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Abstract In this paper we construct the optimal quadrature formulas in the sense
of Sard, as well as interpolation splines minimizing the semi-norm in the space
K>(Py), where K, (P,) is a space of functions ¢ which ¢’ is absolutely continuous
and @ belongs to L,(0,1) and [, (¢ (x) + @*@(x))2dx < oo. Optimal quadrature
formulas and corresponding interpolation splines of such type are obtained by using
S.L. Sobolev’s method. Furthermore, order of convergence of such optimal quadra-
ture formulas is investigted and their asymptotic optimality in the Sobolev space
ng) (0,1) is proved. These quadrature formulas and interpolation splines are exact
for the trigonometric functions sin @wx and cos wx. Finally, a few numerical examples
are included.

1 Introduction

Quadrature formulas and interpolation splines provide a basic and important tools
for the numerical solution of integral and differential equations, as well as for ap-
proximation of functions in some spaces.
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This survey paper is devoted to construction of optimal quadrature formulas and
interpolation splines in the space K, (P,), which is the Hilbert space

K (P) = {(p :[0,1] - R ’ ¢’ is absolutely continuous and ¢” € L, (0, 1)},

and equipped with the norm

1 NV
g K ()| = {/0 (2 (& )em) dx} , (1)
where

d d2 1 d 2
P (dx) :@4’@2, (D>07 and /0 (PZ (dx> (p(x)) dx < oo

The equality (1) is semi-norm and ||@|| = 0 if and only if @(x) = ¢;sinwx +
) COS (X.

It should be noted that for a linear differential operator of order m, L := P,,(d/ dx),
Ahlberg, Nilson, and Walsh in the book [1, Chapter 6] investigated the Hilbert
spaces in the context of generalized splines. Namely, with the inner product

1
(0, y) =/0 Lo(x) - Ly/(x) dx,

K> (P,,) is a Hilbert space if we identify functions that differ by a solution of Le = 0.
Also, such a type of spaces of periodic functions and optimal quadrature formulae
were discussed in [10].

The paper is organized as follows. In Section 2 we investigate optimal quadrature
formulas in the sense of Sard in K, (P») space. In Subsection 2.1 we give the prob-
lem of construction of optimal quadrature formulas. In subsection 2.2 we determine
the extremal function which corresponds to the error functional £(x) and give a rep-
resentation of the norm of the error functional. Subsection 2.3 is devoted to a min-
imization of ||£||* with respect to the coefficients C,. We obtain a system of linear
equations for the coefficients of the optimal quadrature formula in the sense of Sard
in the space K, (P;). Moreover, the existence and uniqueness of the corresponding
solution is proved. Explicit formulas for coefficients of the optimal quadrature for-
mula of the form (2) are presented in Subsection 2.4. In Subsection 2.5 we give the
norm of the error functional (3) of the optimal quadrature formula (2). Furthermore,
we give an asymptotic analysis of this norm. Section 3 is devoted to interpolation
splines minimizing the semi-norm (1) in the space K, (P,), including an algorithm
for constructing such kind of splines, as well as some numerical examples.
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2 Optimal quadrature formulas in the sense of Sard

2.1 The problem of construction of optimal quadrature formulas

We consider the following quadrature formula

1 N
| etodr= ¥ cupta), @)
v=0

with an error functional given by

£(x) = xp0,1)(x ZCV X—Xy), 3)

where Cy and xy (€ [0, 1]) are coefficients and nodes of the formula (2), respectively,

Zj0,1)(x) is the characteristic function of the interval [0, 1], and (x) is Dirac’s delta-

function. We suppose that the functions ¢(x) belong to the Hilbert space K»(P»).
The corresponding error of the quadrature formula (2) can be expressed in the

form
/¢ )dx— Za¢w (0, 9) /6 @)

and it is a linear functional in the conjugate space K (P») to the space K> (P).
By the Cauchy-Schwarz inequality

(£, @) < ll@ |Ka(Pa)|| - [|£]K5 (Py)]|

the error (4) can be estimated by the norm of the error functional (3), i.e.,

0K (Pl = sup  |(£,9)].
oK (P2)l|I=1

In this way, the error estimate of the quadrature formula (2) on the space K(P»)
can be reduced to finding a norm of the error functional £(x) in the conjugate space

K3 (P2).
Obviously, this norm of the error functional £(x) depends on the coefficients Cy
and the nodes xy, v =0,1,...,N. The problem of finding the minimal norm of

the error functional ¢(x) with respect to coefficients Cy and nodes x, is called as
Nikol’skii’s problem, and the obtained formula is called optimal quadrature formula
in the sense of Nikol’skii. This problem first considered by S.M. Nikol’skii [36], and
continued by many authors (see e.g. [6, 7, 9, 10, 37, 62] and references therein). A
minimization of the norm of the error functional ¢(x) with respect only to coeffi-
cients Cy, when nodes are fixed, is called as Sard’s problem. The obtained formula
is called the optimal quadrature formula in the sense of Sard. This problem was first
investigated by A. Sard [39].
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There are several methods of construction of optimal quadrature formulas in the
sense of Sard (see e.g. [6, 53]). In the space Lgm) (a,b), based on these methods,
Sard’s problem was investigated by many authors (see, for example, [4, 6,9, 11, 12,
20, 30, 31, 33, 41, 42, 43, 45, 46, 48, 53, 54, 55, 60, 61] and references therein).
Here, Lgm) (a,b) is the Sobolev space of functions, with a square integrable m-th
generalized derivative.

It should be noted that a construction of optimal quadrature formulas in the sense
of Sard, which are exact for solutions of linear differential equations, was given
in [20, 31], using the Peano kernel method, including several examples for some
number of nodes.

Optimal quadrature formulas in the sense of Sard were constructed in [47]
for m = 1,2 and in [50] for any m € N, using Sobolev’s method in the space

Wz(m.,m*l) (0, 1), with the norm defined by

1/2

o0 ={ [ (670+ 9 () ar}

In this section we give the solution of Sard’s problem in the space K,(P2), using
Sobolev’s method for an arbitrary number of nodes N + 1. Namely, we find the
coefficients Cy (and the error functional ) such that

41K (P)| = inf[[¢ K3 (P2)]] (5)

Thus, in order to construct an optimal quadrature formula in the sense of Sard in
K>(P>), we need to solve the following two problems:

PROBLEM 1. Calculate the norm of the error functional {(x) for the given
quadrature formula (2).

PROBLEM 2. Find such values of the coefficients Cy such that the equality (5) be
satisfied with fixed nodes xy.

2.2 The extremal function and representation of the norm of the
error functional

To solve PROBLEM 1, i.e., to calculate the norm of the error functional (3) in the
space K3 (P»), we use a concept of the extremal function for a given functional. The
function yy(x) is called the extremal for the functional ¢(x) (cf. [54]) if the following
equality is fulfilled

(0, w0) = [I6]K (Po) | - [[we |2 (o)l -

Since K»(P2) is a Hilbert space, the extremal function y;(x) in this space can be
found using the Riesz theorem about general form of a linear continuous functional
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on Hilbert spaces. Then, for the functional ¢(x) and for any ¢ € K, (P,) there exists
such a function y; € K;(P,), for which the following equality

(4, 0) = (y,9) (6)

holds, where

(vi,0) /(v/’ + 0’y (%) (¢”(x) + 0*@(x)) dx (7)

is an inner product defined on the space K (P,).

Following [25], we investigate the solution of the equation (6).

Let first @ € C(*)(0,1), where C(=)(0,1) is a space of infinity-differentiable and
finite functions in the interval (0, 1). Then from (7), an integration by parts gives

! (4) 2. 4
(vie0) = [ (v 00+ 2079 () + @yl pLo) . ®

According to (6) and (8) we conclude that

v (0) + 207y (x) + 0w (x) = (). ©)

Thus, when @ € C(*)(0, 1) the extremal function y;(x) is a solution of the equation
(9). But, we have to find the solution of (6) when @ € Ky (P,).

Since the space C(*)(0, 1) is dense in K (P,), then functions from K, (P,) can be
uniformly approximated as closely as desired by functions from the space =) (0,1).
For ¢ € K>(P,) we consider the inner product (yy, ¢). Now, an integration by parts
gives
1

(vir9) = (W) + 07wi) 900) || — (w0 + 02wl 9 |

+/ (x) + 207y (x) + 0 i (x)) o (x) dx.

Hence, taking into account arbitrariness ¢ (x) and uniqueness of the function y;(x)
(up to functions sin wx and cos @x), taking into account (9), it must be fulfilled the
following equation

v (1) + 207 (x) + 0t y(x) = (), (10)

with boundary conditions
¥/ (0)+ @i (0) =0, /(1) + o y(1) =0, (11)
¥/"(0)+ 0 y;(0) =0, (1) + o wy(1) =0. (12)

Thus, we conclude, that the extremal function y,(x) is a solution of the boundary
value problem (10)—(12).



6 Abdullo R. Hayotov, Gradimir V. Milovanovi¢, and Kholmat M. Shadimetov

Taking the convolution of two functions f and g, i.e.,

(f*g)(x /fx y)g(y)dy = /f glx—y)dy, 13)
we can prove the following result:

Theorem 1. The solution of the boundary value problem (10)—(12) is the extremal
Sunction yy(x) of the error functional ¢(x) and it has the following form

Wi (x) = (G*£)(x) +dy sin wx + dy cos wx,

where dy and d; are arbitrary real numbers, and

Glx) = sign (x)

P (sin @x — @x cos @x) (14)

is the solution of the equation

v () + 207y (x) + 0y (x) = 8(x).

Proof. The general solution of a non-homogeneous differential equation can be rep-
resented as a sum of its particular solution and the general solution of the corre-
sponding homogeneous equation. In our case, the general solution of the homoge-
neous equation for (10) is given by

l//,f’ (x) = d sin@x + d; cos @x + dzx sin @x + dax cos x,

where di, k = 1,2,3,4, are arbitrary constants. It is not difficult to verify that a partic-
ular solution of the equation (10) can be expressed as a convolution of the functions
£(x) and G(x) defined by (13). The function G(x) is the fundamental solution of the
equation (10), and it is determined by (14).

It should be noted that the following rule for finding a fundamental solution of a
linear differential operator

d qm dm—l

where a; are real numbers, is given in [58, pp 88—89]. This rule needs to replace %
by p, and then instead of the operator P, ( ) we get the polynomial P,,(p). Then
we expand the expression 1/P,,(p) into the partlal fractions, i.e.,

Pu(p) [Ip=0)" =¥ [esas(p=2) 54+ cja(p= A7) "]

. . . k—1;
and to every partial fraction (p — 4) % we correspond the expression X2< killg;’f oM
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Using this rule, we find the function G(x) which is the fundamental solution of
4 2

d d
the operator a7 2(1)2@ + »* and it has the form (14).

Thus, we have the following general solution of the equation (10),
Y (x) = (0% G)(x) +d; sin wx+ ds cos @x + d3x sin wx + dax cos @x. (15)

In order that the function y;(x) be unique in the space K»(P>) (up to the functions
sin @x and cos @x), it has to satisfy the conditions (11) and (12), where derivatives
are taken in a generalized sense. In computations we need first three derivatives of
the function G(x):

G (x) = Slf(?f X sin wx,

G'(x) = Slf;)x (sin wx + @x cos wx),

signx

G"(x) = (2cos @x — @x sin ®x),

where we used the following formulas from the theory of generalized functions [58],

(signx)' =28(x), §(x)f(x) = 8(x)£(0).

Further, using the well-known formula

L)) = (M 0)0) = (£ 220,
we get

Vi (x) = (0 G)(x) + (d3 — dr0) sin @x + (ds + dy @) cos wx
—d4@xsin Wx + d3 Wx cos @x,

v/ (x) = (£xG")(x) — (2d4® + dy ©?) sin 0x + (2d30 — dr ®*) cos wx
—d3@*xsin wx — ds®>xcos wx,
v/ (x) = (£ G")(x) — (3d30* — dr@°) sin wx — (3ds 0> + d) @*) cos wx

+dy ®>xsin 0x — ds ®xCcos wx.

Now, using these expressions and (15), as well as expressions for G (x), k=
0,1,2,3, the boundary conditions (11) and (12) reduce to

(£(y),sinwy) +4ds0* =0,
sin® - (£(y),cos @y) — cos @ - (£(y),sin @y) +4d30* cos ® — 4dy0” sin® = 0,
(£(y),cos @y) +4d40* =0,

cos @ (£(y),cos @y) +sinw - (£(y),sin @y) — 4dz@?* sin @ — 4d,®* cos ® = 0.
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Hence, we have d;3 = 0, d4 = 0, and therefore
(£(y),sinwy) =0, ((y),cosmy)=0. (16)
Substituting these values into (15) we get the assertion of this statement. O

The equalities (16) provide that our quadrature formula is exact for functions
sin @x and cos wx. The case ® = 1 has been recently considered in [25].

Now, using Theorem 1, we immediately obtain a representation of the norm of
the error functional

N N
115 (P)|* = (wr) = Y Y CuCyGlay —xy)
v=0y=0

N 1 1,1
_sz::ocv-/() G(x—xv)dx—i-/o/o G(x—y)dxdy. (17)

In the sequel we deal with PROBLEM 2.

2.3 Existence and uniqueness of optimal coefficients

Let the nodes x, of the quadrature formula (2) be fixed. The error functional (3)
satisfies the conditions (16). Norm of the error functional £(x) is a multidimensional
function of the coefficients C, (v =0, 1,...,N). For finding its minimum under the
conditions (16), we apply the Lagrange method. Namely, we consider the function

¥ (Co,Cl,...,Cn,di,da) = ||0)|* —2d, (£(x),sin @x) — 2d; (£(x), cos ox)

and its partial derivatives equating to zero, so that we obtain the following system
of linear equations

N
Y CG(xy —xy) +disinoxy +dycos wxy = f(xy), v=0,1,....N, (I8)
7=0

N 1 N :
. —Ccos® sin @
Cysin@x, = ———, Cycos Wx, = , (19)
Y Y p Y Y s
=0 =0

Y= 15

where G(x) is determined by (14) and

Fr) :/01 Glx—xy) dx.

The system (18)—(19) has the unique solution and it gives the minimum to |||
under the conditions (19).
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The uniqueness of the solution of the system (18)—(19) is proved following [55,
Chapter I]. For completeness we give it here.

First, we put C = (Cy,C1,...,Cy) and d = (d1, d2) for the solution of the system
of equations (18)—(19), which represents a stationary point of the function ¥ (C,d).

Setting Cy = Cy +Ciy, v=0,1,...,N, (17) and the system (18)—(19) become

N N N o 1
HEHQ - Z ZCVCYG(xV—xY)—Z Z (Cy +C1v)/ G(x—xy)dx
v=07y=0 v=0 0
N N 1l
+Y Y (2CCiy+CivCry) Glxy —xy) + / / G(x—y)dxdy (20)
v=0y=0 0J0
and
N —
Y C/G(xy —xy) +disinoxy +drcoswxy = F(xy), v=0,1,....,N, (21)
=0
N - N -
Y Cysinwx, =0, Cycos wxy =0, (22)
7=0 7=0

respectively, where
N
F(xy) = f(xy) — Z C1yG(xy — xy)
7=0

and C1y, y=0,1,...,N, are particular solutions of the system (19).

Hence, we directly get, that the minimization of (17) under the conditions (16)
by Cy is equivalent to the minimization of the expression (20) by C, under the
conditions (22). Therefore, it is sufficient to prove that the system (21)—(22) has
the unique solution with respect to C = (C,Cy,...,Cy) and d = (d, d3) and this
solution gives the conditional minimum for ||¢||?. From the theory of the conditional
extremum, we need the positivity of the quadratic form

N N 2
4’©=ZZ b4

——C,C (23)
v=0y=0 aCV’QCY VY

on the set of vectors C = (Cy,C},...,Cy), under the condition

SC=0, (24)

where S is the matrix of the system of equations (22),

( sinwxy sinwx; --- sin@xy )

COSMWX) COSMWX] -+ COS WXy
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Now, we show, that in this case the condition is satisfied.

Theorem 2. For any nonzero vector C € RN, lying in the subspace SC = 0, the

Sunction ®@(C) is strictly positive.

Proof. Using the definition of the function ¥(C,d) and the previous equations, (23)
reduces to

N N
®(C)=2) Y G(xy—x/)C\Cy. (25)
v=07y=0

Consider now a linear combination of shifted delta functions
N JR—
Sc(x)=v2Y C8(x—xy). (26)
v=0

By virtue of the condition (24), this functional belongs to the space K3 (P). So,
it has an extremal function u(x) € K>(P2), which is a solution of the equation

(dx4 +2w w2 +w ) uc(x) = o¢(x). 27

As us(x) we can take a linear combination of shifts of the fundamental solution
G(x):

N
u@(x) =V2 206VG(X_XV)7

and we can see that

|uglka ()| = (8g.ug) =2 Y. Y. CvCGlxy—sy) = #(©).
v=07y=

Thus, it is clear that for a nonzero C the function @ (C) is strictly positive and
Theorem 2 is proved. O

If the nodes xg, x1, .. ., xy are selected such that the matrix S has the right inverse,
then the system of equations (21)—(22) has the unique solution, as well as the system
of equations (18)—(19).

Theorem 3. If the matrix S has the right inverse matrix, then the main matrix Q of
the system of equations (21)—(22) is nonsingular.

Proof. We denote by M the matrix of the quadratic form $& (C), given in (25). It
is enough to consider the homogenous system of linear equations

(- o

and prove that it has only the trivial solution.
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Let C, d be a solution of (28). Consider the function 8(x), defined before by
(26). As an extremal function for 8s(x) we take the following function

N
uc(x) = V2 Z CyG(x —xy) +d sin®x + do cos wx.
v=0

This is possible, because ug belongs to the space K>(P») and it is a solution of the
equation (27). The first N + 1 equations of the system (28) mean that us(x) takes
the value zero at all nodes x,, v=0,1,...,N. Then, for the norm of the functional
Oc(x) in K3 (P;), we have

N
[8clK3 ()| = (3c-uc) = V2 Y. Correlan) =0

which is possible only when C = 0. According to this fact, from the first N + 1 equa-
tions of the system (28) we obtain S*d = 0. Since the matrix S is a right-inversive
(by the hypotheses of this theorem), we conclude that S* has the left inverse matrix,
and therefore d = 0, i.e., d; = d» = 0, which completes the proof. O

According to (17) and Theorems 2 and 3, it follows that at fixed values of the
nodes xy, v=0,1,...,N, the norm of the error functional ¢(x) has the unique mini-

o
mum for some concrete values of Cy, =Cy, v=0,1,...,N. As we mentioned in the
o
first section, the quadrature formula with such coefficients Cy is called the optimal
o]
quadrature formula in the sense of Sard, and Cy, v =0,1,...,N, are the optimal co-

efficients. In the sequel, for convenience the optimal coefficients Cy will be denoted
only as Cy.

2.4 Coefficients of optimal quadrature formula

In this subsection we solve the system (18)—(19) and find an explicit formula for the
coefficients Cy. We use a similar method, offered by Sobolev [53, 55] for finding
optimal coefficients in the space Lgm) (0,1). Here, we mainly use a concept of func-
tions of a discrete argument and the corresponding operations (see [54] and [55]).
For completeness we give some of definitions.

Let nodes x, are equal spaced, i.e., x, = Vi, h = 1/N. Assume that ¢(x) and

y(x) are real-valued functions defined on the real line R.

Definition 1. The function ¢ (hv) is a function of discrete argument if it is given on
some set of integer values of v.

Definition 2. The inner product of two discrete functions ¢(hv) and y(hv) is given
by
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ovl= Y o) wih),

V=—o0

if the series on the right hand side converges absolutely.

Definition 3. The convolution of two functions @(hv) and y(hVv) is the inner prod-
uct

Q) » y(hv) = [p(). y(hv —hp)] = Y @(hy)- wlhv — i)
L.

Suppose that C, =0 when v < 0 and v > N. Using these definitions, the system
(18)—(19) can be rewritten in the convolution form
G(hv)*Cy +d; sin(hwv)+dycos(hov) = f(hv), v=0,1,....N, (29)
N 1—cosw i sin @

Y Cysin(hov) = Cycos(hov) = , (30)
v=0 v=0 ®

where
f(hv) = 4%04 [4—(2+2cos ®+ wsin®) cos(hoV) — (2sin® — wcos @) sin(hoV)
+sin® - (hwv)cos(hwv) — (1+cos ®) - (hov)sin(hov)]. (31)

Now, we consider the following problem:

PROBLEM 3. For a given f(hv) find a discrete function Cy, and unknown coeffi-
cients dy, dp, which satisfy the system (29) — (30).

Further, instead of C, we introduce the functions v(Av) and u(hv) by
v(hv) =G(hv)*Cy and wu(hv) =v(hv)+d;sin(hov)+d;cos(hov).

In this statement it is necessary to express Cy by the function u(hv). For this we
have to construct such an operator D(hv), which satisfies the equation

D(hv)*G(hv) = 6(hv), (32)

where 6 (hv) is equal to 0 when v # 0 and is equal to 1 when v =0, i.e., 6(hv)isa
discrete delta-function.
In connection with this, a discrete analogue D(hV) of the differential operator
d d?
— 20— + o' 33
which satisfies (32) was constructed in [24] and some properties were investigated.
Following [24] we have:

Theorem 4. The discrete analogue of the differential operator (33) satisfying the
equation (32) has the form
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A AT v =2,

D(hv) =p{ 1+AL  [v[=1, (34)
Ay
C+— v=0
+2’17 )

where p =203 /(sinh® — ho coshw),

(2hw)? sin* (hw)A] 2ho cos(2ho) — sin(2hw)
A= - , C= . (35)
(Af —1)(sinhw — ho cos hw)? sinh® — ho coshw
and
2ho — sin(2ho) — 2sin(hw) / h2 02 — sin® (ho)
= 36
: 2(ho cos(hw) — sin(hw)) (36)
is a zero of the polynomial
2hw — sin(2h
0s(h) = A2 2hQ_SIGhD) )y @a7)

sinh — h cos hw
and |Ai| < 1, his a small parameter, ® > 0, |ho| < 1.

Theorem 5. The discrete analogue D(hV) of the differential operator (33) satisfies
the following equalities:

1) D(hv)+*sin(hov) =0,

2) D(hv)*cos(hov) =0,

3) D(hv)x (hoV)sin(hov) =0,

4) D(hv)* (hov)cos(hov) =0,

5) D(hv)«G(hv) = d(hv).

Here G(hv) is the function of discrete argument, corresponding to the function
G(x) defined by (14), and 6(hv) is the discrete delta-function.

Then, taking into account (32) and Theorems 4 and 5, for optimal coefficients we
have
Cy =D(hv) xu(hv). (38)

Thus, if we find the function u(hv), then the optimal coefficients can be obtained
from (38). In order to calculate the convolution (38) we need a representation of the
function u(hv) for all integer values of v. According to (29) we get that u(hv) =
f(hv) when hv € [0, 1]. Now, we need a representation of the function u(hv) when
v<Oandv>N.

Since C, = 0 for hv ¢ [0, 1], then C, = D(hv) xu(hv) =0, hv ¢ [0, 1]. Now, we
calculate the convolution v(hv) = G(hv) xC, when hv ¢ [0, 1].

Let v < 0, then, taking into account equalities (14) and (30), we have
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v(hv) = G(hv) xCy = i CyG(hv —hy)

y=—o0
N sign(hv —hy) , .
=Y P B (sin(hov — hoy) — (hov — hoy) cos(hov — hoy))
=0

sin @

1
= 1o (sin(hwv) — hov cos(hov))

—(cos(hwv) +hov sin(ha)v))m

N N
+cos(hov) Y. Cyhoycos(hwy) +sin(hov) Y Cyhoysin(hoy)|.
7=0 =0

Denoting

1 X . I
by = 1o ZbCthysm(hwy) and by = 1o ;)Cthycos(ha)y),
v= =

we get for v < 0

W(hv) =~ {(sin(ha)v) . hwvcos(hwv))¥ — (cos(hov)
) (1 —cosm) 3, . 3
+hovsin(hov))———————= +4w’b; sin(hov) + 4w by cos(hov) |,
and for v > N
1 . sin @
v(hv) = io? {(sm(hwv) —hov cos(ha)v))T — (cos(hov)
. (1 —cosw) 3, . 3
+hovsin(hov))———= +40 by sin(howv) + 4w’ by cos(hav) | .

Now, setting
di =di—by, dy =dy— b, dfrzdl-f—b], dzr=d2+b2

we formulate the following problem:
PROBLEM 4. Find the solution of the equation

D(hv)«u(hv) =0, hv ¢1[0,1], (39)

in the form
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- j‘;}‘f (sin(h@v) — hovcos(hov)) + ljf%w (cos(hwv)

+hovsin(hov))+d; sin(hov)+d,; cos(hov), v <0,

u(hv) = q f(hv), 0<v<N,

2 (sin(h@v) — hovcos(hov)) — %(cos(kwv)

+hwvsin(hov)) +d, sin(hov)+d, cos(hwv), v >N,

4a)4

(40)
where d; , d;, dl+, d;” are unknown coefficients.
It is clear that
d E(d +d) bl:i(dl 7dl)’dz:i(d2+d2)7b2:§(d27d2)'

These unknowns d| , d; , d1+, a’2+ can be found from the equation (39), using the
function D(hv). Then, the explicit form of the function u(hv) and optimal coeffi-
cients Cy can be obtained. Thus, in this way PROBLEM 4, as well as PROBLEM 3,
can be solved.

However, instead of this, using D(hv) and u(hv) and taking into account (38),
we find here expressions for the optimal coefficients Cy, v =1,...,N — 1. For this
purpose we introduce the following notations

= Z Alp 17{ T;(f (sin(—hwy) + hoycos(hwy)) — f(—hy)

1 —cosw

P (cos(hwy) + hwy sin(hwy)) —d; sin(hwy)+d, cos(hwy)|,

_ZAIP Y{S“‘“’( n((N +7)ho)—(N +y)ho cos((N +7)hw))— f((N +7)h)

1—cosw

v (cos((N + 7)ho) + (N + y)hwsin((N + y)ho)) +d; sin((N + y)ho)

+ d5 cos((N + y)ha))] .

The series in the previous expressions are convergent, because |A;| < 1.

Theorem 6. The coefficients of optimal quadrature formulas in the sense of Sard of
the form (2) in the space K, (P>) have the following representation
4(1 —coshw)

—_— AV 4+nANY v =1,... N—1 41
©-(ho +smhe) A T ’ “h)

Cv:

where m and n are defined above, and A, is given in Theorem 4.

Proof. Letv € {1,...,N —1}. Then from (38), using (34) and (40), we have
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Cy = D(hv)*u(hv) = i D(hv — hy)u(hy)

Y=—o0
—1 N oo
= Y D(hv—hyu(hy)+ Y D(hv —hy)u(hy)+ Y. D(hv—hy)u(hy)
— y=0 Y=N+1
= Aip . .
= D(hv)* f(hv) +y;1 %Al ” {— S;r;)(f (sin(—hwy) + haycos(hwy))

1—cos@

it (cos(hwy)+hwysin(hwy))—d; sin(hwy)+d, cos(hwy)— f(—hy)

+¥ %A{V”—V E‘;)‘f (sin((N +7)ho) — (N +y)hocos((N +)ho))
y=1

1—cosw
4%

+ dif sin((N + y)ho) +d5 cos((N +y)ho) — f(N+7y)h)|.

(cos((N+y)hw) + (N + y)hosin((N + 7)ho))

Hence, taking into account the previous notations, we get
Cy =D(hv) * f(hv) +mA) +nAN~". (42)

Now, using Theorems 4 and 5 and equality (31), we calculate the convolution
D(hv)* f(hv),

D(hv) % f(hv) = D(hv) * ﬁ . % Y D(hy)
y=—o

= <D(O) Lo +2 Y D(hy))

r=2

4(1 —coshw)
o (ho+sinho)’

Substituting this convolution into (42) we obtain (41), and Theorem 6 is proved. O

According Theorem 6 it is clear, that in order to obtain the exact expressions
of the optimal coefficients C, we need only m and n. They can be found from an
identity with respect to (hv), which can be obtained by substituting the equality
(41) into (29). Namely, equating the corresponding coefficients the left and the right
hand sides of the equation (29) we find m and n. The coefficients Cy and Cy follow
directly from (30).

Now we can formulate and prove the following result:

Theorem 7. The coefficients of the optimal quadrature formulas in the sense of Sard
of the form (2) in the space K, (P,) are
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2sinh — (hw + sinh) cos hw (ho —sinho) (A + A1)
(ho +sinhw)®sinho (ho +sinho)wsinho - (1+AN)’
v=0,N,

4(1—cosho) 2h(ho —sinhw) sinho (4 +A) )
o(ho+sinhw)  (ho+sinhw)(hocosho —sinho)(1+AN)’
v=1,....N—1,

where Ay is given in Theorem 4 and |A;| < 1.

Proof. First from equations (30) we have

sind  cosw(l —cosw) N cosw =
Cy = — — C ho C hwy),
T T sinw ; veos(hoy)+ 500 ; ysin(hwy)
1— @ N—-1
Cy = R Z Cysin(hwy).

W sin sin @

Hence, using (41), after some simplifications we get

(how —sinhw)(1 —cosw) +2sinw - (1 — coshw)
osin® - (ho+ sinho)

G =

A (sin® cosh® —cos @ sinhw) + AN sinhw — A7 sinw
(A2 4+1 =24 coshw) sin®

AVt (sinw coshw —sinhe cos ®) + Ay sinhw — A sinw
(A2 4+1—2A coshw) sin®

)

(how —sinhw)(1 —cosw)+2sin®- (1 —cosh®)
0sin® - (ho +sinh)

Cy =

ANt (sinw coshw —sinh® cos ) + Ay sinhw — AN sinw
(A 4+1—2A; coshw) sin®

A1 (sin® coshw —cos @ sinhw) + A sinhw — A7 sinw
(A2 +1—2A coshw) sinw

—n

Further, we consider the convolution G(hv) *Cy in equation (29), i.e.,
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G(hv)xCy = i CyG(hv — hy)

7=0
N sign(hv —hy)
=) C,————=[sin(hov —hwy)
Y;) 403
—(hov — hoy)cos(hov — hoy)]
R 43)
where
l v
S; = 707 ZOCY [sin(h®V — hoy) — (hov — hoy)cos(hov — hoy)]
y=
and

1 ¥ ,
$2= 153 ;)Cy [sin(h@V — hoy) — (hov — hoy) cos(hov — hoy)].

Using (41) we obtain

S Cosin(hwVv) — hov cos(hov)]

T 203
1 = v— N+y—v
+ﬂ Z‘b(k +mA, " +nA ) [sin(hwy) — hoycos(hoy)],
’y:
where k = 4(1 — cosh®) /(@ (how + sinhw)). After some calculations and simplifi-
cations S can be reduced to the following form

(hw —sinho)(1 — cos ®)
20*sin® (ho + sinho)

S = %[l—cos(hv)} + [

Lm (Acos®— AN sinho (A —A{) hosinho
203 \sinw (A +1—24;coshw) (A} +1—24 coshw)?
n [ M Hcosw—A)sinho (AN AV Hhosinho\]
+ == = 5 3 sin(h@v)
203 \sinw (A +1—-2A;coshw)  (AZ+1—2A; coshw)?

B sinh@ Ai(m+nAY)sinho
o* (ho+sinhw) 203 (A2 +1— 22, coshw)

} (hov)sin(hov)

[(ha) —sinhw)(cos@—1)  A[(m+nAlY)cos® — (n+mAl)] sinhw}
+ . —
o (ho +sinho) A% +1—2A coshw

hwvcos(howv)
203 sinw
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where we used the fact that 4, is a zero of the polynomial Q,(A) defined by (37).
Now, keeping in mind (30), for S, we get the following expression

1 in @ 1—cos® in @
S, = P s12) sin(hov) — % cos(hov) — 512) (hov)cos(hwv)
1—cosw

Cy(hwy)cos(hwy)

M=

T (hov)sin(hov) +cos(hwv)
1

b5

N
+sin(hov) Z (hwy)sin(hwy)|.

Now, substituting (43) into equation (29), we get the following identity with re-
spect to (hV)
S1 =82 +dysin(hwv)+dycos(hwv) = f(hv), (44)

where f(hv) is defined by (31).

Unknowns in (44) are m, n, di and d,. Equating the corresponding coefficients
of (hov)sin(hwv) and (hov)cos(hwv) of both sides of the identity (44), for un-
knowns m and n we get the following system of linear equations

2hsinho (ho —sinho)

AN n=
mEAn (ho + sinh®) (hw coshw — sinh®)’
2hsinho (ho —sinho)
AN =
rmen (hw+ sinho)(hwcoshw — sinh®)’
from which
o 2hsinho (ho — sinho) 45)

(ho + sinho)(hocosho — sinho)(1+AV)’

The coefficients d; and d, can be found also from (44) by equating the corre-
sponding coefficients of sin(hwv) and cos(hwv). In this way the assertion of The-
orem 7 is proved. 0O

Proving Theorem 7 we have just solved PROBLEM 3, which is equivalent to
PROBLEM 2. Thus, PROBLEM 2 is solved, i.e., the coefficients of the optimal
quadrature formula (2) in the sense of Sard in the space K»(P,) for equal spaced
nodes are found.

Remark 1. Theorem 7 for N =2, @ = 1 gives the result of the example (h) in [31]
when [a,b] = [0, 1].
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2.5 The norm of the error functional of the optimal quadrature
Jormula

In this subsection we calculate square of the norm of the error functional (3) for the
optimal quadrature formula (2). Furthermore, we give an asymptotic analysis of this
norm.

Theorem 8. For the error functional (3) of the optimal quadrature formula (2) on
the space Ky (Py) the following equality

3w—sin® hsin®w—sinhw 4(1—coshw)(h—1) 4sinho —2(ho+sinhow)cosho

o 2
hel™= 203 o*(hw+sinhw)  © (ho +sinhw)h @3 (h® + sinho) sinh@

m [(1 — A (1= AM)(hocoshw —sinhw) (A + A1) (sinw + @) sinho +4(A7 +A))

20* (A 41 =24 coshw) sinhw B A2 +1—22 coshw
A -AY)
-4 ]

Proof. In the equal spaced case of the nodes, using (14), we can rewrite the expres-
sion (17) in the following form

N N

1

le)*=Y ¢ {Z CyG(hv—hy)— ] ZCvf (hv)+5—|2+cosw — %smw
v=0 7=0

where f(hv) is defined by (31).

Hence taking into account equality (29) we get

Iel? = Z Cy (—d sin(hov) — dp cos(hwv))

1 3
fZCvf (hv)+ {ZJrcoswwsma)}

Using equalities (30) and (31), after some simplifications, we obtain

di(cosw—1)—dysinw 1
0) 40t

I14|* = [4 ZCV +sinw ZCV (hov)cos(hwv)

N 2
(1+cos) Z (hwv)sin hwv)] {S—i—cosw—wsmw] (46)

1
40t
Now from (44), equating the corresponding coefficients of sin(hwv) and cos(h@V),
for di and d, we find the following expressions
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®WCos W — Sin @ 1 Y .
d] = T + m };OC}/(/’Z(DY) s1n(ha)}/)
B h(ho —sinho) (A2 —1)(AN — 1)
203 (ho +sinho) (1 +AV) (A2 +1—24; coshw)’
1—cosw— wsin® 1 Y
d) = Py + i 7Zbcy(h(u}/) cos(hwy).

Substituting these expressions in (46) we get

30w —sin@ h(1—cos ®)(ho —sinho) (A7 —1)(AN — 1)

o =
el 20° 204 (ho +sinho)(1+AV) (A2 4+ 1 —24; coshw)
cosa) sin
gt ZCY hoy)sin(hwy) — T ZCY hay)cos(hwy) — Z Cy.

Finally, using the expression for optimal coefficients Cy from Theorem 7, after some
calculations and simplifications, we get the assertion of Theorem 8. O

Theorem 9. The norm of the error functional (3) for the optimal quadrature for-
mula (2) has the form

o * 1
| ¢ K5 (Po)|[* = Z55h* +0(F°)  as N —eo. (47)

Proof. Since

2he —sin(2he) —2sinhw V120 —sin’ ho _ W3

1=
! 2(hocoshw —sinh)

—2)4+0(h?)

and |ho| < 1, @ > 0, then [A;| < 1 and AY — 0 as N — co. Thus, when N — oo the
expansion of the expression for || ¢ ||?> (from Theorem 8) in a power series in & gives

the assertion of Theorem 9. O

The next theorem gives an asymptotic optimality for our optimal quadrature for-
mula.

Theorem 10. Optimal quadrature formula of the form (2) with the error functional
(3) in the space K(P,) is asymptotic optimal in the Sobolev space L<22> (0,1), i.e

A ST0CS G

Noseo | &7 (2)% ) “8)
1Ly (0,1)]]

Proof. Using Corollary 5.2 from [48] (for m =2 and 1o = 0), for square of the norm
of the error functional (3) for the optimal quadrature formula (2) on the Sobolev
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space L<22) (0,1), we get the following expression

N-+i
o7 (2)* 2 1oy q —1)ig ind 1y 5
L DI = — T it it 40 4
1212570, 1) | = sk 2 LA — 007, (49

where d is known, ¢ = v/3 — 2, A’y* is the finite difference of order i of y*, A'0* =

Al y=0.

Using (47) and (49) we obtain (48) and proof is finished. O

As we said in Subsection 2.1, the error (4) of the optimal quadrature formula of
the form (2) in the space K, (P») can be estimated by the Cauchy-Schwarz inequality

Ry ()] < ll@IKa(Ps) |- || ¢ K3 (Py)].

Hence taking into account Theorem 9 we get

R (9)| < [[o|Ka(P) <£h2+0(h5/2)>

from which we conclude that order of the convergence of our optimal quadrature
formula is O(h?).

3 Interpolation splines minimizing the semi-norm

3.1 Statement of the problem

In order to find an approximate representation of a function ¢ by elements of a
certain finite dimensional space, it is possible to use values of this function at some
points xg, f = 0,1,...,N. The corresponding problem is called the interpolation
problem, and the points xg are interpolation nodes.

Polynomial and spline interpolations are very wide subjects in approximation
theory (cf. DeVore and Lorentz [15], Mastroianni and Milovanovié [34]). The theory
of splines as a relatively new area has undergone a rapid progress. Many books are
devoted to the theory of splines, for example, Ahlberg et al [1], Arcangeli et al
[2], Attea [3], Berlinet and Thomas-Agnan [5], Bojanov et al [8], de Boor [14],
Eubank [17], Green and Silverman [22], Ignatov and Pevniy [28], Korneichuk et al
[29], Laurent [32], Niirnberger [38], Schumaker [44], Stechkin and Subbotin [56],
Vasilenko [57], Wahba [59] and others.

If the exact values @(xg) of an unknown function ¢(x) are known, it is usual to
approximate ¢ by minimizing

JRCERS (50)
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on the set of interpolating functions (i.e., g(xg) = @(xg), B =0,1,...,N) of the

Sobolev space Lgm) (a,b). It turns out that the solution is the natural polynomial

spline of degree 2m — 1 with knots xg,xy,...,xy. It is called the interpolating D"-
spline for the points (xg,®(xg)). In the non-periodic case this problem was first
investigated by Holladay [27] for m = 2, and the result of Holladay was generalized

by de Boor [13] for any m. In the Sobolev space Lgm) of periodic functions the

minimization problem of integrals of type (50) was investigated by I.J. Schoenberg
[40], M. Golomb [21], W. Freeden [18, 19] and others.

In the Hilbert space K»(P), defined in section 1 with the semi-norm (1), we
consider the following interpolation problem:

PROBLEM 5. Find the function S(x) € K»(P,) which gives minimum to the semi-
norm (1) and satisfies the interpolation condition

S(XB) = (p(xﬁ), B=0,1,...,N,

for any @ € Ky(P;), where xg € [0, 1] are the nodes of interpolation.

From [57, p.45-47] it follows that the solution S(x) of PROBLEM 35 is exists,
unique when N > @.

We give a definition of the interpolation spline function in the space K»(P) fol-
lowing [32, Chapter 4, p. 217-219].

LetA: 0=xp <x; <...<xy=1be amesh on the interval [0, 1], then the inter-
polation spline function with respect to A is a function S(x) € K»(P,) and satisfies
the following conditions:

(1) S(x) is a linear combination of functions sin @x, cos Wx, xsin ®x and xcos Ox
on each open mesh interval (xg,xg41), B =0,1,....N—1;

(i) S(x) is a linear combination of functions sinwx and cos @x on intervals
(—o0,0) and (1,e0);

(iii) S<a>(x[;) = s<a>(x;), a=0,1,2,=0,1,...,N;

(iv) S(xg) = @(xg), B =0,1,...,N for any ¢ € K2(P>).

We consider the fundamental solution G(x) defined by (14) of the differential

d4 2
operator e + 2(02@ + o
It is clear that the third derivative of the function
sign (x —
G(x—xy) = % (sin(@x — wxy) — ®(x — xy) cos(wx — 0xy))

has a discontinuity equal to 1 at the point xy, and the first and the second derivatives
of G(x—xy) are continuous. Suppose a function py(x) coincides with the spline S(x)
on the interval (xy,xy11), i.e., py(x) := py_1(x) + CyG(x —xy), X € (Xy,Xy4+1), Where
Cy is the jump of the function S (x) at xy:

Cy= N (x;,r) g (x;)

Then the spline S(x) can be written in the following form
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N
S(x) =) CyG(x—xy) + p-1(x), (51)
=0

where p_(x) = d sin@x + d; cos @x, with d;, d; real numbers.

Furthermore, the function S(x) satisfies the condition (ii) if the function
ﬁ Zg)’zo Cy[sin(@wx — wxy) — ®(x — xy) cos(wx — wxy)] is a linear combination of
the functions sin @x and cos wx. Hence we get the following conditions for Cy

N N
Y Cysin(ox,) =0, Y Cycos(wxy) =0.
=0 y=0

Taking into account the last two equations and the interpolation condition (iv)
for the coefficients Cy, y=0,1,2,...,N, di and d; of spline (51) we obtain the
following system of N + 3 linear equations

N
Y C/G(xg —xy) +di sin(wxg) +dy cos(wxg) = @(xg), B=0,1,...,N,(52)

7=0

N

Y Cysin(ox,) =0, (53)
7=0

N

Y Cycos(oxy) =0, (54)
7=0

where ¢ € K> (P,).

Note that the analytic representation (51) of the interpolation spline S(x) and
the system (52)-(54) for the coefficients can be also obtained from [57, p. 45-47,
Theorem 2.2].

It should be noted that systems for the coefficients of D™-splines similar to the
system (52)—(54) were investigated, for example, in [2, 16, 28, 32, 57].

In the work [49], using S.L. Sobolev’s method, it was constructed the inter-
polation splines minimizing the semi-norm in the space W™ "(0,1), where

Wz(’"""‘”(o, 1) is the space of functions ¢ which @~ is absolutely continuous

and @™ belongs to L (0, 1) and fol (0" (x) + @ (x))?dx < oo,

The main aim of the present section is to solve PROBLEM 3, i.e., to solve the
system (52)—(54) for equally spaced nodes xg = hf, B =0,1,...,N,h=1/N,N >
® > 0 and to find analytic formulas for coefficients Cy, y=0,1,...,N, d| and d of
S(x).
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3.2 An algorithm for computing the coefficients of interpolation
splines

In this subsection we give an algorithm for solving the system of equations (52)—
(54), when the nodes xg are equally spaced. Here we use similar method proposed
by S.L. Sobolev [53, 55] for finding the coefficients of optimal quadrature formulas
in the space LY.

Here also we use the concept of discrete argument functions and operations on
them (see subsection 2.4).

Suppose that Cg = 0 when 8 < 0 and 8 > N. Using Definition 3, we write equal-
ities (52)—(54) as follows:

G(hB) +Cpg +d sin(hoB) +dycos(hwB) = (hB), B=0,1,...,N, (55)
N

Y Cgsin(hop) =0, (56)
B=0
N
Cp cos(hwf) =0, (57)
B=0

where G(hf3) is the function of discrete argument corresponding to the function G
given in (14).
Thus we have the following problem.

PROBLEM 6. Find the coefficients Cﬁ, B=0,1,...,N, and the constants di, d,
which satisfy the system (55)—(57).

Further we investigate PROBLEM 6 which is equivalent to PROBLEM 5. Namely,
instead of Cg we introduce the following functions

V() = G(HB) <Cp, (58)
u(hf) = v(hP) +d; sin(hwf) + dz cos(hwf). (59)

In such statement it is necessary to express the coefficients Cg by the function u(hp).
For this we use the operator D(hf3) which is given in Theorem 4.
Then, taking into account (59) and Theorems 4, 5, for the coefficients CB of the
spline S(x) we have
Cp = D(hB) *u(hB). (60)

Thus if we find the function u(hf3) then the coefficients Cg can be obtained from
equality (60). In order to calculate the convolution (60) we need a representation
of the function u(hf) for all integer values of 3. From equality (55) we get that
u(hfB) = @(hB) when hf € [0,1]. Now we need to find a representation of the func-
tion u(hf) when B < 0and 8 > N.

Since Cg = 0 when 28 ¢ [0, 1] then Cg = D(hf3) * u(hB) = 0, h ¢ [0, 1]. Now
we calculate the convolution v(hf3) = G(hf3) *Cg when <0 and > N.

Suppose < 0 then taking into account equalities (58), (56), (57), we have
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vhB) = Y. C;G(hB—hy)

Y=—o0

Z ,enhb I (sin(hwﬁ ~ hoy) ~ (hop ~ hy) cos(hop - hm))

1

= T ied Z Cy{ sin(hwf) cos(hwy) —cos(hwpP) sin(hwy)

—(hopP) [cos(ha)ﬁ) cos(hwy)+sin(hof) sin(hwy)}
+(hoy) [cos(hwﬁ) cos(hwy) +sin(hwf) sin(ha)y)] }

1 1
= T ia —— cos(hof) };)Cy hwy)cos(hwy) — —sm (hoP) 7IZ%)C}, hoy)sin(hoy).

Denoting by = 15 Y Cy(h@y) sin(hwy) and by = 75 Y3, Cy(hwy) cos(hay)
we get for B <0
v(hB) = —bysin(hwP) — by cos(hwf).

and for B > N
v(hB) = bysin(hwf) + bacos(hwf).

Now, setting
di =di—b1,d;, =dy—by, d]+ =d, +by, d;_ =dy+by
we formulate the following problem:

PROBLEM 7. Find the solution of the equation

D(hB)*u(hB) =0, hB ¢[0,1], (61)
in the form:
d; sin(hoP)+d, cos(hwp), B <0,
u(hB) = ¢(hB), 0<B<N, (62)
dy sin(hoP) +d; cos(hoB), B >N

where d; , d;, dl+, d;” are unknown coefficients.

It is clear that

1 1
di = E(d++arl) dzzi(dj+d{), (63)
b= (dF—dp), b= (df —dy)

) 1 2 7 \*2 2
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These unknowns d;, d; , df, c12+ can be found from equation (61), using the function
D(hf3). Then the explicit form of the function u(hf3) and coefficients Cg, d, da can
be found. Thus, PROBLEM 7 and respectively PROBLEMS 6 and 5 can be solved.

In the next subsection we realize this algorithm for computing the coefficients
Cg, B=0,1,...,N, d; and d; of the interpolation spline (51).

3.3 Computation of coefficients of the interpolation spline

In this subsection using the algorithm from the previous subsection we obtain ex-
plicit formulae for coefficients of the interpolation spline (51) which is the solution
of PROBLEM 5.

It should be noted that the interpolation spline (51), which is the solution of
PROBLEM 35, is exact for the functions sin wx and cos wx.

The following holds:

Theorem 11. Coefficients of interpolation spline (51) which minimizes the semi-
norm (1) with equally spaced nodes in the space K»(P,) have the following form:

Co = Cp(p(O)_—f— plo(h) —d; sin(how)+d; cos(hw)]
LAp il]y(p(hy)—f—Ml—&-?Lval]

=
Cp = Cpo(hP)+ple(h(B—1))+@(h(B +1))]

Aip |, - _
2PN AP oy + AP+ AN PN | B=1,2, N1,

M 720
Cy = Cpo(1)+ p[@(h(N — 1)) +d| sin(®+ ho) +d; cos(®+ ho)]
Ap e N—y N
—‘rT ZAI (p(hy)+/ll M+ Ny |,
1 Ly=0

1 _ 1 _
di = S(df +dy),  dr=35(d] +dy),
where p, Ay, C and Ay are defined by (35), (36),

_ Aild; (cos(hw) —Ay) —d sin(h)]

B A% +1—24 cos(hw)

M [dy (cos(@+ho) — Ay cos @) +d (sin(@+ hw) — A; sinw)]
A +1—22 cos(hw)

M, (64)

)

Ny = , (65)

and df, d;, dy, d; are defined by (66) and (72).

Proof. First we find the expressions for d, and dz+ . From (62), when = 0 and
B =N we get
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B 1
dy = (0), di = C"(’)(s(f) —df tno. (66)

Now we have two unknowns d;” and d1+. These unknowns we find from (61) when
B=—-land B=N+1.
Taking into account (62) and Definition 3 from (61) we have

N

—1
Y. D(hB —hy)ld; sin(hoy) + d; cos(hoy)]+ Y D(hB —hy)@(hy)
y=—eo r=0

+ Y, D(hB —hy)[d] sin(hoy)+d; cos(hwy)] =0,
Y=N+1

where B <0and 3 > N.
Hence for f = —1 and B = N+ 1 we get the following system for d; , df, dy, d;:

—d; i D(hy—h)sin(hwy) + dy i D(hy—h)cos(hwy) (67)
r=1 y=1
+df i D(h(N +7) +h)sin(® + hoy)
=1

+df Y. D(h(N +7)+h) cos(® + hwy)
r=1

N
=—Y D(hy+h)e(hy),
=0

—d; i D(h(N +7y)+h)sin(hoy) + d; i D(h(N+7)+h)cos(hwy)  (68)
r=1 y=1

+d;" Y D(hy—h)sin(o+ hoy)
r=1

+df Y D(hy—h)cos(® -+ hoy)
r=1

N
=— ) D(h(N+1) —hy)p(hy).
7=0
Since || < 1, the series in the system (67), (68) are convergent.

Using (66) and taking into account (34), after some calculations and simplifica-
tions, from (67), (68) we obtain

Bidy +Bd) =T, Boid; +Byd) =T,

where
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AN sin(ho A sin(ho
B]] le sin(ha)),B]Z:—il ( ),BZI:/'LfV“sin(ha)),322:—71 Sln( ),
COos @ COS((1)69)

_ 2hodssin’(he) &y
b hwcos(h®) — sin(ho) };))Ll ¢ (hY)

+(A1 cos(h®) — 1)@ (0) + AV (cos(hw) — A1 — tan @ sin(hw)) @(1),(70)

_ 2hwAsin®(ho)
T hocos(h®) — sin(hw)

N N
Y A To(hy)
=0

+ANT (cos(ho) — A1) @(0) + (A cos(hw) — 1 — A; tan @sin(hw))@(1)71)
Hence we get

- TBxn—TBp +_ DB —TiBy

(= 4 =5, (72)
B11By, — B12Bs) B11By — B12Bsj

where 3117312,321,3227 T], and T2 are defined by (69) - (71)

Combining (63), (66) and (72) we obtain d; and d, which are given in the state-
ment of Theorem 11.

Now, we calculate the coefficients Cg, f =0, 1,...,N. Taking into account (62)
from (60) for Cg we have

Cg = D(hB)*u(hB)

=

= Y D(hB—hy)u(hy)

Y=—o0
o N
=Y D(hB +hy)|—d; sin(hwy)+d; cos(hwy)]+ Y D(hB —hy)@(hy)
y=1 y=0
+ i D(h(N +7) —hB)[d; sin(®+ hoy) +d5 cos(w+ hoy)],
y=1

from which, using (34) and taking into account notations (64), (65), when 8 =
0,1,...,N, for Cg we get expressions from the statement of Theorem 11.

Remark 2. It should be noted that from the results of this section when @ = 1 we
get the results of [26].

3.4 Numerical results

In this subsection, in numerical examples, we compare the interpolation spline (51)
with the natural cubic spline (D?-spline).
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It is known that (see, for instance, [2, 13, 16, 27, 28, 32, 57]) the natural cu-
bic spline minimize the integral jol (¢"(x))?dx in the Sobolev space L(22>(07 1) of
functions with a square integrable 2-nd generalized derivative. For convenience we
denote the natural cubic spline as Scubic(x). In numerical examples we use standard
function “spline(X,Y,x,cubic)” of Maple package for the natural cubic spline.

Here first we consider the case ® = 1 and give the numerical results which were
given in [26].

We apply the interpolation spline (51) and the natural cubic spline to approxima-
tion of the functions

313x* — 6900x% + 15120
13x4 4+ 660x2 4+ 15120

filx) =¢€", fa(x) =tanx, f3(x)=

Using Theorem 11 and the standard Maple function ”spline(X,Y,x,cubic)”, with N =
5and N = 10, we get the corresponding interpolation splines denoted by Sy (fi;x),
k = 1,2,3 for the interpolation spline (51) and Scubicy(fi;x), k = 1,2,3 for the
natural cubic spline.

The corresponding absolute errors | fi.(x) — Sy (fi;x)| and | fi (x) — Scubicy (fi; x)|
on [0, 1], for k = 1,2, and 3 are displayed in Figures 1, 3, 5, and 2, 4, 6 respectively.

N=5 N=10
0.0101 0.00251
0.0081 0.00201
0.006 0.00151
0.004 0.00101
0.0021 o.ooosr\l\A‘
0 NV NV 1 | o e N
0 02 04 06 08 1 0 02 04 06 08 1
X X

Fig. 1 Graphs of absolute errors | fi (x) —Sy(fi;x)| for N =5and N = 10

As we can see the smallest errors in these cases appear in the Figure 5, because
f3(x) is a rational approximation for the function cosx (cf. [23, p. 66]), and the
interpolation spline (51) is exact for the trigonometric functions sinx and cos.x.

It should be noted that we used the same functions fi(x), k = 1,2,3, to test an
optimal quadrature formula in the sense of Sard in the space K, (P,),

1 N
1) = /0 o) dr= Y Cop(ry) =: Ox(9). (73)
v=0

which have been constructed recently in our paper [25]. The weight coefficients in
(73) are
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N=5 N=10
0.0044 0.00101
0.0031 0.0008
0.0006
0.0021
0.0004
0 0 ¥ ey ¥
0 02 04 06 08 1 0 02 04 06 08 1
X X

Fig. 2 Graphs of absolute errors | fi (x) — Scubicy(fi;x)| for N =5 and N = 10

N=5 N=10
0.0201
0.0051
0.0151 0.0041
0.010] 0.0031
0.002
0.0051 0.0011
0 0 - Y
0 02 04 06 08 1 0 02 04 06 08 1
X X

Fig. 3 Graphs of absolute errors | f>(x) —Sy(f2;x)| for N =5 and N = 10

N=5 N=10
0.018 0.005
0.014] 0.0041
0.0101 0.0031
0.006/ 0.0021
1 0.001-
0 0 — ¥
0 02 04 06 08 1 0 02 04 06 08 1
X X

Fig. 4 Graphs of absolute errors | f2(x) — Scubicy(f2;x)| for N =5 and N = 10

2sinh — (h+sinh)cosh h—sinh

Co=Cy=
0= =N (h+sinh)sinh (h+sinh)sinh(1+/lfv)(

and

ll-l-llN_l)

31
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N=5 N=10
-8 -8
5.x10 ] 1.4x10 ]
-8 1
4.x 10 8]
I 1.x 10
3.x10 ] 1
-8 -9
2.%x10 6.x 10
Lx107] )
X 2.x10° ]
0 — v Y Y ! 0 ~ Y
0 02 04 06 08 1 0 02 04 06 08 1
x X

Fig. 5 Graphs of absolute errors | f3(x) —Sy(f3;x)| for N =5 and N = 10

N=5 N=10
0.0018 n
1 0.0004
0.00144
1 0.0003
0.0010
1 0.00021
0.00061
1 0.00011
0] 0’
0 02 04 06 08 1 0 02 04 06 08 1
X X

Fig. 6 Graphs of absolute errors | f3(x) — Scubicy(f3;x)| for N =5 and N = 10

4(1 —cosh) 2h(h—sinh)sinh

C =
v h+sinh (h+sinh)(hcosh—sinh)(1+AY)

(A +AYY),

forv=1,...,N—1, where 4; is given as in (36), with @ = 1 and |A;] < 1.
N
In [25] we have obtained the approximate numerical values Oy (fx) = Y. Cy fi(xv)
=0

v=
for the corresponding integrals I(f;), k = 1,2,3, taking N = 10,100, and 1000.
These approximate values we also obtain if we integrate the corresponding inter-
polation splines Sy (fi;x) over [0,1], i.e., On(fi) = I(Sn(fi;X)).

Now we consider the values of the difference |Sy(f1;x) — Scubicy(f1;x)| for the
cases ® =10, 1, 0.1, 0.01, with N = 10.

From the Figures 7 and 8 we can see that Sy(f1;x) tends to Scubicy(f1;x) as
o — 0.
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omega=10 omega=1
0.12 0.00121
0.10 0.00107
0.08+ 0.0008 1
0.061 0.0006
0.041 0.0004
0.021 0.0002 1
0 y v N v 0
0 02 04 06 08 1 02 04 06 08 1
x X

Fig. 7 Graphs of absolute errors |Sy (fi;x) — Scubicy(fi1;x)| for @ = 10,1 and N = 10
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0.000012 1
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