, 1]. Now, we
calculate the convolution v(hv) = G(hv) * Cy when hv ¢ [0,1].

Let v < 0, then, taking into account equalities (2.10) and (4.2), we have

v(hw) = G(hv)* Cy = Y Cy G(hw — hy)

y=-00

N .
= Z va (sin(hv — hy) — (hv — hy) cos(hv — hy))
v=0

= —i[(sin(hu) — hvcos(hv)) sinl — (cos(hv) 4+ hvsin(hr))(1 — cos 1)
N N
+ cos(hv) Z Cy hry cos(hy) + sin(hv) Z Cy hysin(hv)].

~=0 ~=0

Denoting by = %nyvzo Cy hysin(hy) and by = %Zi\;o Cy hry cos(hy), we get for
<0

v(hv) = fi[(sin(hy) — hvcos(hv)) sinl — (cos(hv) 4+ hvsin(hv))(1 — cos 1)
+4by sin(hv) + 4ba cos(hv)],
and for v > N

v(hv) = =[(sin(hv) — hv cos(hv)) sinl — (cos(hv) + hvsin(hv))(1 — cos 1)

-

+4by sin(hv) + 4ba cos(hv)].
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Now, setting
- _ - _ + + _
di =d1—b1, dy =da—0ba, df =di1+b1, dy =da2+0bs

we formulate the following problem:

PROBLEM B. Find the solution of the equation
D(hv) xu(hv) =0, hv ¢0,1], (4.8)
in the form
( 5121 (sin(hv) — hv cos(hv)) + %(cos(hu)
+hvsin(hv)) 4+ dy sin(hv) + dy cos(hv), v <0,
u(hv) = ¢ f(hv), 0<v <N, (4.9)
S0 L (in(hv) — hv cos(hv)) — 125251 (cos(hv)

+hvsin(hv)) + df sin(hv) + df cos(hv), v> N,

\

where di , dy , di", d;‘ are unknown coefficients.

It is clear that
n= () () e () ()

These unknowns d; , dy , d'l", d;‘ can be found from the equation (4.8), using the
function D(hv). Then, the explicit form of the function u(hr) and optimal coefficients
C, can be obtained. Thus, in this way PROBLEM B, as well as PROBLEM A, can be
solved.

However, instead of this, using D(hv) and u(hv) and taking into account (4.7), we
find here expressions for the optimal coefficients C,, v = 1,..., N — 1. For this purpose
we introduce the following notations

2
P= Sinkh—hcosh’

oo
A 1,. .
m=3 SEN [ = g (sin(=h) + hy cos(hy)) sin 1
=1

—|—i(cos(h'y) + hy sin(hy))(1 — cos 1) — dy sin(hy) + dy cos(hy) — f(—hv)|,

z:: Tp [ (sin((N +y)h) — (N 4+ ~v)hcos((N +v)h))sin1 — i(cos((N +v)h)

+((N 4+ y)hsin((N +~)h))(1 — cos 1) + di sin((N +~)h)

+dF cos((N +~)h) — F((N +v)h)|.

The series in the previous expressions are convergent, because |[A\| < 1.
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Theorem 4.3 The coefficients of optimal quadrature formulas in the sense of Sard of
the form (1.1) in the space Ko(P2) have the following representation

4(1 — cosh)

Cv = h+sinh

+mA AN v=1,...  N—1, (4.10)
where m and n are defined above, and A1 is given in Theorem 4.1.

Proof Let v € {1,..., N — 1}. Then from (4.7), using (4.5) and (4.9), we have

o0

Cy = D(hv) xu(hv) = Z D(hv — hy)u(hy)
y=—00
—1 N ']
= Z D(hv — hy)u(hy) + Z D(hv — hy)u(hy) + Z D(hv — hy)u(hy)
y=—o00 ¥=0 y=N+1
= D(hv) x f(hv) + Z Alp)\"'w[ le(sin(fhv) + hycos(hy)) sin 1
+i(cos(h’y) + hysin(hy))(1 — cos1) — dy sin(hvy) + dy cos(hy) — f(—h7)

+ Z A1p N—H v [i(sin((]\f +7)h) — (N +y)hcos((N + ~)h))sinl — i(cos((N +7)h)

+((N +7)hsin((N +)h))(1 = cos 1) +dy sin((N +7)h) +d3 cos((N +7)h) = f(N +)h)|.
Hence, taking into account the previous notations, we get
Cy = D(hw) * f(hv) +mA{ +nAN . (4.11)

Now, using Theorems 4.1 and 4.2 and equality (4.3), we calculate the convolution
D(hv)  f(hv). Namely,

oo

D(hw)xf(hv) = D(hw)s1 = Y D(hy) = D(0)+2D(h)+2 » _ D(hy) =

Y=—0o 7:2

4(1 — cosh)
h+sinh

Substituting this convolution into (4.11) we obtain (4.10), and Theorem 4.3 is proved.
0

According Theorem 4.3 it is clear, that in order to obtain the exact expressions of
the optimal coefficients C),, we need only m and n. They can be found from an identity
with respect to (hr), which can be obtained by substituting the equality (4.10) into
(4.1). Namely, equating the corresponding coefficients the left and the right hand sides
of the equation (4.1) we find m and n. The coefficients Cy and C'y follow directly from
(4.2).

Finally, we can formulate and prove the following result:
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Theorem 4.4 The coefficients of the optimal quadrature formulas in the sense of Sard
of the form (1.1) in the space Ko(P2) are

2sinh — (h + sinh) cos h h —sinh N_1
- - AL+ A , v=0,N,
c (h+sinh)sinh (h—|—sinh)sinh(1+)\{v)( ! r)
v 4(1 — cosh) 2h(h — sinh)sinh

A+, v=1,.

h +sinh (h+sinh)(hcosh —sinh)(1 + AV)
where A1 is given in Theorem 4.1 and || < 1.

Proof First from equations (4.2) we have

N-1 N-1

o cos1(1 —cosl) cos 1 — .
Cop =sinl — e E Cy cos(hy) + snl Cy sin(hy),
y=1 ~y=1
N-1
1—cosl 1 .
ON = =51 sl 7271 Cr sin(hy).

Hence, using (4.10), after some simplifications we get

(h —sinh)(1 —cosl) +2sin1(1 — cosh)

Co = sin 1(h + sin h)
A1(sinlcosh — coslsinh) + )\f“"l sinh — A2 sin 1
(A2 +1—2Xjcosh)sinl
AV+1l(sin1cosh — sinhcos1) + A1sinh — )\{V sin 1
1 (4.12)
—n , .
(A2 +1—2X;cosh)sinl
Oy = (h—sinh)(1 — cos1) +2sin1(1 — cosh)

sin 1(h + sin h)

)\le'H(sin lcosh —sinhcos1) + Apsinh — A sin 1
(A2 +1—2Xjcosh)sinl

A1(sinlcosh — coslsinh) + )\{\Hl sinh — A2 sin1
(A2 +1—2X; cosh)sinl '

—Nn

(4.13)

Further, we consider the convolution G(hv) * Cy in equation (4.1), i.e.,

N
G(hw)* Cy =Y CyG(hv — hy)
v=0

al sign(hv —
= E Cyw [sin(hv — hy) — (hv — hy) cos(hv — hy)]
v=0

=51 — 5o, (4.14)

where

1< ,
S = 3 ZO Cy [sin(hv — h7y) — (hv — hy) cos(hv — hy)]
=
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and
N

1 .
=7 Z Cy [sin(hv — hy) — (hv — hy) cos(hv — hy)] .
v=0
Using (4.10) we obtain

S1 = %O{) [sin(hv) — hv cos(hv))

v
Jr% Z(k +mA] + n)\f['ﬂ_u)[sin(hy — hy) — (hv — hy) cos(hv — hv)]

y=1
1 1 v—1
= 5C’o [sin(hv) — hv cos(hv)] + 3 Z(k +mA Y 4+ AN T T [sin(hy) — by cos(hy)),
v=0

where k = 4(1 — cosh)/(h + sin h). After some calculations and simplifications S can
be reduced to the following form

h —sinh)(1—cosl) m( (A1 cos1 — AN Thysinh hsinh(A — A3) >

(
S1=1
! + [ 2sin1(h + sinh) 2sin1(A3 +1— 2\ cosh) = 2(A3 4+ 1 — 2X; cos h)?

/\N-‘rl 1— 2\ inh hsi h/\N+37AN+1
( (g " cos 1) sin sin h(d; 1 )> sin(hv) — cos(hv)

28in1(A\2 + 1 — 2A1 cos h 2(A2 41— 2)\; cosh)?
1 1

[ sin h A1 sinh AN Hsinh

- hv) sin(h
h+sinh mQ()\%—Fl—Q/\lcosh) +n2()\%+1—2/\1cosh):|( v) sin(hv)

+[(h —sinh)(cos1—1) m()\l cos1 — A+ ysinh B n()\f["'l cos1— A1) sin h} hv cos(hv)
h+sinh /\%+1—2)\1cosh )\%+1—2)\1cosh) 2sinl ’

where we used the fact that A\ is a zero of the polynomial Q2(\) defined by (4.6).
Also, keeping in mind (4.2), for So we get following expression

Sy = i {sin 1sin(hv) — (1 — cos 1) cos(hv) — sin 1(hv) cos(hv) — (1 — cos 1) (hv) sin(hv)

N N
+ cos(hv) Z (h7y) cos(hy) + sin(hv) Z Cy(h7) sm(h’y)]
y=1 y=1

Now, substituting (4.14) into equation (4.1) we get the following identity with

respect to (hv)
S1 — S + dy sin(hv) + da cos(hv) = f(hv), (4.15)

where f(hv) is defined by (4.3).

Unknowns in (4.15) are m, n, d1 and d2. Equating the corresponding coefficients
of (hv)sin(hv) and (hv) cos(hv) of both sides of the identity (4.15), for unknowns m
and n we get the following system of linear equations

2hsin h(h — sin h)
(h +sinh)(hcosh —sinh)’

2hsin h(h — sin h)
(h+sinh)(hcosh —sinh)’

m—l—/\{vn:

Mm+n =
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from which
2hsin h(h — sin h)

(h+sinh)(hcosh —sinh)(1 4+ AN)’

m=n=

The coefficients d; and d2 can be found also from (4.15) by equating the corre-
sponding coefficients of sin(hv) and cos(hv). In this way the assertion of Theorem 4.4
is proved. a

Proving Theorem 4.4 we have just solved PROBLEM A, which is equivalent to PROB-
LEM 2. Thus, PROBLEM 2 is solved, i.e., the coefficients of the optimal quadrature
formula (1.1) in the sense of Sard in the space Ka(P2) for equal spaced nodes are
found.

Remark 4.1 Theorem 4.4 for N = 2 gives the result of the example (h) of the paper
[13] when [a,b] = [0, 1].

5 The norm of the error functional of the optimal quadrature formula in
the sense of Sard

In this section we calculate square of the norm of the error functional (1.2) of the
optimal quadrature formula (1.1). Furthermore, we give an asymptotic analysis of this
norm.

The following result holds:

Theorem 5.1 The square of the norm of the error functional (1.2) of the optimal
quadrature formula (1.1) on the space Ko(P2) has the form

I z ”2 __ h(h —sinh)(sinh (sinl —1) + hsin(h — 1) +4cosh) + (3h? 4+ hsinh + 8(cosh — 1)) sinh
B 2h(h + sin h) sin h
: : N N—-1 2
h(h — sinh) (hsinl —4)(A1 4+ A7 )L = A1) —4(1 = A) 77 )(AMf +1 =2\ cosh)
2(h+sinh)(1+ A)sinh h(1—X1)

(A2 —1) ((2 —cos AV —1) — (A — )\iv_l) cos(h — 1)) sin b

+
A +1—2\cosh
N (A2 cosh — 2X1 + cosh)(\ + /\i\l—l) sin(h — 1)
/\%+172)\1c05h ’

where A1 is given in Theorem 4.1 and [A1| < 1.

Proof In the equal spaced case of the nodes, the expression (2.15), using (2.10), we can
rewrite in the following form

N

N N
2 3 . 1
le]]” = EOCV EOC’YG(hV_h'V)_f(hV) - EOCuf(hy)+1—551n1+§cosl,
v= y= v=

where f(hv) is defined by (4.3).
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Hence taking into account equality (3.1) we get

N
3 . 1
lle)|? Z Cy (—dj sin(hv) — dg cos(hv)) — Z:OCVf(hl/) +1- 3 sinl+ 5 cos 1.
v=

Using equalities (4.3) and (3.2), after some simplifications, we obtain

1
HZHQ = —di(l —cosl) —dgsinl — = ( Z Cy +sinl Z Cy(hv) cos(hv)
v=0
o 1 1 5
—(1+cosl) Z:O Cy(hv) sin(hu)) —3 sinl + 7 °os 14 1 (5.1)
V=

Now from (4.15) equating the corresponding coefficients of sin(hv) and cos(hv), for dy
and do we get the following expressions

N

1 1. 1 .
dy = Zcosl ~1 sinl + Z‘;)Cy(h’y) sin(hy) —

h(h —sinh)(A2 — DAY = 1)
2(h +sinh)(1 +AV)(A? +1— 21 cosh)’

dy =

1 1 1 &
e 1- 1 sinl + 1 ZOC'Y(}W) cos(h).
=

AN

Substituting these expressions in (5.1) we find

pa— p— 1 2 p— N pa—
142 = sinl 4+ h(1 c.os 1)(h S]l\;lh)()\l (A = 1)
2(h +sinh)(1 + A{ )()\2 1— 2\ cosh)

1
2

N | W

cos 1

N
Z Cy(hy) sin(hy) — sml Z Cy(hy) cos(hy) — Z Cy.
y=1 y=1

Finally, using the expression for optimal coefficients C from Theorem 4.4, after some

calculations and simplifications, we get the assertion of Theorem 5.1. a

Theorem 5.2 For the norm of the error functional (1.2) of the optimal quadrature
formula of the form (1.1) we have

[e]
| ¢ |K5 ()| = ﬁ)h‘* +0(h°) as N — . (5.2)

Proof Since

2h —sin2h — 2sinh \/h2 —sin® h 3

AL = 2(hcosh —sinh)

—2)+ 0(h?)

that is |A1] < 1 and then AY — 0 as N — oo. Thus, when N — oo from Theorem 5.1
for ||¢ H2 we get the following asymptotic expression

__ h(h —sinh)(sinh (sinl —1) + hsin(h — 1) +4cosh) + (3h? + hsinh + 8(cosh — 1)) sinh

2
el = 2h(h +sinh)sinh
L Mh=sinh) ((hsinl—4)(\ — M) —4(A? +1—2X 1 cosh)
2(h +sinh)sinh h(1—XA1)
n (A2 —1) (cos1 —2 — Ay cos(h — 1)) sinh + (A2 cos h — 2X1 + cos h) A sin(h — 1)
A2 +1—2\cosh '
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The expansion of the last expression in a series in powers of h gives the assertion of
Theorem 5.2. a

The next theorem gives an asymptotic optimality for our optimal quadrature for-
mula.

Theorem 5.3 Optimal quadrature formula of the form (1.1) with the error functional

(1.2) in the space Ko(P2) is asymptotic optimal in the Sobolev space 11(22)(07 1), i.e.,

I 2 |3 (Po)|I?
lim &2 2)l

N s ~1. (5.3)
Tl e ILyYT (0, DI

Proof Using Corollary 5.2 from [22] (for m = 2 and 79 = 0), for square of the norm of
the error functional (1.2) of the optimal quadrature formula of the form (1.1) on the

Sobolev space LéQ)(O, 1) we get the following expression

4 . .
° 1 h5 qN+1+(_1)zq - 1 4 -

L0 2= —pt =L gS LT U pipt n® 4
e 1L (0, DIF = —5h" = 13 ;:1 Ao gt A0 =mgh’ +O0). (54)

where d is known, ¢ = V3 -2, Ai'y4 is the finite difference of order i of ’y4, ANt =
Al’Y4|7:O~
Using (5.2) and (5.4) we obtain (5.3). Thus, Theorem 5.3 is proved. O

As said in the introduction of this paper the error (1.4) of optimal quadrature for-
mula of the form (1.1) in the space Ko(P2) is estimated by Cauchy-Schwarz inequality

[e]
RN (9)| < llplK2(P2)l| - || ¢ | K3 (P2)]- (5.5)
Hence taking into account Theorem 5.2 we get

R ()| < 9l Ka(P2)] - (%m N O(hs/z)> ‘

From here we conclude that order of convergence of our optimal quadrature formula is
O(h?).

In the next section we give some numerical examples which confirm our theoretical
results.

6 Numerical results

As numerical examples we consider the following functions

313z* — 690022 + 15120
=" =t =
@) =e", faz) =tanz, fs(z) =73 + 66022 + 15120

and corresponding integrals

1
I = / e’dr=e—1=1.718281828459045. .. ,
0

1
J = / tanz de = —log(cos 1) = 0.6156264703860142. .. ,
0
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dz = 0.84147101789394123457 ... .

K /1 313z* — 690022 4 15120
~ Jo  13z*+ 66022 + 15120

Applying the optimal quadrature formula (1.1), with N = 10, 100, 1000, to the
previous integrals we obtain their approximate values denoted by Iy, Jn, and Ky,
respectively. Using Theorem 5.1 and taking into account inequality (5.5) we get upper
bounds for absolute errors of these integrals. The corresponding absolute errors and
upper bounds are displayed in Table 6.1. Numbers in parentheses indicate decimal

exponents.

Table 6.1 Absolute errors of quadrature approximations Iy, Jy, Ky and corresponding
upper bounds

N | [In =1 Il el | [In = J Il -1l ell | KN =K [lfsll- ]l ¢]l
10 | L779(—4)  1.454(—3) | 2.796(—4)  1.287(—3) | 6.985(—10) 1.515(—9)
100 | 1.788(—7)  1.299(—5) | 2.933(=7)  1.149(—5) | 7.577(—13) 1.354(—11)
1000 | 1.789(—10)  1.282(—7) | 2.941(—10) 1.136(—7) | 7.612(—16) 1.334(—13)

Applying the corresponding trapezoidal rule

1 N-1 )
Tn(p)=h (290(0) + 1,2::1 o(vh) + 2@(1)> L h=4

for example, to the first integral we have

1 ¢y e—1 e—1
Ty =Tn(exp() = o/ =1 = S5

which evidently tends to e — 1 as N — oo, with the relative errors

Txy—1 h?  ht 5

For example, for N = 10, 100, and 1000, we get 8.332(—4), 8.333(—6), and 8.333(-38),
respectively. Otherwise, it is well-known that the error of the trapezoidal rule for a
function ¢ € C?[0,1] can be expressed in the form —(h?/12)¢" (¢) for some & € (0, 1).

Notice that the optimal quadrature formula gives the best results for the last inte-
gral, because its integrand is a rational approximation for the function cosz (cf. [10,

p. 66]).
At the end we consider numerical integration of the function

m 2k
_ k x
om () = ];:0(_1) (2Kk)! ,

i.e., a finite part of the Taylor series of the function cos z, applying our optimal quadra-
ture formula (OQF) and the trapezoidal rule (TR), taking a small number of nodes
(N = 5,10, and 15).

The relative errors for m = 1(1)8 are presented in Table 6.2. We can see that
for a fixed N the optimal quadrature formula gives better results when degree of
the polynomial ¢y, increases (better approximation of cosz!). On the other side, the
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Table 6.2 Relative errors of quadrature approximations for the function ¢m (z), m = 1(1)8,
obtained by the optimal quadrature formula (OQF) and the trapezoidal rule (TR)

N =5 N =10 N =15

m OQF TR OQF TR OQF TR

1| 1.11(—4)  4.00(=3) | 1.42(=5)  1.00(—3) | 4.23(—6)  4.44(—4)

2 | 877(=6)  3.30(—=3) | 1.15(—6)  8.25(—4) | 3.46(—7)  3.67(—4)

3 | 272(=7)  3.34(=3) | 3.74(=8)  8.34(=3) | 1.14(—8)  3.70(—4)

4 | 4.44(-9)  3.34(=3) | 6.48(—10) 8.33(—3) | 1.20(—10) 3.70(—4)

5 | 4.47(—11) 3.34(-3) | 6.96(~12) 8.33(=3) | 2.18(~12) 3.70(—4)

6 | 3.06(—13) 3.34(—3) | 5.07(—14) 8.33(=3) | 1.62(—14) 3.70(—4)

7 | 1.51(—15) 3.34(—3) | 2.67(—16) 8.33(—3) | 8.67(—17) 3.70(—4)

8 | 5.66(—18) 3.34(—3) | 1.06(—18) 8.33(—3) | 3.53(—19) 3.70(—4)
cos m.p 3.34(—3) m.p 8.33(—3) m.p 3.70(—4)

trapezoidal rule has the same accuracy for each m > 3, as well as for the trigonometric
function cosz (see the last row in Table 6.2).

All calculations were performed in MATHEMATICA with 34 decimal digits mantissa.

The same results can be obtained using FORTRAN in quadruple precision arithmetic
(with machine precision m.p. &~ 1.93 x 1073%).
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