
3. Now we s h a l l  show how to ge t  the cond i t ions  fo r  the i n c l u s i o n  ~ ,  (r, ~ ) ~  ~q (r, ~). 

THEOREM 4. Le t  0 < p, q _< ~.  The i nc lu s ion  ~p (r, ~)_~ ~ (r, ~) holds i f  and only  i f  f o r  e ach  m t h e r e  
e x i s t s  a k s u c h  tha t  r~Lp (~) ~ rkL q (u}. 

P r o o f ,  The s u f f i c i e n c y  of the  cond i t i on  is  obv ious .  We s h a l l  p rove  the n e c e s s i t y .  Le t  ~ ( t , F ) ~ s  (r, ~). 
We c o n s i d e r  a n u m b e r  0 < s < min  (p, q) and we  s e t  p* = p*(s) ,  q* = q*(s) .  A c c o r d i n g  to p r o p e r t y  1) of the o p e r -  
a t ion  of t ak ing  the dua l  and (2) 

~ .  ( l /r, ~) = (~ ,  (r, ~ ) ~  ~ ( ~  (r, ~))~) = ~ .  O/r, ~). 

Now using Theorem 2, we get that for each m there exists a k such that (l~r~ Lc.La) ~---(l/r~ Lp.(~). Again passing 
to the dual with respect to Ls(/~), we arrive at the inclusion r~iq..(~) ~_r,~Lp..~). But p** = p and q** = q. Thus 
the theorem is proved. 
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I N E Q U A L I T I E S  W I T H  C O N V E X  S E Q U E N C E S  

G .  V .  M i l o v a n o v i c h  a n d  I .  Z h .  M i l o v a n o v i c h  UDC 517.51 

In th is  p a p e r  we  p rove  s o m e  i n e q u a l i t i e s  w i th  mean  power s  fo r  convex  s e q u e n c e s  of o r d e r  k and one in -  
e q u a l i t y  of H S l d e r  type .  

We g ive  s o m e  de f in i t i ons  and t h e o r e m s ,  wh ich  w i l l  be used  l a t e r  in the  p a p e r .  

Def in i t ion ,  F o r a p o s i t i v e s e q u e n c e a = ( a l , . . .  , a  n ) the  mean  power  of o r d e r  r ,  r E R ,  r =  • is  d e -  
f ined  by the  f o r m u l a  

p~f/ p, , r ~ O ,  I r l < + o r  

[ n \ l I P  j[la?}, , = o ,  

I \~=l / 

I m a x ( a ~  . . . .  , a ~ ) ,  r = + c o ,  

[ ra in  (ai  . . . . .  an) ,  r = - -  oc ,  

J$ 

w h e r e  p = (Pl, �9 �9 , Pn) is  a we igh t  s e q u e n c e ,  P =  ~ P i -  

L e t  us a s s u m e  tha t  S k is  the  s e t  of a l l  r e a l  convex  s e q u e n c e s  a = (al,  . . . .  a n) of o r d e r  k, 1 < k < n, 

We def ine  a s e q u e n c e  a(r)  = (a~ r ) ,  . . . , a(nr) ) (r is  a n a t u r a l  number )  as  fo l l ows :  

Let  S (p)={a iaES~A(Ak- ta~+t) :~O, i~--- 1, . . . ,p)} ,  where  p < k. 

In [I] theorems are proved according to which, for each k E {2, 3 . . . .  } one has the implications 

aES~)=~a(2)ESk-~ and aES~- l )=v-a  (kJ ESt. 

Y u g o s l a v i a .  T r a n s l a t e d  f r o m  U k r a i n s k i i  M a t e m a t i c h e s k i i  z h u r n a l ,  Vol.  34, No. 4, pp. 522-525 ,  J u l y -  
Augus t ,  1982. O r i g i n a l  a r t i c l e  s u b m i t t e d  N o v e m b e r  2, 1980. 
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U s i n g  t h e o r e m s  f r o m  [1] we  s h a l l  p r o v e  the  f o l l o w i n g  t h e o r e m .  

(kk-~) T H E O R E M  1. If Pi > O, i = 1 . . . .  , n ,  and  x = (x,, . . . , x n) is  a p o s i t i v e  s e q u e n c e  f r o m  S , n > k, 

t h e n  fo r  r ~ s 

Mtfl (x; p) ~ ~ : ~ f l  (x; p) (2)* 

w h e r e  a k  is  a c o n s t a n t ,  c a l c u l a t e d  a c c o r d i n g  to the  f o r m u l a  

~k = M~ ~ (a; p)/Mtfl (a; p) ~ 1, a = (P-~  . . . . .  n~-b. 

The e q u a l i t y  in (2) is  a c h i e v e d  fo r  x = a. 

P r o o f .  To  p r o v e  (2) we  f i r s t  Set  Pi = Pi i s ( k - 0 ,  x i  = x i / i k - * ,  i = 1 . . . . .  n i n t h e  i n e q u a l i t y  [2] 

M~I (x; p) ~_> ?r (x; p), r ~ s .  (3} 

Then, defining for any sequences a = (a~ ..... an), b = (b~, .... bn) the sequence ab = (albl .... , anbn) , we 

get 

M~ 1 (xa-1; pa ~) ~> Mr21 (xa-l; pa~), at = (1 t~k-~ . . . . .  n,r 

To c o m p l e t e  the  p ro o f  we  s h a l l  show tha t  one  has  

rl e l  r~ n 
= ~ ' ~  i t ( k - - l )  ~ Q ( s - - r R / ~ - - I )  

r  i ~ I  i=l i=I 

It i s  o b t a i n e d  f r o m  Ch e b y s h ev Ts  i n e q u a l i t y  [3] 

i = 1  i = I  i = 1  ~=1 

, r / j r ( k - 9  i =  1 . n. f o r  q i  = p i iS (k -O ,  u i  = i ( r - s ) ( k - O  vi  : x i  . . . . .  

S i n c e  the  s e q u e n c e  x : (x~ . . . . .  x n) b e l o n g s  to S(k k - i ) ,  k = > 2,  accord ing ,  to a t h e o r e m  f r o m  [1] the  s e -  
q u e n c e  ( x l / 1  k-~ . . . . .  x n / n k - t )  i s  n o n d e e r e a s i n g .  

if  in  (3) one s e t s  x i = i k-~, t h e n  %~_~ 1. 

C O R O L L A R Y  lo S i n c e  a~ ~ 1 ,  (2) is  m o r e  p r e c i s e  t han  (3). 

C O R O L L A R Y  2. F o r  k = 2, f r o m  T h e o r e m  1 we  ge t  the  t h e o r e m  c o n n e c t e d  w i t h  T h e o r e m  3 of [4]. 

We  no te  t ha t  th i s  t h e o r e m  is p r o v e d  in  [4], and  l a t e r  a l s o  p r o v e d  in  [5]. 

_CQROLLARY 3. We i n t r o d u c e  x i = i k, i = 1 . . . . .  n in  (2). T h e n  a~+~ ~ % ,  so  (2) b e c o m e s  m o r e  p r e c i s e  

w i t h  i n c r e a s i n g  k. 

C O R O L L A R Y  4. I f p i  = 1 ,  i = 1 , . .  , n ,  then  (2) a s s u m e s  t h e  f o r m  

where 

/ n \lls 

I~,,I / \ i,=l i 

(4) 

S i n c e  lira (n(r-~l"M (k)) = (s ( k - -  !) -}- l)'IS/(r ( te - -  1) q- 1) l/r , a s  n ~ + ~ f r o m  (4) one can  get  the  i n e q u a l i t i e s  f o r  

c o n v e x  f u n c t i o n s  of o r d e r  k p r o v e d  in [6]. 

R e m a r k .  On an  i n t e g r a l  a n a l o g  of T h e o r e m  t cf.  [7]. 

A n a l o g o u s l y  to T h e o r e m  1, one c a n  p r o v e  the  f o l l o w i n g  t h e o r e m .  

T H E O R E M  2. Le t  the  s e q u e n c e  p = (Pl . . . . .  Pn), x = (xl, . . . .  Xn), b - (hi . . . . .  b n) be s u c h  tha t  Pl > 
0 . . . . .  p = > 0 ;  x i > 0  . . . . .  x ~ > 0 ;  b t > 0  .... , b ~ > O ;  b l ~ _ ~ b 2 ~ . . . ~ b = a n d  { x l / b l , . . .  , x n / b n ) ,  n > k b e a s e q u e n e e  f r o m  
S~ k~O, k~>2. Then for r ~ s one has 

* N u m b e r e d  as  in  R u s s i a n  o r i g i n a l  - P u b l i s h e r .  
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M~ ] (x; p)/M[n ~ (b; p) _> H~M[~ s] (x; p)/M[n s] (b; p), (5) 

w h e r e  H~= M~ 1 (a; pb~)/M[, a (a; pb ~) ~ 1, and the s e q u e n c e  a is  de f ined  in T h e o r e m  1. The equa l i t y  in (5) is  a c h i e v e d  

f o r  x i = b i ik-1 ,  i = 1 . . . . .  n. 

COROLLARY 5. In (5) we s e t x  i = b i ,  i = t , . . . , n .  We g e t H k + , > _ H ~ ,  and thus  (5) b e c o m e s  m o r e  p r e -  
c i s e  when the o r d e r  of convex i ty  of the  s e q u e n c e  ( x l / b ~ ,  . . . .  x n / b  n) i n c r e a s e s .  

COROLLARY 6. F o r  k = 2 f r o m  T h e o r e m  2 one can  ge t  the t h e o r e m  c o n n e c t e d  wi th  T h e o r e m  4, p roved  

in [4]. 

THEOREM 3. Let the sequence p = (Pl, . . . .  Pn) be positive.  Let the r sequences a = (a I . . . . .  an), b = 

(b I . . . .  ,bn)  , . . . .  1 = (I~,, . .  , /n) be positive and belong to the s e t s  (k-0 ,  n > k. Then for  0 _ _ _ m ~ l ,  i =  

1 , . . .  , r one has 

~ p~aib~ ... li 
i= l  ~ Qr, 

( i ~ l  x l / m l / n m ' ' l l r n l  "l /mr (6) 

w h e r e  

~ piirtt~--l) 

The equa l i t y  in (6) is  aebAeved fo r  a i = b i = . . . =  l i = i k - l ,  i = 1, . . . , n. 

P r o o f .  In [8] fo r  s e q u e n c e s  f r o m  the  s e t  S~ k-l), le~2. t h e r e  is  p r o v e d  C h e b y s h e v ' s  i nequa l i t y  

ii 

Pia~bi ' ' '  Ii ~ ~ r p~a~ ... pill . 

i=, ( ~ P, i~-' ) 
\ i = l  ] 

(7) 

F r o m  (7) we  ge t  
n n 

.rtk--D 

l~I i~l 

pia~ .. .  pil i  
i~l 

(s) 

U s i n g  T h e o r e m  1 we  ge t  

~= p~x-;/(~= pix~Z ) ~"mL~_~ ~= piik--~ /( ~= P~i(h--~)mi) 1/"i. (9) 

F r o m  (8) and (9) fo l lows (6). 

COROLLARY 7. F o r  k = 2 ,  r = 2 ,  Pi = 1  
T h e o r e m  3 of [5]. 

, i = 1 . . . . .  n, f r o m  T h e o r e m  3 we ge t  a t h e o r e m  s i m i l a r  to 

1 ,  

2. 
3. 
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SOLUTION OF THE FOKKER - PLANCK- KOLMOGOROV 

EQUATION FOR NONAUTONOMOUS SYSTEMS SUBJECTED 

TO PERIODIC AND RANDOM DISTURBANCES 

N g u y e n  D o n g  An UDC 517 

The effect of a random disturbance on mechanical  sys tems can be properly studied by the method of 
F o k k e r - P l a n c k - K o l m o g o r o v  (FPK) equations, especially when the latter is combined with the asymptotic meth- 
od of nonlinear mechanics [1]. In the nonzutonomous case ,  however, it was noted in [1] that the corresponding 
FFK equation will be complicated.  In this paper we shall solve the FPK equation for an important  class of non-- 
autonomous sys tems .  On the basis of [2] we shall seek the solution in the form of a ser ies  for the amplitude. 
We obtain a sys t em of separable  differential  equations that makes it possible to success ively  find the ser ies  
coefficients of any order .  

1. Let us consider  a nonautonomous mechanical  sys tem with one degree of f reedom whose equation of 
motion has the fo rm 

x '+  o)~x = ~f (x, x) + ~p cos ,z + V J ~  (tl (!) 

in the principal resonance region 

where }(t) is white noise of unit intensity, and 

(o 2 = v z + cA,  (2) 

(~+s=~ .. \ 

s=J \ i,]=O ] 

is a polynomial in x and x. 

With the use of (2) let us rewri te  (1) in the form 

where  

By a change of var iables  [1] 

h (x, 2", vO = f ( , ,  ;0 - -  Ax + P ms  ,~t. 

x = a c o s %  x=- -avs inap ,  # = v t + e  

we can t r ans fo rm Eq. (4) with the aid of Ito 's formula  to standard fo rm 

d a =  - -  [ t (x , 'x ,~t)s in~-{-  ~ f d -  cosZ ~ dr- -  - - s i n v  ~pd~(t),. 

d e =  . - -~- f i (x ,x ,~t)cos ,~--  a-~-~ sin,~cos ~ d t - -  } / -~  - -  cos ,d~(t) .  
a v  

(3) 

(4) 

(5) 

(6) 

(7) 

Vietnam. Translated f rom Ukrainskii  Matematicheskii  Zhurnal, Vol. 34, No. 4, pp. 525-528, July- 
August, 1982. Original ar t ic le  submitted July 14, 1981. 
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