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Abstract. Let W, be the set of all algebraic polynomials of exact degree n, whose coefficients
are nonnegative. For the norm in L"[0,+o00) with generalized Laguerre weight w(t) = t®e~t
(a > —1), the extremal problem

pm) r
(@) = sup <@>

PeW, HPHr

is solved when r € N, which completes the results of Milovanovi¢ [6] for » = 2 and m = 1, and
Guessab and Milovanovié¢ [2] for r = 3 and m = 1.

1. Introduction

E. Hille, G. Szeg6 and J. D. Tamarkin [3] extended the well-known result of A. A.
Markov [5] to L"™-norm (r > 1) on (—1,1) by proving the following result:

Theorem 1.1. Let r > 1 and let P(t) be an arbitrary rational polynomial of de-

gree n. Then

(1.1) (/_11 yp'(t)vdt> e (/_11 ()" dt)l/r,

where A is a positive constant which depends only on r, but not on P or on n.

This result was obtained also by N. Bari [1] using very different methods.

The factor n? in (1.1) cannot be replaced by any function tending to infinity
more slowly. Namely, for each n exist polynomials P(t) of degree n such that the
left side of (1.1) is < Bn?, where B is a constant of the same nature as A.

Under only a little restriction on the zeros of P(z), M. A. Malik [4] found the
following improvements of Theorem 1.1:
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Theorem 1.2. Let r > 1 and let P(t) be an arbitrary rational polynomial of de-
gree n. Let P(z) have no zeros in the two circular regions
lztal<1l—a 0<a<1),

then
1/r 1/r

</11|P’(t)|’"dt> an1+1/T</11|P(t)|’"dt> ,

where B is a positive constant which depends only on r and a, but not on P or
onn.

Instead of the set of all algebraic polynomials of degree n, in this paper we
consider a restricted polynomial set. Namely, let W,, be the set of all algebraic
polynomials of exact degree n, all coeflicients of which are nonnegative, i.e.,

Wn:{P | P(t):kz_oaktk, ap >0 (k=0,1,...,n—1), an>0}.

We denote by W,(lm_l) the subset of W,, for which a9 = -+ = a;p—1 = 0 (i.e.,
Let w(t) = t*¢~! (a« > —1) be a weight function on [0, 4+00). For P € W,,, we

define ||P|, = (5~ w(t)P(t)" dt) 1/r, r > 1, and consider the following extremal
problem:

Determine the best constant in the inequality

(1.2) P < CimP|n, P eW,,
1.€.,
p(m) "
(1.3) CM™(a) = sup <u> .
’ pew, \ ||IPl,

The case r = 2 and m = 1 has been recently investigated by A. K. Varma [10],
[11] and G. V. Milovanovié¢ [6]. In [6] the following result was proved:

Theorem 1.3. The best constant C,(Lg(a) defined in (1.3) is
1
24+ a)(1+a«)

n2

2n+a)2n+a—-1)

(-l<a<ay),
) (a) =

(o, < a < +00),

where
an=31n+1)7 (A2 +2n +1)V2 - 3n +1).

When r = 3 and m = 1, A. Guessab and G. V. Milovanovi¢ [2] obtained the
following result:
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Theorem 1.4. The best constant C’T(:%(oz) defined in (1.3) is

1
B+a)24+a)(1+a)
3

(—l<a<ay),

oM (a) =
n

Bn+a)Bn+a—-1)Bn+a—2)

(o < @ < +00),

where o, is the unique positive root of the equation

(n? +n+1)a® +3(2n% + 2n — 1)a® + (11n* — 16n + 2)a — 3n(7n — 2) = 0.

An extremal problem for higher derivatives of nonnegative polynomials with
respect to the same weight was investigated in [9]. A similar problem for Freud’s
weight function has been dealt with G. V. Milovanovié¢ and R. Z. Djordjevié [8]. A
survey about extremal problems of Markov’s type for algebraic polynomials is given
in [7].

In this paper we consider the extremal problem (1.3) for » € N and m < n.
Firstly, we note that the supremum in our extremal problem (1.3) is attained for
some P € anfl). Indeed,

p 1P 1P, 1P
R, TP, pewten TP+ Quotls  pepton TPI,
ag,... sam—1>0

where Q,—1(t) = 22:01 apt® (ap >0).

An auxiliary result, necessary in solving problem (1.3), is presented in §2. The
central issue of the paper, the determination of the best constant in (1.2), is given
in §3. Some corollaries and special cases of importance are included.

2. An auxiliary result

Lemma 2.1. Letr € N and m < n. If P(t) = >, _, axt’ € W™V then the
equality

n

21 |Pm= Y Hﬁf;)(kl,...,kr)<Haki)P(a+k1+---+kr+1)
=1

holds, where

(2.2) H™ (ky, ... k) = ,

k
l,j

I1
=1
1
(a+ki 4+ +k —1i)
=0
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and I' is the gamma function.

Proof. Let P € W,(lm_l), ie.,

P(t)="> ath
k=m

with ap >0 (k=m,... ,n—1) and a,, > 0. Then

n

(P0) = 3 Bulkr,... k)t

ki,...,kp=m
where
(2.3) By (ky,. .. k) = ﬁakikzi(kzi — 1) (ki —m—+1).
i=1
Thus, we have
(2.4) 1P| = i B (ki ..o k) D(+ky + -+ kyp —mr + 1).
ki, skp=m

Since

T(a+ky+- ke +1)
mr—1

1 (4ky+-+ ko — i)
=0

(2.5) Na+ki+--+k —mr+1)=

)

from (2.3), (2.4) and (2.5) we obtain (2.1). O

3. Main result

In this section we give the results related to problem (1.3).

Theorem 3.1. The best constant Cq(ﬂ) () defined in (1.3) is

N\
mlr(mil) (_1 <o S an,r,m)a
[1G+ «)
i=1
(3.1) Cim(a) = me1
1 (n =iy’
mr—1 (an,r,m S (07 < +OO)’
I rm+a—1)

=0
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where auy, r.m 15 the unique positive root of the equation

(3.2) (mh)” ﬂ (rm+a—1i) = H(i—i—a) 1:[ (n—1)".
=0 i=1 =0

Proof. Let P € W™ Y. Then from Lemma 1 we have

n

33) IP™II= Y Hﬁj@(kl,...,kr)(Haki)r(aJrkl+---+kr+1),
=1

ljlkzz(k:z Do (ks —m+1) < m(zlk)<zl(k—1)) ..(il(k;i—m+1))r,
we find
(3.4) Hﬁfg)(kl,...,kr)grir Ti_fKﬁfg’j)(kl,. ),
=0
where

(3.5) KD (k.. k) = v=1

From (3.4) and (3.5) it folllows that

1 m—1
. .
||p(nt)||r < ( max Kﬁjg’])(kh--- ,k?r)> 1P|

- opmr 0 ki,... ky

and so we have

IN

m—1
1 4
Ci (@) ( max K0 (ki . ,m) =L,
J=0 ’

where
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[AYA
e it

[16G+a)

i=1

IT (n—2)"
1=0
mr—1

[T rm+a—1)

i=0
and o, ., is the unique positive root of the equation (3.2).

In order to prove that C(m)( ) = L, we consider P(t) =t" + At (A <0) and set
®(\) = [P, /1Pl

-1 <o S an,r,ma

it o pm <o < +4oo,

Since
1 m—1
P(0) = (m:3) (. ..
0 = o (TT K29 )
7=0
and

lim ®()\)

m—1
( )
A—+oo rmr<Hij "’m)>’

we see that ]S(t) = t" is an extremal polynomial for & > ay . When —1 <
a < Qg rm, there exists a sequence of polynomials, for example py(t) = t" + kt™,
k=1,2,..., for which

Jim ™/ el = 6P (@), O

Remark. The statement of our theorem holds if Wi, is the set of all algebraic polynomi-
als P (# 0) of degree at most n (not only of exact degree n), with nonnegative coefficients.
In this case, for —1 < a < an,rm, we can see that PN’(t) = Xt (A > 0) is an extremal
polynomial.

In the limit case n — 400, the equation (3.2) reduces to

mr

[ (oo + i) = ™" (ml)".

i=1
The simplest case is r = 1 and m = 1. Then we have

1
(1< a<0),
M) =4 * 1
P (a >0).
The case a =1, r = 2 and m = 1 was considered by A. K. Varma [10]. Then
C(l)( 1) = n

22n+1)°
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Corollary 3.2. Let a > —1,m =1 and r = 2. Theorem 3.1 reduces to Theo-
rem 1.3.

Corollary 3.3. Let « > —1, m = 1 and r = 3. Theorem 3.1 reduces to Theo-
rem 1.4.

10.

11.
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EXTREMALNI PROBLEMI ZA NENEGATIVNE POLINOME
U L" NORMI SA GENERALISANOM LAGUERREOVOM TEZINOM

A. Guessab, G. V. Milovanovié i O. Arino

Neka je W, skup svih algebarskih polinoma stepena n sa nennegativnim ko-
eficijentima. Za normu u L"[0,4+00) sa generalisanom Laguerre-ovom tezinom
w(t) =t*e~" (a > —1), reSen je ekstremalni problem

p(m)H T
C(™(a) = sup <7H T)
vl = s P,

kada r € N, §to kompletira prethodne rezultate Milovanoviéa [6] za r =2 1im = 1,
i Guessab-a i Milovanovi¢a za r =31im = 1.



