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ON MAXIMUM OF THE MODULUS OF KERNELS IN
GAUSS-TURAN QUADRATURES WITH CHEBYSHEV
WEIGHTS: THE CASES S=1,2*

Gradimir V. Milovanovié¢, Miodrag M. Spalevié
and Miroslav S. Pranié

Abstract. We study the kernels K, 4(z) in the remainder terms R, s(f) of
Gauss-Turdn quadrature formulae for analytic functions on elliptical contours
with foci at £1, when the weight w is Chebyshev weight function of the first and
third kind. It is shown that the modulus of the kernel attains its maximum on
the real axis Vn > ng, ng = ng(p, s) in the case s = 1. Analogous results can be
performed in the case s = 2.

1. Introduction

We consider the Gauss-Turdn quadrature formula with multiple nodes

n 2s

1
(1.1) /1 FOwt)dt =Y "> " A fOn) + Rus(f) (n€N; s € Np),

v=1 =0

where w is nonnegative and integrable function on interval (—1,1), which
is exact for all algebraic polynomials of degree at most 2(s + 1)n — 1. The
nodes 7, in (1.1) must be zeros of the s-orthogonal polynomials with re-
spect to the weight function w(t). The s-orthogonal polynomials 7, = 7, ¢
with respect to the weight function w(t) are polynomials which satisfy the
following orthogonality conditions

1
/ T ()T R w(t)dt = 0, k=0,1,...,n—1.
—1
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Numerically stable methods for constructing nodes 7, and coefficients
A, , can be found in [1, 4, 6]. For more details on quadrature formulae with
multiple nodes see [2] and [3].

Let T' be a simple closed curve in the complex plane surrounding the
interval [—1, 1] and let D be its interior. If integrand f is analytic on D and
continuous on D, then the remainder term R, s in (1.1) admits the contour
integral representation (see, for instance, [5] and reference therein)

1

" 2mi

(1.2) Roslf) = 7 § Knsl2)(2)d

r

The kernel is given by

Kns(z) = W'O"(Zgj?ﬂ . z¢[-1.1],

1 T 2s+1
o) = [P

-1 z—1

where

The modulus of the kernel is symmetric with respect to real axis, i.e.,
|Kpns(Z)] = |Kps(2)|. If the weight function in (1.1) is even the modulus of
the kernel is symmetric with respect to both axes, i.e., | Ky, s(—2)| = | Ky s(2)]
(see [5, Lemma 2.1.]).

The integral representation (1.2) leads to the error estimate

ol < 82 (e 2 ) (mar2))

zel zel
where [(I') denotes the length of the contour I'. First maximum depends
only on the quadrature rule (i.e., on w) and not on f.
2. The Maximum Modulus of the Kernel on Confocal Ellipses

In this section we take as contour I' an ellipse £, with foci at points £1
and a sum of semiaxes p > 1,

1 . .
& :{ZG(C: z:a(pew—kp_le_le), O§9§27r}.

When p — 1 the ellipse shrinks to the interval [—1, 1], while with increasing
p it becomes more and more circle-like.
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We study the magnitude of | K, (z)| on the contour £, for the generalized
Chebyshev weight functions of first and third kind, respectively, (cf. [5])

1/2+s
wi(t) = (1= )72 and wg(t):w.

2.1. The weight function w;(t) = (1 —t?)~%/2.  Explicit representation
of the kernel K 7(32(,2) on the ellipse £, for the weight function wy(t) was given
by Milovanovi¢ and Spalevi¢ in [5], as well

2 (pe™)|

P (ag — cos 20)Y/2(ag, + cos 2n@)t/2ts

z €&,

where ]
(2.2) aj=aj(p) =5 (P +p7), JEN,
and
. 5 25+ 1 N\ —2nk
(1) 0\ _ 0
) S ()e™

The weight function wi(t) is even, so we can take 6 € [0, 7/2].

Using the representation (2.1) Milovanovi¢ and Spalevié¢ stated the fol-
lowing conjecture:

Conjecture 2.1. For each fized p > 1 and s € Ny there exists ng = no(p, s)
such that

max
z€€,

1
K| = K8 (500 +0)
for each n > ny.
Theorem 2.1. Conjecture 2.1 holds for s = 1.

Proof. Because (2.1) it is sufficiently to prove
2.0 (94 6p~ 2" cos 2n0 + p~4")(ag — 1)(az, + 1)3
24
< (94 6p72" + p~4")(ag — cos 20)(agy, + cos 2nb)3,

for sufficiently large n (n > no(p)) and 6 € (0,7/2], where a; are given by
(2.2). Introducing half-angles, this is equivalent to

[(3+ p2")2 —12p~2"sin% nb)](az — 1)(ag, + 1)3
< (3+p72)?[(ag — 1) + 2sin? ][(az, + 1) — 642, sin® nb

—12asy, sin® nf cos? nf — 6sin? nh + 12sin* nf — 8 sin nf).
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Now, it is sufficiently to prove

. 2 0
(agn +1)3 — LHQ nG (az — 1)(3a3,, + 6ag, cos® nf
S~ n
(2.5) +3 — 6sin®nf + 4sin? nd) — 2sin nf(3a2,,

+6ag, cos® nf 4+ 3 — 6sin® nf + 4sin? nh) > 0,
if n > no(p) and 0 € (0,7/2]. Since

sin nd

Snu (a2_1)>07

sin 0
and
(Vn € N)  3a3, + 6ag, cos>nf + 3 — 6sin’ nf + 4sin’ nf > 0,

the left-hand side of (2.5) is larger or equal to

(agn +1)° —n®(ag — 1)(3a3,, + 6ag, + 7) — 2(3a3,, + 6az, + 7) := F(n).
Using (2.2) we get

1
F(n) = 3 (%" — (3An? + 6)p™ — (124n* + 33)p™"
—(34An? + 116) — (12An + 33)p~ 2" — (34An* + 6)p~ " + p~ "],

where A = (ag — 1) = (p — p~1)? = const. Since F(n) is continuous on R

and lim,, 4 = +00, it follows that F'(n) > 0, for all n > ¢, where ¢ is the
largest zero of F(n). For ng we can take [t] + 1. O

We can use the function F(n) from the proof to estimate ng. Numerical
values of [t] +1 (¢ is the largest zero of F') for some values of p are presented
in Table 1. The least possible values of ng are also presented. We can see
that the least possible ng is estimated by [t] + 1 very well.

Table 1
p  [t]+1 thelp.ng| p [t]+1 thelp. ng
1.01 207 165 1.2 12 10
1.02 104 83 1.3 8 7
1.03 70 56 14 7 6
1.04 53 42 1.5 6 )
1.05 43 34 1.6 5) 4
1.06 36 29 1.7 4 4
1.07 31 25 1.8 4 4
1.08 27 22 1.9 4 3
1.09 24 20 2 4 3
1.1 22 18 2.5 3 3
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Analogous results can be derived in the case s = 2, in a similar way. But
when s increases the derivation becomes drastically complex.

2.2. The weight function ws(t) = (1-+1)"/?T5(1 —t)~/2.  Explicit repre-
sentation of the kernel Kﬁf’g (z) on the ellipse &, for the generalized Chebyshev

weight function of third kind ws(t) was given by Milovanovié¢ and Spalevié
in [5], as well

ol—s (a1 + cos @) ZT(L32 (peie)‘
Y2 (ag — 08 20)1/2(agny 1 + cos (2n + 1)0)L/2+s

where .
e et
k=0

Using representation (2.6) in [5] was been stated the following conjecture:

Conjecture 2. For each fixed p > 1 and s € Ny there exists ng = ng(p, s)
such that

max

n,s n,s
e, I ™ ’

K9G| =58 (500 +0)

for each n > ny.
Theorem 2.2. The conjecture 2 holds for s = 1.

Proof. Because (2.6) it is sufficiently to prove

(9+6p 2" Leos (2n + 1)0 + p~4""2)(ag — 1)(agns1 + 1)3
< (9+6p7 201 4 p=4=2)(ay — cos 20)(agn+1 + cos (2n + 1)6)3,

for enough large n (n > ng(p)) and 6 € (0, 7|, where a; are given by (2.2).
Introducing the new variable k& with n = (2k — 1) /2 inequality (2.8) becomes
inequality (2.4), which holds Vk, k > t, where t is the largest zero of the
function F'(k) from the proof of Theorem 2.1. Furthermore, we can conclude
that inequality (2.8) holds for every n, such that n > (2t — 1)/2. For ng we
can take [(2¢t —1)/2] + 1. O
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