ORTHOGONAL POLYNOMIAL
SYSTEMS AND SOME APPLICATIONS

GRADIMIR V. MILOVANOVIC

ABSTRACT. Orthogonal polynomial systems on the real line, the unit circle, the unit
semicircle and a circular arc with respect to a given positive definite or to a non-
Hermitian inner product are considered. The basic properties, recurrence relations,
distributions of zeros and other characterizations of such polynomials are included.
The classical and non-classical orthogonal polynomials on the real line, as well as
some Sobolev type orthogonal polynomials are considered. An interpretation of s-
orthogonality is also treated. Finally, some applications in numerical integration,
numerical differentiation, moment-preserving spline approximation and summation
of slowly convergent series are done.

1. INTRODUCTION AND BASIC DEFINITIONS

The theory of inner product spaces enables an introduction of orthogonal systems
which play an important role in many branches of mathematics, physics and other
applied and computational sciences. We start with the following definition:

Definition 1.1. Given a real linear space of functions X, an inner product (f,g)
defined is a mapping of X? into R such that

(&) (f+g,h)=(fh)+(g,h) (Linearity),
(b) (af,g9) = a(f,9) (Homogeneity),
(c) (f,9)=1(9,f) (Symmetry),

(d) (f,f)>0, (f,f)=0sf=0 (Positivity),
where f,g,h € X and « is a real parameter. The space X will be called an inner
product space.

A similar definition can be done for complex spaces. Namely, if X is a complex
linear space, then the inner product (f,g): X? — C is such that the condition (c)
is replaced by

() (f,9)=1(9,f) (Hermitian Symmetry).
The bar in the above line designates the complex conjugate.
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Definition 1.2. A system S of elements of an inner product space is called orthog-
onal if (f,g) =0 for every f # g (f,g € S). If (f,f) =1 for each f € S, then the
system is called orthonormal.

Starting from a linearly independent system of elements of an inner product space
and using the well-known Gram-Schmidt orthogonalizing process we can construct
the corresponding orthogonal (orthonormal) system. In this survey we consider
only orthogonal (orthonormal) polynomial systems with respect to different inner
product spaces.

Definition 1.3. A system of polynomials {7}, where

e (t) = bit® + ¢, t* 1 4+ lower degree terms, by > 0,

(1.1)

(ks Tm) = Okm, k,m >0,

is called a system of orthonormal polynomials with respect to the inner product
(.,.).

Orthogonal polynomial systems are very useful in many problems in the approx-
imation theory, mathematical and numerical analysis, and their applications (for

example, Gaussian quadrature processes, least square approximation of functions,
differential and difference equations, Fourier series, etc.).

This paper is organized as follows. In Section 2 we consider the orthogonality
on the real line, with several classes of orthogonal polynomials such as classical,
semi-classical and non-classical polynomials, as well as orthogonal polynomials with
a Sobolev inner product. Also, an interpretation of s-orthogonality is included.
Section 3 is devoted to some important applications of orthogonal polynomials on
the real line as Gauss-Christoffel quadrature formulas, moment-preserving spline
approximation and summation of slowly convergent series. The case of orthogonality
on the unit circle is considered in Section 4, and the cases on the semicircle and a
circular arc in Section 5. Finally, in Section 6 we deal with some applications of
polynomials orthogonal on the semicircle.

2. ORTHOGONALITY ON THE REAL LINE

Let A:R — R be a fixed non-decreasing function with infinitely many points of
increase for which all moments uj = fR tk d\(t), k=0,1,..., exist and are finite.

Then the improper Stieltjes integral fR P(t)d\(t) exists for every polynomial P.
By the application of the Lebesgue-Stieltjes integral [, f(t) dA(t) to characteristic
functions of sets, the function A engenders a Lebesgue-Stieltjes measure dA(t), which
is known also as m-distribution (cf. Freud [26]). Moreover, if ¢t — A(t) is an
absolutely continuous function, then we say that ' (t) = w(t) is a weight function.
In that case, the measure d\ can be express as dA(t) = w(t) dt, where the weight
function ¢ — w(t) is a non-negative and measurable in Lebesgue’s sense for which
all moments exists and o = [ w(t) dt > 0.
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In the general case the function A can be written in the form A = Ay + As + A},
where A, is absolutely continuous, As is singular, and J; is a jump function.

The support of the measure, i.e., the set of points of increase of t — A(t) we
denote by supp(dA). It is always an infinite and closed set. If supp(d\) is bounded,
then the smallest closed interval containing supp(d\) we will denote by A(d)). For
example, if A(d)) = [a, b] then we say that dA(t) lies in [a, b]. In that case we have
A(t) = A(—o0) for t < a and A(t) = A(+o0) for ¢ > b. In addition, if t — A(¢) is
absolutely continuous, then the weight function ¢ — w(t) vanishes outside of [a, b],
or more generally, outside of supp(d\).

2.1. General properties. For any m-distribution dA(¢) there exists a unique
system of orthonormal polynomials 74 (-) = m(-;d)\), & = 0,1,..., defined by
(1.1), where by, = br(d)\), ¢ = cx(d)\) and the inner product is given by

QL) (fa)= [ fOa0aN) (e X = LR) = PRY).

If we have an absolutely continuous function ¢ — A(t), then instead of 7y (- ; d\),
bi.(dN), supp(dA), ..., we usually write mx (- ;w), bg(w), supp(w), ..., respectively,
where X (t) = w(t).

If we have supp(w) = [a,b], where —00 < a < b < 400, we say that {7} is a
system of orthonormal polynomials in a finite interval [a, b]. For (a,b) we say that
it is an interval of orthogonality.

Now we give a few basic properties of orthogonal polynomials:

Theorem 2.1.1. The system of orthonormal polynomials {my}, associated with the
distribution dA(t), satisfy a three-term recurrence relation

(2.1.2) tﬂ'k(t) = uk+17rk+1(t) + Ukﬂ'k(t) + ukﬂ'k_l(t) (k’ > 0),

where 7_1(t) = 0 and the coefficients uy, = ur(d\) and vy, = vi(dX\) are given by

br—
up = ];)kl and vy :/tﬂk(t)Q dA(t).
R

Since mo(t) = bo = 1/\/10 and b1 = urbx we have that by = bo/(uius - - - ug).
Notice that uy > 0 for each k.

Contrary, for two given real sequences {uy}tren and {vg}ren,, where ug > 0
for each k € N, one can construct a sequence of polynomials using the three-term
recurrence relation (2.1.2), starting with initial values 7_1(¢t) = 0 and mo(t) = 1.
It is well-known by Favard’s theorem (cf. Chihara [20]) that there exists a positive
measure do(t) on R such that

/Rﬂ'k(ﬁ)ﬂ'm(t) do(t) = dkm, k,m > 0.
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The measure do(t) is not unique which depends of the fact whether or not the
Hamburger moment problem is determined. A sufficient condition for a unique

+oo

measure is the Carleman’s condition given by > (1/ux) = +oo. Evidently, it holds
k=1

if {ug}ren is a bounded sequence.

In many considerations and applications we use the monic orthogonal polyno-
mials 75 () = 7(t)/bx = t* + lower degree terms. Such polynomials satisfy the
following three-term recurrence relation

(2.1.3) Trt1(t) = (t — o) 7e(t) — Befte—1(t),  k=0,1,2,...,

where oy, = vy and B = uji > 0.

Because of orthogonality, we have that

(t7g, Tr)
(ks )

(T, k)

(k Z 0)5 ﬂk = (ﬁ'k—l,ﬁ'k—l)

(k>1).

O —

The coefficient 5y, which multiplies 7_; = 0 in three-term recurrence relation may
be arbitrary. Sometimes, it is convenient to define it by Sy = po = fR dA(t). Then
the norm of & can be express in the form

(2.1.4) 7]l =/ (Frs 701) = /BoBr -+ B -

We mention that the existence of a three-term recurrence relation for orthogonal
polynomials is a consequence of the property (tf, g) = (f,tg) of the inner product
(2.1.1).

Theorem 2.1.2. All zeros of t — m,(t;d\), n > 1, are real and distinct and are
located in the interior of the interval A(d\).

Let T,E"), k=1,...,n, denote the zeros of 7, (t;d)) in increasing order

) (n)

Tl(n < <<,

Theorem 2.1.3. The zeros of m,(t;d\) and m,41(t; d\) interlace, i.e.,

T,En—i_l) < T,E") < T,if{l) (k=1,...,n; neN).

Taking £k = 0,1,...,n — 1 in (2.1.2), one can obtain the following system of
equations

tpn(t) = Jn(dN)pn(t) + wnmn(t)en,
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where

vo U1 ) mo(t) 0

U1 V1 (V%) 7T1(t) 0

Jn(d)) = uy vy . opa)=| ™) |, e, =10
. Un—1 :

O Up—1 Vp-1 Tp—1(t) 1

The tridiagonal matrix J, = J,(dA) is known as the Jacobi matriz. It is clear that
7 (t) = 0 if and only if tp,(t) = J,pn(t), i-e., the zeros T,E") of 7, (t) are the same
as the eigenvalues of the Jacobi matrix J,,. Also, notice that the monic polynomial
7 (t) can be expressed in the following determinant form

() = det(tI, — Jy),

where [, is the identity matrix of the order n.
Define the function (t,x) — K, (t,x) by

(2.1.5) K,(t,z) = i o, (t)m () (n>1),
v=0

which plays a fundamental role in the integral representation of partial sums of the
orthogonal expansions. Namely, K, (¢, z) represents the kernel of the n-th partial
sum. Notice that K, (t,z) = K,(z,t). Using the three-term recurrence relation
from Theorem 2.1.1 we can prove:

Theorem 2.1.4. Let K, (t,x) be defined by (2.1.5). Then we have

T () Tn—1 () — Tpe1(t) 70 ()
t—x

(2.1.6) K, (t,z) = upt+1

)

where un41 @s defined in Theorem 2.1.1.

Letting t — x we find
K (2, 2) = un i1 (m, (2)m0 1 (2) — 75y (2) 700 ().

Formula (2.1.6) is known as the Christoffel-Darbouz identity.

We mention now an important extremal problem for monic polynomials (cf. [101,
pp. 416-417]): Among all polynomials of degree n, with leading coefficient unity, find
the polynomial which deviates least from zero in L?-norm

1Pl = VPP - ( [ PP dm))m.

The solution is given in the following theorem:
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Theorem 2.1.5. Let P(t) = > a,t”, with a, = 1, be an arbitrary monic polyno-
v=0
mial of degree n. Then

1Pl = [17en]l = b7,

with equality only if P(t) = 7n(t) = 7n(t)/bn, where @, is the monic polynomial
orthogonal with respect to the measure dA(t) on R.

A survey on characterization theorems for orthogonal polynomials on the real
line was given recently by Al-Salam [6]. In next subsection we consider a special
class of orthogonal polynomials so-called classical orthogonal polynomials. For some
extensions of this polynomial class see Andrews and Askey [8], Askey and Wilson
[9], and Atakishiyev and Suslov [10].

2.2. Classical orthogonal polynomials. A very important class of orthogonal
polynomials on an interval of orthogonality (a,b) € R is constituted by so-called
the classical orthogonal polynomials. They are distinguished by several particular
properties.

Let P, be the set of all algebraic polynomials P (# 0) of degree at most n and
the inner product is given by

b
(2.2.1) (F9)u = [ w0 dt.

Since every interval (a,b) can be transformed by a linear transformation to one of
following intervals: (—1,1), (0,400), (—o0, +00), we will restrict our consideration
(without loss of generality) only to these three intervals.

Definition 2.2.1. The orthogonal polynomials {Qj} on (a,b) with respect to the
inner product (2.2.1) are called the classical orthogonal polynomials if their weight
functions ¢ — w(t) satisfy the differential equation

where
1—¢2, if (a,b) = (—1,1),
Alt) =< t, if (a,b) = (0,+00),
1, if (a,b) = (—o0, +00),

and B(t) is a polynomial of the first degree. For such classical weights we will write
we CW.

We note that if w € CW, then w € C'(a,b), and also the following property:
6



Theorem 2.2.1. If w € CW then for each m =0,1,... we have

lim t"™A(t)w(t) =0 and lim t"A(t)w(t) = 0.

t—a+ t—b—

Based on the above definition, the classical orthogonal polynomials {Q} on (a, b)
can be specificated as the Jacobi polynomials PISQ’B)(t) (o, B > —1) on (—1,1),
the generalized Laguerre polynomials Lj(t) (s > —1) on (0,+00), and finally as
the Hermite polynomials Hj(t) on (—oo,+00). Their weight functions and the
corresponding polynomials A(t) and B(t) are given in Table 2.2.1.

TABLE 2.2.1
The Classification of the Classical Orthogonal Polynomials

(a,b) w(t) A(t) B(t) Ak
(—1,1) (1-0*0+t) 1-¢2 B—a—(a+B8+2)t klk+a+B+1)

(0, 4+00) te”t t s+1—t k

(—00, +00) et 1 —2t 2k

Special cases of the Jacobi polynomials are:

1° The Legendre polynomials Py(t) (for o = 8 = 0);
2° The Chebyshev polynomials of the first kind T(t) (for a« =8 =—-1/2);
3° The Chebyshev polynomials of the second kind Sk(t) (for a = 8 = 1/2);
4° The Chebyshev polynomials of the third kind Uy (t) (for a = — = —1/2);
5° The Chebyshev polynomials of the fourth kind Vi (t) (for « = =8 =1/2);
6° The Gegenbauer or ultraspherical polynomials Cp(t) (for a = 8= XA—1/2).
If s = 0, the generalized Laguerre polynomials reduces to the standard Laguerre
polynomials Ly (t).
There are many characterizations of the classical orthogonal polynomials. In

sequel we give the basic common properties of these polynomials (cf. [101]).

Theorem 2.2.2. The derivatives of the classical orthogonal polynomials {Q }ken,
form also a sequence of the classical orthogonal polynomials.

Applying the induction method we can prove a more general result:

Theorem 2.2.3. The sequence {Qgcm)}k:m,m«%l,.,. s a classical orthogonal polyno-
mial sequence on (a,b) with respect to the weight function t — wy,(t) = A(t)™w(t).
The differential equation for this weight is (A(t)wm, () = Bpm(t)wm(t), where
B, (t) = mA'(t) + B(t).



Theorem 2.2.4. The classical orthogonal polynomial t — Qi (t) is a particular
solution of the second order linear differential equation of hyphergeometric type

(2.2.2) Lyl = A)y" + B(t)y' + Ay = 0,
where
(2.2.3) M = —k (3(k—1)A"(0) + B'(0)) .

The equation (2.2.2) can be written in the Sturm-Liouville form

a
dt

dy

(2.2.4) <A(t)w(t)—> + Apw(t)y = 0.

dt

The coefficients Ay are also displayed in Table 2.2.1.

Similarly, the m-th derivative of Q) satisfies the differential equation

d

- (A(t)wm(t)@) + Aem Wi (t)y = 0,

dt

where Mg = —(k—m) (3(k +m — 1)A”(0) + B’(0)). We note that this expression
for Ay m reduces to (2.2.3) for m =0, i.e., Ao = Ag.

REMARK 2.2.1. The characterization of the classical orthogonal polynomials by differ-
ential equation (2.2.2), i.e. (2.2.4), was proved by Lesky [76], and conjectured by Aczél
[2] (see also Bochner [15]). Such a differential equation appears in many mathematical
models in atomic physics, electrodynamics and acoustics. As an example we mention the
well-known Schrédinger equation.

The classical orthogonal polynomials possess a Rodrigues’ type formula (cf. Bate-
man and Erdélyi [11], Tricomi [125], and Suetin [121]).

Theorem 2.2.5. The classical orthogonal polynomial Q. (t) can be expressed in the
form

C, dF

(2.2.5) Qr(t) = wlt) W(A(f)kw(t)),

where Cy, are constants different from zero.

Using the Cauchy formula for k-th derivative of a regular function, (2.2.5) can
be represented in the following integral form

Cr K A(2)Fw(z)
w(t) ﬁffp RGN

(2.2.6) Qult) =

where I is a closed contour such that ¢t € int I'.
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The constants Cj, in (2.2.5) and (2.2.6) can be chosen in different way (for ex-
ample, @y to be monic, orthonormal, etc.). A historical reason leads to

(=1)* (a,8)
S for P, (t),
Ch=19 1 for L3 (1),

(—1)F for Hy(t).

In addition, the Gegenbauer and the Chebyshev polynomials need

Cp(t) = 25 ey (o= a - 1/2),

(A+3), "
Telt) = 1 PV,
()i "
) = Y B0,

where (s) is the standard notation for Pochhammer’s symbol

(S)g=s(s+1)---(s+k—1)= % (T is the gamma function).

For such defined polynomials Q(t) = ax (tk +orpth 4. ), we give the leading
coefficient ay, the coefficient i, and the norm ||Qx]|.

1° Jacobi case:

" _(ktat+B+1) S k(o —B)
F 2k k! ’ P %t a+ B
(@812 200K D (k + a4+ DIk + B+ 1)
1P =

K2k+a+B+1)INk+a+8+1)’
2° Gegenbauer case:

2k (2NN +1/2)

Ak =0 GRIP = Vr S

ap =
3° Legendre case:

(2k)! , 2
= - P2 = :
W= Sz =0 1Pel” = 37

4° Chebyshev case of the first kind:

— ™
ap =21 =0, |Tol*=n |T*= 5 (k#0)
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5° Chebyshev case of the second kind:
a=25 n=0 |S?=3;
5° Generalized Laguerre case:
ap = (-1F, e =—k(k+s), |Li||®>=kT(k+s+1);

6° Hermite case:

ar = 2k, r, =0, ||I{1€||2 = Qkk!\/7_'r.

Putting ¢ = cosf, —1 < ¢ < 1, Chebyshev polynomials of the first and second
kind can be expressed in the forms

sin(k +1)0

sin 6

Ti(z) = Tk(cos ) = coskf and Si(x) = Sk(cosh) =

)

respectively. Thus, trigonometric representations of these polynomials are

sin((k + 1) arccost)

V1—1t2

Similarly to the well-known Landau inequality (see Landau [72]) for continuously-
differentiable functions and other generalizations (cf. Djordjevi¢ and Milovanovié
[22], Gorny [59], Hille [64], Kolmogoroff [69], Milovanovi¢ [90], Schoenberg [115],
Steckhin [119]), Agarwal and Milovanovié [3] stated the following characterization
of the classical orthogonal polynomials:

Ti(t) = cos(karccost) and Si(z) =

Theorem 2.2.6. Let || f||*> = (f, f)w, where w € CW. For all P € P,, the inequal-
ity

(2.2.7) (2An + B'(0) [VAP'|I> < A||P|? + | AP" |

holds, with equality if only if P(t) = cQn(t), where Qn(t) is the classical orthogonal
polynomial on (a,b) with respect to the weight function t — w(t), and c is an
arbitrary real constant. A\, A(t) and B(t) are given in Table 2.2.1.

The equality case in (2.2.7) gives a characterization of the classical orthogonal
polynomials. For w(t) = e on (—o0,+00), the inequality (2.2.7) reduces to
Varma’s result [127]

1

P’ < ——

‘PNHQ +
10

1P,

2n?
2n—1



Recently, Guessab and Milovanovié¢ [62] have considered a weighted L? analogues

of the well-known Bernstein’s inequality, which can be stated in the following form
(cf. [101]):

(2.2.8) IWVI—ZP Ol <nlPle (PP,

where ||f|lcc = max |f(t)|. Using the norm || f||*> = (f, f)w, w € CW, they have
considered the foll?)wzng problem connected with the Bernstein’s inequality (2.2.8):
Determine the best constant Cp m(w) (1 < m <n) such that the inequality

(2.2.9) |A™ 2P|y < o ()| Pl

holds for all P € P,,.
Theorem 2.2.7. For all P € P, the inequality (2.2.9) holds with the best constant

(2.2.10) Crm (W) = v/ AnoAn1 Anym—1s

where Apy = —(n — k) ((n+k—1)A"(0) + B'(0)). The equality is attained in
(2.2.10) if and only if P(t) is a constant multiple of the classical polynomial Q. (t)
orthogonal with respect to the weight function w € CW on (a,b).

We list now the coefficients a, (k > 0) and S (k > 1) in the three-term recur-
rence relation for the monic classical orthogonal polynomials Q(¢) on (a,b),
Qua1(t) = (t = ax)Qu(t) = BrQra(t) (k> 0),
Q1(t) =0, Qo(t)=1.

The coefficients uj and vg in the corresponding recurrence relation for orthonormal
polynomials (see (2.1.3)) are given by ugr = +/fr and v, = a.

Also, we give the moment pg = f;w(t) dt (we CwW).

(2.2.11)

1° Jacobi case: P (1) = 248/ ((k + o+ 6+ 1)) B (1)

_ 20D (a+ DT(B+1)

Ho= T(a+B+2) ’
ﬁQ—a2

TRk tar Bk tatft2)]

B — 4k(k +a)(k+ B)(k +a+B)

2k +a+p8)((2k+a+p)2—1)°
2° Gegenbauer case: O (t) = k(28 (\)k) Ca (8),
_ VIT(A+1/2) kE(k+2XA—1)

o+ 0 =0 ﬁk:4(k+>\)(k:+>\—1)'
11

Ho



3° Legendre case: Py(t) = 28 (kN2 /((2k)!) Py (),

]{32
po=2, =0, Br= 17—

4° Chebyshev case of the first kind: Ty(t) = 1, Ti(t) = 21"FT3(¢),
1

po=m, ar=0, f=g5, Br=

5° Chebyshev case of the second kind: Sy (t) = 27%S,(t),

T
Ho = 5 )
5° Generalized Laguerre case: Li(t) = (—1)FL (1),

pwo=T(s+1), ar=2k+s+1, pBr=k(k+s).
6° Hermite case: Hy(t) = 27%Hy(t),

k
MOZ\/7_T5 ak:Oa ﬁkzi

The norm of monic orthogonal polynomials can be calculated using (2.1.4).

In the case of classical orthogonal polynomials one can express @} (t) in terms of
Qr(t) and Q—1(¢). Such a formula for the monic orthogonal polynomials is

(2.2.12) A(t)% Qn(t) = (ext + fr)Qu(t) + wiBrQr—1(t),

where A(t) is given in Table 2.2.1 and the coefficient Sj is the same as in the
three-term recurrence relation (2.2.11).

In the Jacobi case we have

k(o = B)

er = —k, szma

wr=2k+a+p+1.

In the generalized Laguerre case and the Hermite case, formula (2.2.12) reduces
to

d - A d - N
tELZ(t) =kLj(t) + k(k+s)L;_,(t) and EHk(t) =kHp_1(t),
respectively.
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2.3. Non-classical orthogonal polynomials. As we have seen in the previous
subsection the monic Chebyshev polynomials of the second kind

A 1 sin(k+1)0
Si(t) = = ———— t= 0
K =5 e o8 Y
have a very simple three-term recurrence relation (2.2.11) with a, = 0 and g = 1/4.
A system of orthogonal polynomials for which the recursion coefficients satisfy

1
(2.3.1) lim ap =0 and lim B = 1

k— o0 k— o0

will be said to be a perturbation of the polynomials S’k(t) Similarly, one can
consider orthogonal polynomials with such coefficients that

2

lim ap =a and lim By =— >0,
k— o0 k—+o00 4

where a,b € R. These polynomials are perturbations of t — b*Sy.((t — a)/b) and are
said to belong to the class N (a,b), which was introduced and considered in detail
by Nevai [106]Y). Evidently, (2.3.1) holds for polynomials from the class N(0, 1).

There are several classes of orthogonal polynomials which are in certain sense
close to the classical orthogonal polynomials. For example, when the weight ¢ —
W (t) is the product of a classical weight ¢ — w(t) times a polynomial, Ronveaux
[112] found the second-order differential equation for the corresponding orthogonal
polynomials. Ronveaux and Thiry [114] developed a REDUCE package giving such
differential equations. The following cases have been studied by Ronveaux and
Marcelldn [113]:

1° Rational Case. W(t) = R(t)w(t), where R is a rational function with poles
and zeros outside the support of w;

2° § Dirac distribution.
W(t) =w(t) + > Med(t — tg),
k=1

where the positive mass )y is located at t (t; outside or inside the support of w).
In both cases, orthogonal polynomials are semi-classical (see Maroni [85]).

A nice survey about orthogonal polynomials and spectral theory was given by
Everitt and Littlejohn [24].

In many applications of orthogonal polynomials it is very important to know the
recursion coefficients oy, and Sg. If dA(¢) is one of the classical measures, then ay

1)Originally, Nevai defined this class for orthonormal polynomials.
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and Sy are known explicitly. Furthermore, there are certain non-classical measures
when we know also these coefficients. In sequel we mention only a few of them:

1° Generalized Gegenbauer weight w(t) = [t|*(1 —t*)*, u,a > —1, on [—1,1].
The (monic) generalized Gegenbauer polynomials W,Ea’ﬁ )(t), B = (n—1)/2, were in-
troduced by Lascenov [74] (see, also, Chihara [20, pp. 155-156]). These polynomials
can be expressed in terms of the Jacobi polynomials,

k!
Hl(avﬁ) t) = Po‘vﬁ) 2t2 -1
2" (1) (k+a+B+1), * ( )
(2, B) 4y _ k! a,B+1) 16,2
W t) = P, 2t —1).
241 () (k+a+6+2)kzk ( )

Notice that Wégﬁ) t) = tWQ(Z"ﬁ 1) (t). Their three-term recurrence relation is

WD) = wi P @) - w0, k=0,1,...,
WS =0, Wi =1,

where

k(k + a) Boor = (k+B)(k +a+p)
Qk+a+B)k+a+p+1) T Qk+ta+rB-1)2k+a+p)’

621@ =

for k =1,2,..., except when aw+ 8 = —1; then f; = (84 1)/(a+ 8+ 2). Some
applications of these polynomials in numerical quadratures and least square approx-
imation with constraint were given in [70] and [98], respectively.

2° The hyperbolic weight w(t) = 1/cosht on (—o00,400). The coefficients in
three-term recurrence relation are given by

For details and generalizations see Chihara [20, pp. 191-193].
3° The logistic weight w(t) = e'/(1 4 e~*)? on (—oo, +00). Here we have

2k
ar =0, Bo=1 =157

(k>1).

A system of orthogonal polynomials for which the recursion coefficients are not
known explicitly will be said to be strong non-classical orthogonal polynomials. In
such cases there are a few known approaches to compute the first n coefficients ay,
Br, k=0,1,... ,n—1. These then allow us to compute all orthogonal polynomials
of degree < n by a straightforward application of the three-term recurrence relation
(2.2.11).
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One of approaches for numerical construction of the monic orthogonal polynomi-
als {7} is the method of moments, or precisely, Chebyshev or modified Chebyshev
algorithm.

The second method makes use of explicit representations

(t7, k)
(Th, 7k)

(T, k)

(k>0), pBo=(70,70), Pr= CRRTE)

A = (k} Z 1),
in terms of the inner product (., .). The method is known as the Stieltjes procedure.
Using a discretization of the inner product by some appropriate quadrature

N
(f.9) ~ (£9)n =D wif(ze)g(zr), wi >0,

k=1

the corresponding method is called the discretized Stieltjes procedure.

For details in numerical construction of orthogonal polynomials see papers of
Gautschi [32], [39], [41], [44]. In Section 3 we will mention a few non-classical
weights for which the recursion coefficients were constructed numerically as well as
the corresponding Gaussian formulas.

2.4. On s-orthogonal polynomials. In this subsection we give a short account
of so-called s-orthogonal polynomials which are connected with Gauss-Turan quad-
rature formulas (see Turdn [126]).

2.4.1. Turdn quadratures and s-orthogonal polynomials. In 1950 P. Turan inves-
tigated numerical quadratures with multiple nodes,

n k—1

(2.4.1) / @it =30 3 A f V) + RS,

v=1 =0

where

1
Aiﬁ,,:/ £,(t)dt v=1,...,n;i=0,1,... ,k—1)

-1
and £, ,;(t) are the fundamental functions of Hermite interpolation. The A;, are
Cotes number of higher order. This formula is exact if f is a polynomial at most
kn — 1 and the points —1 <7 <71y < -+ < T, <1 are arbitrary.

For & = 1 this formula can be exact for all polynomials of degree < 2n — 1 if
the nodes 7, are the zeros of the Legendre polynomial P,. That is the well-known
Gauss-Legendre quadrature.

Because of the theorem of Gauss it is natural to ask whether knots 7, can be
chosen so that the quadrature formula (2.4.1) will be exact for polynomials of degree
not exceeding (k+1)n—1. Turdn [126] showed that the answer is negative for k = 2,
and for k = 3 it is positive. He proved that the knots 7, should be chosen as the
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zeros of the monic polynomial 7*(t)
integral

t" + - .-, which minimizes the following

1
/ ™ (1) dt,
-1

where 7, (t) = t" + ap_1t""1 4+ - + a1t + ao.

More generally, the answer is negative for even, and positive for odd &, and then
7, are the zeros of the polynomial minimizing

(2.4.2) /1 7, (1)L dt.

-1

For k =1, 7}, is the monic Legendre polynomial P,.

Because of the above, we put k¥ = 2s + 1. Instead of (2.4.1) it is interesting
to investigate the analogous formula with some positive measure dA(t) on the real
line R,

(2.4.3) / F At =303 A fO () + R(P),

i=0 v=1

which must be exact for all polynomials of degree at most 2(s + 1)n — 1. The role
of the integral (2.4.2) is taken over

_ T 2542
F, = /R W (D22 dA(D),

n

where F, = Fi(ag, ... ,an_1), mn(t) = 3 axt®, a,, = 1. In order to minimize F, we
k=0
must have
(2.4.4) / T ()R dA(t) = 0, k=0,1,...,n—1.
R

Usually, instead of 7, (t) we write P, s(t).

The case d\(t) = w(t)dt on [a,b] has been considered by the Italian mathe-
maticians Ossicini [109], Ghizzetti and Ossicini [55], Guerra [60-61]. Is known that
there exists a unique polynomial P, s € P, satisfying the conditions (2.4.4), and
whose zeros are real, distinct and located in the support interval of the measure
dA(t). These polynomials are known as s-orthogonal (or s-self associated) polyno-
mials with respect to the measure dA(t) on R.

For s = 0 we have the standard case of orthogonal polynomials on the real line
and the generalized Gauss-Turdn formula (2.4.3) reduces to the Gauss-Christoffel
quadrature (cf. Section 3).

16



In the case of the Chebyshev measure dA(t) = (1 —t2)~'/2dt on (—1,1), in 1930
Bernstein [14] showed that the monic Chebyshev polynomial T, (t) = 2'~"T,(t)
minimizes the integral Fs for any s > 0. Therefore, in this case, the nodes in (2.4.3)
are the Chebyshev points 7, = cos[(2v — 1)7/2n], v =1,... ,n, for any s > 0. For
other measures the case when s > 0 is very difficult.

2.4.2. Construction of s-orthogonal polynomials. G. Vincenti [128] has consid-
ered an iterative process to compute the coefficients of s-orthogonal polynomials in
a special case when d\(t) = w(t) dt with an even weight function on a symmetric
interval, say [—b,b]. Then P, s(—t) = (—=1)"P, s(t). Vincenti applied his process
to the Legendre case. When n and s increase, the process becomes ill-conditioned.
A stable procedure for such a purpose was given by Milovanovié¢ [91]. The main
idea was an interpretation of the “orthogonality conditions” (2.4.4) as orthogonal-
ity with respect to the positive measure du(t) = dp,, s(t) = (77%(¢))?* dA(t). Thus,
these conditions can be interpreted as

/ RSO () = 0, i=0,1,... v—1,
R

where {7/°} is a sequence of monic orthogonal polynomials with respect to the
new measure du(t). Of course, P, s(-) = m»*(-). As we can see, the polynomials
7% v = 0,1,..., are implicitly defined, because the measure du(t) depends of

7*(t) (= mn(t)). The general class of such polynomials was introduced by H
Engels (see [23, pp. 214-226]).

We will write only 7, instead of 7/*(-). These polynomials satisfy a three-term
recurrence relation

7rl/+1(t) (t - Oz,/) ( ) ﬂvﬂvfl(t% v=_0,1,...,
Ta(t) =0, mo(t) =1,

where, because of orthogonality,

_ (7r,,,7r,,) thﬂ' d,u(t)
(7Tu 1, Ty— 1 fR v— 1 d:u‘(t)

and, for example, By = [, dpu(t)

Finding the coeflicients «,,, 8, (v = 0,1,... ,n — 1) gives us access to the first
n + 1 orthogonal polynomials 7y, 71, ..., m,. Of course, we are interested only
in the last of them, i.e., m, = 7»°. Thus, for n = 0,1,..., the diagonal (boxed)

elements in Table 2.4.1 are our s-orthogonal polynomials 7*

TABLE 2.4.1
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n du™ 5 (t) Orthogonal Polynomials

0 | (m* ()% dx(t) | |=g*

| (e (@) da@) | mp® m°

2 | (m ()2 dAt) | w® s s

3| (ryS)*da@)| wo® 7 7 mo®

A stable scheme, based on Stieltjes’ procedure, that computes 7, in an iterative
fashion, was developed by Milovanovié [91].

2.5. Sobolev type orthogonal polynomials. Sobolev type orthogonal polyno-
mials appeared in works of Lewis [77], Althammer [7], Brenner [16], and others. In
general, the inner product can be introduced by

(2.5.1) o)=Y / £ (£)g™ () dA (1),
k=0"R

where dA;(t), k =0,1,...,m are given positive measures on R.

Let {s,} denote a set of polynomials orthogonal with respect to the inner product
(2.5. 1) In the case m = 0, i.e., when (f, g) reduces to the inner product (f,g) =
fR t) d\o(t), let {m} be the corresponding set of orthogonal polynomials. It
is clear that the all zeros of m,(t) lie in the interior of the interval A(d)\g) (see
Theorem 2.1.2).

Althammer [7] pointed out that the position of the zeros of s, (t) can be different
from those of m,(t). For example for m = 1, if d\g(¢) is the Legendre measure,
then the measure dA;(¢) on (—1,1) can be chosen in such a way that s,(¢) has a
zero outside (—1,1). Brenner [16] also obtained a similar result for m = 1 and
the Laguerre measure d\g(t) = exp(—t) dt on (0, +00). However, in both cases the
measure dA1(t) can be chosen that s,(t) has all simple zeros inside of interval of
orthogonality. Zero distribution and behaviour of orthogonal polynomials in such
cases were considered by Cohen [21].

Recently several authors ([4], [67-68], [81-82], [84], [86-88]) studied polynomials
orthogonal with respect to the inner product (2.5.1), where the measures d\(¢),
k > 1, are concentrated in one point t = ¢ (discrete Sobolev inner product),

(2.5.2) /f +2Mkf ® (),

18



where My, >0, k =0,1,...,m. Taking dA(t) = (¢t exp(—t)/T(a+ 1)) dt, o > —1,
on (0,4+00) R. Koekoek [67] proved that the coefficients Ag, k = 0,1,... ,m + 1,
can be chosen in such a way that the polynomials {L%’M"’Ml"“ M (t)}::;, defined
by

m—+1
L%7M01]\/111"'1]\/I7‘!L(t) — Z Ay DkLgla)(t),

are orthogonal with respect to the inner product (2.5.2). These polynomials satisfy
a (2m + 3)-terms recurrence relation of the form

n+m+1
thrlL%,Mo,Ml,...,I\/fm(t) _ Z E]E:n) Lg,Mo,]\/h,...,]\/fm(t).

k=n—m-—1

Also some cases of two symmetric points ¢ = £c¢ were investigated by Bavinck
and Meijer [12-13].

For more details see papers [4], [65], [81-82], [110], as well as a survey of the
results and a complete list of references [80].

3. SOME APPLICATIONS OF ORTHOGONAL POLYNOMIALS ON THE REAL LINE

This section is devoted to some important applications of orthogonal polynomials
on the real line as Gauss-Christoffel quadrature formulas, moment-preserving spline
approximation and summation of slowly convergent series.

3.1. Gaussian type of quadratures. One of the important uses of orthogonal
polynomials is in the construction of quadrature formulas of maximum, or nearly
maximum, algebraic degree of exactness for integrals involving a positive measure

dA(2).

The n-point Gaussian quadrature formula
(3.1.1) /f £)dA(t Z)J")f (i) + R,.(f)

has maximum algebraic degree of exactness 2n — 1, in the sense that R, (f) = 0 for
all f € Pap—1. In formula (3.1.1), 7, = Tu(n) are the Gauss nodes, and A\, = )\(Vn)
the Gauss weights or Christoffel numbers. This formula is also known as Gauss-
Christoffel quadrature formula. A nice survey on that was given by Gautschi [31].

The nodes 7, are the zeros of the n-th orthogonal polynomial ,(-,d)), and
the weights A, which are all positive, can be also expressed in terms of the same
orthogonal polynomials. As we have seen in 2.1, the nodes 7, are the eigenvalues

19



of the n-th order Jacobi matrix

ar VB O
VB o VB2

Jn(d)) = VB2 e :
- - ﬁn—l
O Bn—l Qp—1

where «,, and 3, are the coefficients in three-term recurrence relation for the monic
orthogonal polynomials 7, (-,d)\). The weights A, are given by

2
Ay = Bovy 1, v=1,...,n,

where By = [, dA(t) and v,; is the first component of the normalized eigenvector
v, corresponding to the eigenvalue 7, (cf. Golub and Welsch [56], and Gautschi
20)),

In(dN)v, = Ty, vlv, =1, v=1,...,n.

174

There are well-known and efficient algorithms, such as the Q R algorithm with shifts,
to compute eigenvalues and eigenvectors of symmetric tridiagonal matrices (cf. the
routine GAUSS in the package ORTHPOL given by Gautschi [44]). There are many
methods for estimating the remainder term R, (f) in (3.1.1). Error bounds in the
class of analytic functions were investigated by Gautschi and Varga [50].

A simple modification of the previous method can be applied to the construction
of Gauss-Radau and Gauss-Lobatto quadrature formulas.

In sequel we mention a few non-classical measures dA(t) = w(t)dt for which
recursion coefficients «y(d\), Bk(d\), k = 0,1,... ,n — 1, have been tabulated in
the literature and used in the construction of Gaussian quadratures.

1° One-side Hermite weight w(t) = exp(—t?) on [0,¢], 0 < ¢ < 4oo. This
distribution w(t) dA(t) is known as the Mazwell (velocity) distribution. The cases
c=1,n=10 and ¢ = 400, n = 15 were considered by Steen, Byrne and Gelbard
[120] (see also Gautschi [41]).

2° Logarithmic weight w(t) = t*log(1/t), A > —1 on (0,1). Piessens and Bran-
ders [111] considered cases when o = 0,4+1/2,+1/3,—1/4,—1/5 (see also Gautschi
[39]).

3° Airy weight w(t) = exp(—t3/3) on (0,+0c0). The inhomogeneous Airy func-
tions Hi(z) and Gi(x), arise in theoretical chemistry (e.g. in harmonic oscillator
models for large quantum numbers) and their integral representations (see Lee [75])
are given by

1 [*e
Hi(z) = —/ w(t)e™ dt,
0

™

1 [+ 3 2
Gi(z) = —;/0 w(t)e t*/? cos(g tr + ?ﬂ) dt.
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These functions can be effectively evaluated by Gaussian quadrature relative to
the Airy weight w(t). It needs orthogonal polynomials with respect to this weight.
Gautschi [35] computed the recursion coefficients for n = 15 with 16 decimal digits
after the decimal point (D).

3° Reciprocal gamma function w(t) = 1/T(t) on (0,+00). Gautschi [34] deter-
mined the recursion coefficients for n = 40 with 20 significant decimal digits (S).
This function could be useful as a probability density function in reliability theory
(see Fransén [25]).

4° Einstein’s and Fermi’s weight functions on (0, 4+00),

(3.1.2) wi(t) =e(t) = = i . and  wa(t) = @(t) = ] i T

These functions arise in solid state physics. Integrals with respect to the measure
dA(t) = e(t)"dt, r = 1 and r = 2, are widely used in phonon statistics and lattice
specific heats and occur also in the study of radiative recombination processes.
Similarly, integrals with o (¢) are encountered in the dynamics of electrons in metals.
For w1 (t), wa(t), ws(t) = (t)? and w4 (t) = ¢(t)?, Gautschi and Milovanovié¢ [46]
determined the recursion coefficients ay and S, for n = 40 with 255, and gave
an application of the corresponding Gauss-Christoffel quadratures to summation of
slowly convergent series.

5° The hyperbolic weights on (0, +00),

1 sinh ¢

3.1.3 t) = and t) = .
( ) wi(t) cosh?t . w(t) cosh?t

The recursion coefficients ay,, B, for n = 40 with 30 S, were obtained by Milovanovié
[95]. The discretization was based on the Gauss-Laguerre quadrature rule.

3.2. Moment-preserving spline approximation. In this subsection we give
some applications of orthogonal polynomials and Gauss-Christoffel and generalized
Gauss-Turdn quadratures to the moment-preserving spline approximation of func-
tions. Such a problem of approximation was appeared in physics (see Laframboise
and Stauffer [71] and Calder and Laframboise [18]). Namely, it was the problem
of finding splines that reproduce as many as possible of the initial moments of a
given spherically symmetric function ¢ — f(t), t = ||z||, 0 < t < oo, in R%, d > 1.
Gautschi [36] solved this problem of approximating by a piecewise constant function

tHsn(t):Zal,H(T,,ft) (ay ER, 0< 7 <+ < Ty < 400),
v=1

where H is the Heaviside step function. Also, he considered an approximation by a

linear combination of Dirac delta functions. The approximation was to preserve as

many moments of f as possible. This work was extended to spline approximation
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of arbitrary degree by Gautschi and Milovanovi¢ [49]. Namely, they considered a
spline function of degree m > 0 on [0,+00), vanishing at ¢t = 400, with n > 1
positive knots 7, (¥ =1,...,n), which can be written in the form

(3.2.1) Snm(t) =Y ay(r, = )7 (ay €R, 0 <t < +00),
v=1

where the plus sign on the right is the cutoff symbol, uy = v if u > 0 and uy =0
if uw < 0. Given a function ¢t — f(t) on [0, +00), they determined s, ,, such that

+oo +oo
(3.2.2) / Snm ()t dV = / ftav (j=0,1,...,2n—1),
0 0

where dV is the volume element depending on the geometry of the problem. (For
example, dV = Ct¢1dt if d > 1, where C is some constant, and dV = dt if d = 1
were used in [49]. For some details see Gautschi [40].) In any case, the spline s, ,, is
such to faithfully reproduce the first 2n moments of f. Under suitable assumptions
on f, it was shown that the problem has a unique solution if and only if certain
Gauss-Christoffel quadratures exist corresponding to a moment functional or weight
distribution depending on f. Existence, uniqueness and pointwise convergence of
such approximation were analyzed. We mention two main results (Gautschi and
Milovanovié¢ [49]) in the case when dV = dt.

Theorem 3.2.1. Let f € C" 1[0, +oc] and
+oo
/ 2rbmtl) p (D (| dt < 400,
0

Then a spline function sy, of the form (3.2.1) with positive knots 7, that satisfies
(3.2.2), exists and is unique if and only if the measure

(_1)m+1 m+1 g(m+1)
(3.2.3) AN(E) = D @) e on [0, +00)

admits an n-point Gauss-Christoffel quadrature formula
+oo n
(3:2.4) [ ot = S A0glr) + R,
0 v=1

with distinct positive nodes T,S"), where R, (g;d\) = 0 for all g € Pan—1. In that
event, the knots T, and weights a, in (3.2.1) are given by

n=r, =AY (=1 ),

22



Theorem 3.2.2. Gwen f as in Theorem 3.2.2, assume that the measure d\ in
(3.2.3) admits the n-point Gauss-Christoffel quadrature formula (3.2.4) with distinct

positive nodes T, = TIS") and the remainder term R, (g;d\). Define

or(z) = 2~ (M) (z — ).

Then, for any t > 0, we have for the error of the spline approximation (3.2.1),
(3.2.2),

f(t) = snm(t) = Ru(ou; dN).

For example, if f is completely monotonic on [0, 4+00) then dA(t) in (3.2.3) is a
positive measure for every m and the Gauss-Christoffel quadrature formula exists
uniquely, with n distinct and positive nodes TIS"). Theorem 3.2.2 shows that s,
converges pointwise to f as n — oo if the Gauss-Christoffel quadrature formula
(3.2.4) converges for the particular function x — g(z) = o¢(x) (x > 0).

Similarly, we can consider an approximation of a given function ¢ — f(¢) on
[0, +00) by defective splines. A spline function of degree m > 2 and defect k on
the interval 0 < ¢ < 400, vanishing at ¢t = 400, with n > 1 positive knots 7,
(v=1,...,n), can be written in the form

(3.2.5) Sn,m(t) = Z Z ai,u(Tu - t)i

v=1i=m—k+1

where a;, are real numbers.

Under suitable assumptions on f and k = 2s+ 1, Milovanovié¢ and Kovacevié [99—
100] showed that the approximation problem has a unique solution if and only if
certain generalized Turdn quadratures exist corresponding to a measure depending
on f (cf. Subsection 2.4).

Theorem 3.2.3. Let f € C" 1[0, +oc] and
+oo
/ t2(s+1)n+m+1|f(m+1)(t)| dt < +oc0.
0

Then a spline function Spm of the form (3.2.5) with k = 2s+ 1 and positive knots
Ty, that satisfies (3.2.2), with j =0,1,...,2(s+1)n— 1, exists and is unique if and
only if the measure

(71)771-‘1—1 m+1 g(m+1)

admits a generalized Gauss-Turdn quadrature formula

2s

(3.2.6) /m g(t) dA(t) = i > AN g () + R (g: dN),
0

v=1 i=0
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with distinct positive nodes Tlﬂ"), where RS (g;d\) = 0 for all g € Pa(s+1)n—1- The
knots 7, in (3.2.5) are given by 7, = T,E”), and coefficients a;, by the following

triangular system

2s Y o
A =% (m =t <j> (DI~ g, (i=0,1,...,25),

’ m)! )
j=i

where D is the standard differentiation operator.

Theorem 3.2.4. Given f as in Theorem 3.2.3, assume that the measure dA(t)
admits the n-point generalized Gauss-Turdn quadrature formula (3.2.6) with distinct

positive nodes T, = T,S") and the remainder term RS (g;d\). Then the error of the
spline approximation is given by

F@) = sum(t) = RS (03d))  (£>0),
where x — oy(z) = 2~ (MY (z — ).

Again, if f is completely monotonic on [0, +00) then dA(t) is a positive measure
for every m and the generalized Gauss-Turan quadrature formula exists uniquely,

with n distinct and positive nodes TIS").

Frontini, Gautschi and Milovanovié [27] and Frontini and Milovanovié [28] consid-
ered analogous problems on an arbitrary finite interval, which can be standardized
to [a,b] = [0,1]. If the approximations exist, they can be represented in terms of
generalized Gauss-Lobatto and Gauss-Radau quadrature formulas relative to ap-
propriate measures depending on f, when the defect kK = 1. Using defective splines
with odd defect k = 2s + 1, approximation problems reduce to certain general-
ized Gauss-Turan-Lobatto and Gauss-Turan-Radau quadrature formulas. A more
general case with variable defects was considered by Gori and Santi [57]. In that
case, approximation problems reduce to Gauss-Turan-Stancu type of quadratures
and o-orthogonal polynomials (cf. Gautschi [31], Gori, Lo Cascio and Milovanovié
[58]).

Further extensions of the moment-preserving spline approximation on [0, 1] are
given by Micchelli [89]. He relates this approximation to the theory of the monos-
plines.

3.3. Summation of slowly convergent series. We consider convergent series
of the type

—+o0 —+o0
(3.3.1) T= Zak and S= Z(—l)ka;€
k=1 k=1

and introduce the notation: 7' = T(m~1) 4 Tr(noo), S = §m=1) 4 57(,100),



where ("= and S(™~1) are the corresponding partial sums of (3.3.1).

Some methods of summation these series can be found, for example, in the books
of Henrici [63], Lindeldf [78], and Mitrinovi¢ and Kecki¢ [104].

Recently, a few new summation/integration procedures for slowly convergent
series are developed (see [46], [42-43], [95-97]). Here we give a short account of
these methods.

3.3.1. Laplace transform method. Suppose that the general term of T (and S)
is expressible in terms of the derivative of a Laplace transform, or in terms of the
Laplace transform itself. Namely, let ar, = F'(k), where

F(p):/(:ooeptf(tf)dt7 Rep>1.

Then

+oo , 1T rdoo B oo g
;F(kz);/o te ktf(t)dt/o —— f(t)dt.

Similarly, for “alternating” series, one obtains

S DRk = |

= et +1
and
SR == [ g
k=1

In a joint paper with Gautschi [46] we considered the construction of Gaussian
quadrature formulas on (0, +00),

+00 n
(3.3.2) /0 gtyw(t)dt =" Xg(r,) + Rulg),

v=1

with respect to the weight functions given by (3.1.2). If the series T' and S are
slowly convergent and the respective function f on the right of the equalities above
is smooth, then low-order Gaussian quadrature (3.3.2) applied to the integrals on
the right, provides a possible summation procedure. Numerical examples show
fast convergence of this procedure (see [46, §4]). A problem which arises with this
procedure (Laplace transform method) is the determination of the original function
f for a given series. For some other applications see [42—-43].

25



3.8.2. Contour Integration Over a Rectangle. Suppose now that ar = f(k),
where z — f(z) is a holomorphic function in the region

sz{zec ’ Rez > a, m—1<a<m}, m € N.

In [95] we derived an alternative summation/integration method for the series (3.3.1)
which requires the indefinite integral F' of f chosen so as to satisfy the following
decay conditions:

(C1) F is a holomorphic function in the region Gp,;

(C2) ‘ |lim e~ F (x4 it/7) = 0, uniformly for = > a;
t|—+oo

i oo —clt| i —
(C3) zgrfoo I e |F (z+it/m)| dt =0,
where ¢ = 2 or ¢ = 1, when we consider T,gf) or 8’7(77), respectively.

Namely, taking I' = 0G and
1)
G:{z€C|a§Rez§ﬁ, |Imz|§—},
T

wherem —1<a<m,n<pf<n+1(mne€Z m<n), we obtain that

T — Lyff(z) " gz and S = L%J‘(Z)
r r

- - dz.
211 tanmz 21

sinmz

After integration by parts, these formulas reduce to

1 ™\ 2
3. T = — F(z)d
(3:33) m 2mi F(sinﬂz) (2)d
and
1 T\ 2
(n) — _—_
(3.3.4) Sy 5] F(sinﬂz) cosmz F(z)dz,

where z — F(z) is an integral of z — f(2).

Taking @ = ay, = m—1/2, f = B, = n+1/2, and letting § — +o00 and n — 400,
under conditions (C1) — (C3), the integrals in (3.3.3) and (3.3.4) over I" reduce to
integrals along the line z = a,, + iy (—o00 < y < +00).

After some calculations, we reduce T" and S to a problem of quadrature on
(0, +00) with respect to the hyperbolic weight functions given by (3.1.3). Thus,

—+o0

T:T(m_l)—i—/ D (qum, t/m) wi(t) dt
0
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and

—+oo
S =gm=1 4 / U (v, t/7) wa(t) dt,
0
where w; and wy are defined in (3.1.3) and
1 . .
O(z,y) = —5 [Flz +iy) + Fz —iy)],

—1)m

\I](‘T’y) = ( 2%

[F(z +iy) = Fz —iy)] .

Numerical experiments shows that is enough to use only the quadrature with
respect to the first weight w(t) = 1/cosh®t. Namely, in the series S we can
include the hyperbolic sine as a factor in the corresponding integrand so that

—+00
S =g8m=1 4 / U (un, t/7) sinh(t)w: (£) dt.
0

Using this approach we gave an appropriate method for calculating values of the

+oo
Riemann zeta function ((z) = > k%, which can be transformed to a weighted in-
k=1
tegral on (0, +00) of the function ¢ — exp(—(z/2) log(1+ 82 t?)) cos(z arctan(fBp,t)),
B = 2/((2m + 1)7), m € Ny, involving the hyperbolic weight w(t) = 1/cosh®t
(see [96]).

Also some other methods for series with irrational terms were given in [97].

4. ORTHOGONALITY ON THE UNIT CIRCLE

Another type of orthogonality is orthogonality on the unit circle. The polynomi-
als orthogonal on the unit circle with respect to a given weight function have been
introduced and studied by Szeg6 [122-123] and Smirnov [116-117]. A more general
case was considered by Achieser and Krein [1], Geronimus [51-52], P. Nevai [107—
108], Alfaro and Marcelldn [5], Marcelldn and Sansigre [83], etc. These polynomials
are linked with many questions in the theory of time series, digital filters, statistics,
image processing, scattering theory, control theory and so on.

In the next three sections we give some basic definitions and properties of poly-
nomials orthogonal on the unit circle.

4.1. Basic definitions and properties of orthogonal polynomials. Let an
inner product defined by

(4.1.1) (f,9) = % ; Wf(eie)g(eie)d'u(g),
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where du(0) is a finite positive measure on the interval [0,27] whose support is
an infinite set. In that case there is a unique system of orthonormal polynomials
{©k }ren, such that

(412) ((Pka(Pm) = Okm, (pk(Z) = bkzk +-0y b >0 (k =0,1,.. )

If 6 — p(0) is an absolutely continuous function on [0, 27], then we say that u/(0) =
w(#) is a weight function.

The monic polynomials orthogonal on the unit circle with respect to the inner
product (4.1.1) we will denote by ¢y (z). According to (4.1.2) we have that ¢y (z) =

oK (2)/by.

Theorem 4.1.1. The monic orthogonal polynomials {¢r} on the unit circle |z| =1
satisfy the recurrence relations

(4.1.3)  Pry1(2) = 20(2) + Pr41(0)01(2),  Phy1(2) = Pk (2) + Prt1(0)205(2),

fork=0,1,..., where ¢} (2) = 2*dr(1/2).

In order to prove the first recurrence relation in (4.1.3) we put

n—1
(4.1.4) %jzk = P, (1/2).
v=0
6

Multiplying this equality by ¢.,(z), where 0 < m < k — 1, putting z = ¢ and

integrating, we obtain

1 - 1 [ .
o [ e 2D ) o [ o) u0) = 2 ol
where
1 27 R
ml> == [  ¢u(e?)bm(e?) du(0).

Because of orthogonality, the first integral on the left hand side in the previous
equality vanish, and we have

(k) 1

2m ) )
( :m/o € (€Y du(0)  (m=0,1,...,n—1).

We note that cgff) does not depend on k and therefore we write cgff) = ¢p,. Using

(4.1.4) we have

n—1
or(z) = 2 + 271 0,8, (1/2),
=0
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wherefrom we obtain

(4.1.5) brt1(2) = 260(2) + 2Ferdr(1/2) = 21(2) + crdj(2).

Since ¢5(0) = 1, setting z = 0 we find ¢ = ¢+1(0). Thus, (4.1.5) reduces to the
first relation in (4.1.3).

As we can see recurrence relations (4.1.3) are not three-term relations like (2.3).
The values ¢ (0) are called reflection parameters or Szeg6 parameters. Defining a
sequence of parameters {ar} by ar = —¢r+1(0), k = 0,1,..., and using (4.1.3),
Geronimus [53, Chapter VIII] derived the following three-term recurrence relations:

Ar—10k+1(2) = (@r—12 + @) pr(2) — arz(1 — |ar—1*)dr—_1(2),
ar—10511(2) = (ar—12 + ar)9j(2) — arz(1 — ax—1*)¢%_1 (2),

where k =1,2,..., and ¢g(2) =1, ¢1(2) = z — ao.

There is a relation between parameters {ax} and moments {cx}, defined by

1 2m 10
= — Y du(9), k=0,1,....
= 5o A e 1(6)
Introducing Toeplitz determinants Ay = |¢;—;|§, c—r = &, k = 0,1,..., then one

can express ¢k (z) in the explicit form

Co C_1 C_2 N C_k
C1 Co C—1 C—k+1
1 k
or(2) = = 2" + lower degree terms,
AVES)

Ck—1 Ck—2 Ck-3 C-1

1 z 22 P
where k = 0,1,... and A_; = 1. According to the previous relations, one can get

the following relation

Ak k—1
2
(4.1.6) L 1;[0 (1—la?)  (neN).

For a given sequence {ay} such that
(4.1.7) lak| < 1 (k € Ny),

one can construct a sequence of (monic) polynomials {¢x(z)} and determine a non-
decreasing bounded function p(#) with infinitely many points of increase (see Geron-
imus [53]). Namely, (4.1.7) is equivalent to the condition Ay > 0 for every k € Ny,
which is the necessary and sufficient condition for the existence of u(6).
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For orthonormal polynomials defined in (4.1.2) one can introduce the kernel
polynomial

which can be expressed in the form

- Prr1 ()P 41 (W) — Pni1 (2)Pnir (w)

K
n(zw 1—zw

This analogue of the Christoffel-Darboux formula was proved by Szegd (cf. Freud
[26, p. 196]). Some characteristic values of K, (z,w) are

K, (0,2) = byl (2), K,(0,0) =02 = A1/ A,

where b, is the coefficient of 2" in ¢(z).

4.2. Extremal properties of orthogonal polynomials. An analogue of Theo-
rem 2.1.5 is the following result:

n
Theorem 4.2.1. Let P(z) = Y. a,z", with a, =1, be an arbitrary monic polyno-
v=0

mial of degree n. Then

1 2m B An ;
[P(2)|*dp(0) = [l ¢n]l” = b, = ’

27 Jo
with equality only if P(z) = ¢n(z) = on(z)/bn. The ratio A, /A1 is given by
(4.1.6).

We also mention the following statement (cf. Szegé [124, p. 290]):
Theorem 4.2.2. Let P € ‘P,, and

1 2m

o /. |P(2)]% du(6) = 1, z=e",

For a fized value of a, the mazimum of |P(a)|? is attained if

p(z):M’ le| = 1.

This mazimum is given by K, (a,a).

4.3. Zeros of orthogonal polynomials. For the zeros of orthogonal polynomials
on the unit circle one can prove the following result:
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Theorem 4.3.1. Forn > 1, all the zeros of ¢n(z) lie in |z| < 1.
A short proof of this theorem can be given in the following way (see Landau

[73]): Let v be an arbitrary zero of ¢, (z), so that ¢,(z) = (z —v)@n-1(2), or

(4.3.1) Dn(2) +7Qn-1(2) = 2Qn-1(2),

with some Q,—1 € P,—1. Then, since ¢,, is orthogonal to P, _1, on taking norms
in (4.3.1) and using the fact that (zf,zg) = (f,g) we find

16nll* + 1Y 1Qu—-111* = 12Qn-11* = | Qu-1l,

whence 1 — |7 = [[¢.[1?/|Qn-1]*> > 0, as required.

For zeros of the kernel polynomials z +— K, (a, z) we have (see Szeg6 [124, p. 292]):
Theorem 4.3.2. For |a| < 1 the zeros of K,(a,z) lie in |z| > 1, for |a] > 1 in
|z| < 1, and for |a| =1 on |z| = 1.

At the end of this section, we mention that classical and semiclassical orthogonal
polynomials on the unit circle can also be considered (cf. Marcelldn [79]). Similarly,
orthogonal polynomials on a rectifiable curve or arc lying in the complex plane can
be considered (cf. Geronimus [53], Szeg6 [124]).

5. ORTHOGONALITY ON THE SEMICIRCLE AND A CIRCULAR ARC

Polynomials orthogonal on the semicircle Iy = {z € C|z =€, 0 < 6 < 7} have
been introduced by Gautschi and Milovanovié [47-48]. The inner product is given
by

(f.9) = /F F(2)g(2) (i) dz,

where I is the semicircle I' = {z € C | z = €, 0 < § < 7}. Alternatively,

(fi9)= /07r f(e®)g(e') dp.

This inner product is not Hermitian, but the corresponding (monic) orthogonal
polynomials {7} exist uniquely and satisfy a three-term recurrence relation of the
form

Trt1(2) = (2 — iag)mk(2) — Bemr—1(2), k=0,1,2,...,
m_1(2) =0, mo(z) =1.

Notice that the inner product possesses the property (zf, g) = (f, zg).

The general case of complex polynomials orthogonal with respect to a complex
weight function was considered by Gautschi, Landau and Milovanovié [45]. A gen-
eralization of such polynomials on a circular arc was given by M.G. de Bruin [17],
and further investigations were done by Milovanovi¢ and Rajkovié [103].
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5.1. Orthogonality on the semicircle. Let w:(—1,1) — R4 be a weight
function which can be extended to a function w(z) holomorphic in the half disc
D, ={zeC||z|<1,Imz > 0}, and

(5.1.1) (ﬁm=iéf@M@ﬁdd@@1d%=AWﬂJ%ﬂJ%w@wﬂw

Together with (5.1.1) consider the inner product

(5.1.2) MQ:[j@MBmmm,

which is positive definite and therefore generates a unique set of real (monic) or-
thogonal polynomials {py}:

[Pk, pm] =0 for k#m and [pr,pm] >0 for k=m (k,m € Np).

On the other hand, the inner product (5.1.1) is not Hermitian; the second factor g
is not conjugated and the integration is not with respect to the measure |w(e®)| d.
The existence of corresponding orthogonal polynomials, therefore, is not guaranteed.

We call a system of complex polynomials {7} orthogonal on the semicircle if
(TkyTm) =0 for k#m and (7, ™) >0 for k=m (k,m € Np).

where we assume that 7 is monic of degree k.

The existence of the orthogonal polynomials {7} can be established assuming
only that

(5.1.3) Re(1,1) = Re /Tr w(e)dh # 0.
0

5.1.1. Existence and representation of m,. Assume that the weight function w
is positive on (—1,1), holomorphic in D4 and such that the integrals in (5.1.1) and
(5.1.2) exist for smooth f and g (possibly) as improper integrals. We also assume
that the condition (5.1.3) is satisfied.

Let C;, € > 0, denote the boundary of Dy with small circular parts of radius
¢ and centres at 1 spared out and let P be the set of all algebraic polynomials.
Then, by Cauchy’s theorem, for any g € P we have

(5.1.4) 0:/C g(z)w(z)dz

- ( / E /. o+ /. ) s s+ [ 11;g<x>w(x) dz,
32



where I, and C; 1 are the circular parts of C. (with radii 1 and e respectively).
We assume that w is such that for all g € P,

(5.1.5) lim g(z)w(z)dz = 0.

e—0 Ce i1

Then, if ¢ = 0 in (5.1.4), we obtain
(5.1.6) 0= /Cg(z)w(z) dz = /Fg(z)w(z) dz +/ g(@)w(z)dx, geP.

—1

The (monic, real) polynomials {py }, orthogonal with respect to the inner product
(5.1.2), as well as the associated polynomials of the second kind,

qk(z):/1 ZMw(:z:)cl:z: (k=0,1,2,...),

-1 Z—X
are known to satisfy a three-term recurrence relation of the form
(5.1.7) Ykr1 = (2 —ap)ye —bryr—1 (K =0,1,2,...),

where

(5.1.8) y-1=0, yo=1 for {px} and y—1=—1, yo=0 for {qr}.

Denote by my, and py the moments associated with the inner products (5.1.1) and
(5.1.2), respectively,

Mk:(zkvl)ﬂ mg = [:Ckﬂl]ﬂ k>0,
where, in view of (5.1.8), by = my.
In [45], Gautschi, Landau and Milovanovié¢ proved the following result:

Theorem 5.1.1. Let w be a weight function, positive on (—1,1), holomorphic in
Dy ={z€C||z| <1, Imz > 0}, and such that (5.1.5) is satisfied and the integrals
in (5.1.6) exist (possibly) as improper integrals. Assume in addition that

Re(1,1) = Re/7r w(e®)do # 0.
0

Then there exists a unique system of (monic, complex) orthogonal polynomials {my, }
relative to the inner product (5.1.1). Denoting by {pr} the (monic, real) orthogonal
polynomials relative to the inner product (5.1.2), we have

(5.1.9) i (2) = pr(2) — 0k—1Pk—1(2) (k=0,1,2,...),
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where

topk (0) + igqx(0)
5.1.10 Or_1 = - k=0,1,2,...).
( ) ko ip0pk—1(0) — qr—1(0) ( )

Alternatively,

b
(5.1.11) O = iag + —

(k:071527)? 9*1:/1‘05
Or—1

where ay, by, are the recursion coefficients in (5.1.7) and po = (1,1). In particular,
all 0y, are real (in fact, positive) if a, = 0 for all k > 0. Finally,

(5.1.12) (M, ) = Op—1[pr—1,00-1] #0  (E=1,2,...), (m0,m0) = po-

As we can see, relation (5.1.9), with (5.1.10), gives a connection between orthog-
onal polynomials on the semicircle and the standard polynomials orthogonal on
[—1, 1] with respect to the same weight function w. The norms of these polynomials
are in relation (5.1.12).

We mention now two interesting examples from [45]:

EXAMPLE 5.1.1. Let w(z) = 142. Since pp = (1,1) = 7424, Re pg # 0, the orthogonal
polynomials {7}, } exist. Furthermore, by = mg = 2, aj, = (2k + 1) (2k +3)~! for k > 0,
and by, = k(k +1)(2k +1)72 for k > 1, so that by (5.1.11),

0y — T — 4 L= 3m+ 81
3(2 —im)’ 5(4 +im)’
Then, from (5.1.7) and (5.1.8), we find
po(z) =1, pl(z):zf%, pg(z):z?fngé, cee
and by (5.1.9),
2 2 im 4

mo(z) =1, m(z)=2— Ty =2z

2—in’ T atin. 3@ tan)

EXAMPLE 5.1.2. Consider now w(z) = 2%. Here pg = Iy e*%df = 0 so that (5.1.3)
is violated and thus the polynomials {7} do not exist, even though w(z) > 0 on [—1, 1]
and the polynomials {py} do exist. It is easily seen that g (0) = 0 when k is even, so that
0),_1 is zero for k even, and undefined for k£ odd. For an explanation of this example see
Theorem 5.1.3.

5.1.2. Three-term recurrence relation for mi(z). We assume that
(5.1.13) Re(1,1) = Re/ w(e) dh # 0,
0

so that orthogonal polynomials {7} exist. Since (zf,g) = (f, zg), it is known that
they must satisfy a three-term recurrence relation
Tret1(2) = (2 — iag)mk(2) — Bemr—1(2), k=0,1,2,...,
m_1(z) =0, mo(z)=1.
Using the representation (5.1.9), we can find a connection between the coefficients

in (5.1.14) and the corresponding coefficients in the three-term recurrence relation
(5.1.7) for polynomials {py} (see [45]):

(5.1.14)
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Theorem 5.1.2. Under the assumption (5.1.13), the (monic, complex) polynomi-
als {m} orthogonal with respect to the inner product (5.1.1) satisfy the recurrence
relation (5.1.14), where the coefficients ay, Pi are given by

Or—1

ap =0 — Ok —tax, fPr= 5;_;bk41 = 0p—1(Ok—1 —ia-1),

for k> 1 and ag = 0y — tag, with the 0y defined in Theorem 5.1.1.

Alternatively, the coefficients oy can be expressed in the form

b b
ak:—ek—l‘f'ok—k, k>1, 040:0—0:%.
-1 -1 0

5.1.3. Distribution of zeros. It follows from (5.1.14) that the zeros of m,(z) are
the eigenvalues of the (complex, tridiagonal) matrix

iOéQ 1 O
Br dar 1
(5.1.15) Jn = Ba iy - :
. 1
O Bn—l ian—l

where oy and i are given in Theorem 5.1.2.

If the weight w is symmetric, i.e.,
(5.1.16) w(—z) = w(z), w(0) >0,
then po = (1,1) = 7w(0) > 0, ap, =0, 6 > 0, for all k£ > 0, and
ag =0y, ap=0p—0r_1, Pr= 9%_1, k>1.

In that case J,, can be transformed into a real nonsymmetric tridiagonal matrix

(7)) 90 O
790 (5] 91
A, = —iD;'J,D, = —0; ;
- 9n—2
O _en—Q Ap—1

where D,, = diag(1,ifg,i%0001,i30060102,...) € C"*". The eigenvalues 7n,, v =
1,...,n, of A, can be calculated using the EISPACK subroutine HQR (see [118]).
Then all the zeros (,, v =1,...,n, of m,(z) are given by ¢, =in,, v=1,... ,n.
In [45] we proved the following result for a symmetric weight (5.1.16):
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Theorem 5.1.3. All zeros of m,, are located symmetrically with respect to the imag-
inary azis and contained in Dy = {z € C| |z| < 1, Imz > 0}, with the possible
exception of a single (simple) zero on the positive imaginary axis.

If we define the half strip Sy = {z € C|Imz >0, =&, < Rez < &,}, where &,
is the largest zero of the real polynomial p,, then we can prove that all zeros of m,
are also in S (see [45] and [48]). Thus, all zeros are contained in Dy N S;.

For the Gegenbauer weight w(z) = (1 — 22)*~1/2. X > —1/2, the exceptional
case from Theorem 5.1.3 can only arise if n = 1 and —1/2 < A < 0. Likewise,
no exceptional cases seem to occur for Jacobi weights w(z) = (1 — 2)%(1 + 2)#,
a,f > —1,if n > 2, as was observed by several numerical computations (see [45]).
However, in a general case, Gautschi [38] exhibited symmetric functions w for which
mn(+;w), for arbitrary fixed n, has a zero iy with y > 1.

5.2. Orthogonality on a circular arc. Recently M. G. de Bruin [17] considered
the polynomials {m/*} orthogonal on a circular arc with respect to the complex inner
product

T
(5.2.1) (ho)= [ hOnEw0)®,

%)
where ¢ € (0,7/2), and for f(z) the function f1(6) is defined by

f1(0) = f(=iR + €/ R2 + 1), R = tan .

Alternatively, the inner product (5.2.1) can be expressed in the form
(5.2.2) (f,9)= | [f()9(z)w(2)(iz — R)™"dz,
I'r

where I'p = {2 €C|2z=—iR+e%VR2+1,p <0 <7 — ¢, tanp = R}.
Under suitable integrability conditions on the weight function w, which is positive
on (—1,1) and is holomorphic in the moon-shaped region

M+:{z€(C | |z+iR|<\/R2+1,Imz>O},

where R > 0, the polynomials {7} orthogonal on the circular arc I'r with respect
to the complex inner product (5.2.1) always exist and have similar properties like
polynomials orthogonal on the semicircle.

For R = 0 the arc I'g reduces to the semicircle I", and polynomials {72} to {m}}.
It is easy to prove that the condition

T—¢
. 1 o w
Re/FRw(z)(zzR) dzRe[p 1(0)do #0
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is automatically satisfied for R > 0 in contrast to the case R = 0 (see condition
(5.1.13)).

Quite analogous results to Theorems 5.1.1-5.1.4 were proved by de Bruin [17].
For example, for polynomials {7} (the upper index R is omitted) equalities (5.1.9)
and (5.1.12), as well as the three-term recurrence relation (5.1.14) hold, where now
the 0y is given by

br,
Or—1

Gk:—R‘i"iak‘F (k:OalaQa"'); 9_1:,u0,

instead of (5.1.11). Also, for the symmetric weight, w(z) = w(—=z), all zeros of m,
are contained in M, with the possible exception of just one simple zero situated on
the positive imaginary axis.

5.2.1. Dual orthogonal polynomials. Let {m,} be the set of polynomials orthog-
onal on the circular arc I'g, with respect to the inner product (5.2.1), i.e., (5.2.2).
Milovanovié¢ and Rajkovié [103] introduced the polynomials {7} orthogonal on the
symmetric down circular arc I';, with respect to the inner product defined by

(5.2.3) (fr9)" = (2)g(2)w(2)(iz + R) ™" dz,

f
I'r

where [}, = {z € C|z = iR+ e WVR2+ 1,90 <0 <7 — ¢, tanp = R}. Such
polynomials are called dual orthogonal polynomials with respect to polynomials

{Wn}-

Let M be a lentil-shaped region with the boundary OM = I'r UI;, ie.,

M ={zeC||z£iR| < VR?>+1},

where R > 0.

We assume that w is a weight function, positive on (—1,1), holomorphic in M,
and such that the integrals in (5.2.2), (5.2.3), and (5.1.2) exist for smooth functions
f and g (possibly) as improper integrals. Under the same additional conditions on
w and f, like previous, we have

0= /Ff(Z)w(Z)dZﬂL/_llf@)w(éE) da,

where I' = I'r or I'j;. Then both systems of the orthogonal polynomials {,} and
{m}} exist uniquely.

The inner products in (5.2.2) and (5.2.3) define the moment functionals

L5 =, e = (27,1) = / 2Fw(z)(iz — R) "' dz
I'r
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and
CF =g =GR = [ el )
Iy

respectively. Using the moment determinants, we can express the (monic) polyno-
mials 7, and 7} as

Ho  p1 e Hk :“é Mz T l:z
1 %51 M2 Hk+1 1 M1 Ha K1
() = A_k : ;o mR(2) = AZ *I . . )
Hik—1 Mk Hok—1 Hig—1  Hy Hog—1
1 z 2k 1 P Sk

Mo H1 ot Hk—1 I s A (1
e [k G .
Ak = . 9 AZ = .
Hek—1 Mk H2k—2 Hi—1 Mg Wak—2

In [103] we proved that 7} (Z) = m,(2), as well as the relation

5 (2) = pr(2) — 105 _1pr—1(2), k=0,1,2,...,

where ( )
ﬂ.* ﬂ.* *
0; = —R "k =12 ..., 0%, = pi.
ht [Pk—1,Pk—1] ' 0
Here, 0;_, = —05_1, where 6;_; is the corresponding coefficient in the polynomial
Tk-

Also, the following theorem holds:

Theorem 5.2.1. The dual (monic) orthogonal polynomials {m}} satisfy the three-
term recurrence relation

T (2) = (2 —iag)m(2) = B (2), k=012,

() =0, m(2) =1,

with af, = —ay and 5} = Bk, where oy, and By are the coefficients in the corre-
sponding recurrence relation for the polynomials {my}.

Using dual polynomials we can give a short proof of the following result stated
in [17]:
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Theorem 5.2.2. Let w(z) = w(—z). Then 051 > 0, for k > 0.

Namely, since (7, 7) = 0k—1[pr—1,Pr—1] it is enough to prove that (mx, ) > 0.
In this symmetric case, 0j_1 is real and we have 6;_; = —0;_; and

(o) = (i) = [ Gz~ ) e = - [ G2

_1 ix— R

where G(z) = py(2)® + 07 _,pr—1(2)?. Then
1 1
w(z) w(z)
(ﬂk,wk):R/_ G(z )R2+ 2dx+z/_1zG(z)R2+x2dz.
Since x — G(x) is an even positive function, the second integral on the right-hand

side vanishes and (7, 7x) > 0.

5.2.2. Differential equation for the Jacobi weight. We consider the Jacobi weight
function

w(z) =w™’(z) = (1-2)*(1+2)",  af>-1,
where fractional powers are understood in terms of their principal branches.

The corresponding (monic) polynomials {7‘(']}5’} orthogonal on the circular arc I'g,
with respect to the inner product (5.2.1), i.e., (5.2.2), where w(z) = w*?(z), can
be expressed in the form

T (2) = Th(2) = pr(z) — i0k—1pk—1(2),
where pi(z) = 15,?5( ) are the monic Jacobi polynomials and 0,1 = 6}’ 1 is given
by

1 Qk(—’iR)
9 -1 = T k/’ Z 1,
=1 ok—1(—iR)
where L
/ Pe(z dx, k> 0.
1 Z — 1'

The monic polynomials py(z) satisfy Jacobi’s differential equation
A" + B(z)u + =0 (cf. (2.2.2))
and differentiation formula
APh(2) = [(k+ a4 B+ Dz + ulpe(e) — (2k+at B+ Dpega (2),
where (see Table 2.2.1)
A(z)=1-2% Bi)=f-a—(a+B8+2)2, M=kl(k+ta+p+1)

and
o = (o — 5)%_
2% +a+B+2
Solving the problem: Find a function z — Q(z) in the form
(5.2.4) Q(z) = (2 — 1)k (5 4 1)s6Hb (ks Sk, ti € R),

such that (22 — 1)[Q(2)u(2)) = Qz)v(2), for u(z) = pa—1(2) and v(z) = yi(2),
where vy is a constant, Milovanovié¢ and Rajkovié [103] proved the following result:
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Theorem 5.2.3. The polynomial ﬂ,lf(z) satisfies the differential equation
(5.2.5) P)y" +Q(2)y + R(z)y =0,

with polynomial coefficients

P(2) = ~A(2)°Q(=)b(2),
(5.2.6) Q(2) = AR V(=) - al2)b(2)),
R(z) = A(2)[A()Q=) (a(2)V' (=) — a/(2)b(2)) + 2(=)?b(=)7].

where Q(z) defined by (5.2.4) with parameters
1 1 1
=g (k+a+ 8+ vk-1), sk = 5 (k+a+8—vkg—1), ty, = 5(2k+a+ﬂ—1)9k,1,

and a(z) and b(z) are given by

o(2) = g7 0(:) + ()~ 4(2))
(5.2.7) .
be) =~y (s +9/DAG) + 9()(a:) + BE) - 4(6)).

and g(z) = (k+a+ B)z+ ck—1, g1 =vp—1 — 12k +a+ 8 — 1)0;_1.

Notice that all coefficients in (5.2.6) have the factor A(z)Q(z), but it is because
of this factor that the coefficients turn out to be polynomials.

Using (5.2.6) and (5.2.7) we find P(z) = (1 — 2%)C(z), where z — C(2) is the
following polynomial of the first degree

Clz)=klk+a+8)+(B—a+cp-1)ck—1—i(2k+a+p)2k+a+ L —1)0;_1z,

where
kE+a+p

e

i(2k 4+ a+ B8 —1)0_1.

After some calculation, C'(z) can be expressed in the form

(5.2.8) C(2) = o + im10k_1 + 120i_, — 2,
where
_Ak(k+ o) (k+ B)(k +a+ B) e 2 2ktatp—1
Yo = (2]{3+O{+ﬁ)2 ) 717(5 Oé) 2k+a+6 )

yo=—2k+a+p-172 m=QCk+a+pB)2k+a+p—1)ilk 1.
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We remark that the differential equation (5.2.5) has regular singular points at 1,
—1, 0o, and an additional regular singular point {; which depends on k and is given
by

v — i(y20k=1 + Y0/0k-1)
Ck+a+B)Ck+a+p—1)

The polynomials P, @, and R in (5.2.6) can be expressed by the coefficients A(z),
B(z), and A\ in differential equation (2.2.2). Namely,

Gk =

P A(2)C(2),
(5.2.9) Q(z) = B(2)C(2) + A(2)mk;

where ( )
k(B —a
= k
al2) A(z)( ST —
and C(z) is given by (5.2.8).
We can see that (Q and R are the complex polynomials of degree two and one,
respectively.

When oo = = A —1/2 (A > —1/2) we obtain the Gegenbauer case, which is
considered for R = 0 by Gautschi, Landau and Milovanovi¢ in [45].

—i@k+a+pB— 1)9;@71)

It is interesting to consider a case when R — +o00, i.e., when I'r reduces to the
interval [—1,1]. Since lim 6,1 =0, we have
R—+o0

k(B —a) )

1
lim n, =0, lim C(z) = o, lim a(z) = (kzz + 2%k +a+ 8

R—+o00 R— 400 R—+o0 A(Z)
Thus, the limit case of (5.2.9) gives

pim  P(z) =v0A(z), lm Q(z) =B(2),  lim R(2)="70A-

In that case, dividing (5.2.5) by o we obtain Jacobi’s differential equation, which
is, in fact, the result expected.

5.2.3. Functions of the second kind and some associated polynomials. Let the
inner product (-,-) be given by (5.2.1), i.e., (5.2.2). In connection with polynomi-
als {r{'} orthogonal with respect to (-,-) on I'r, Milovanovié¢ and Rajkovi¢ [103]
introduced the functions, so-called functions of the second kind,

(5.2.10) gkR(z):/F ?Rf(?-izf’%dg, k=0,1,2,... .
A1



It is easily seen that they also satisfy the same recurrence relation as the poly-
nomials 7r,§. Indeed, from the recurrence relation

(5.2.10) T (2) = (2 —dag) i (2) — Bemhy (2), k=0,1,2,...,

for z = ¢, multiplying by w(¢)/((i¢ — R)(z — {)) and integrating, we obtain

ohin(2) = (= ian)ef ) — [ () w(c)

. Z.C_RdC*ﬂkaRq(z)-

By orthogonality, the integral on the right side in the above equality vanishes if
k > 1, and equals jq if k = 0. If we define o, (2) = 1 (and By = o), we have

(5.2.12) QkRJrl(z) = (z — i) 0l (2) — Brol | (2), k=0,1,2,... .
For |z| sufficiently large, we can prove (see [103])

[l 1
of ()= S (1 0()).

where ||7f||? = (rff,7}). Based on an idea by Stieltjes (see Monegato [105],

Gautschi [31]), Milovanovié¢ and Rajkovié [103] considered an expansion of 1/0%(z)
into descending powers of z, and obtained

~ R (1+01271 +C2272+'--) = E§+1(z)+d1z*1 +doz 24,

where
1
E,ﬁrl(z) = TdE (szrl +eZh 4+ ck+1)
and dy = cpprrr/|7f k= 1,2,.... We call EfY| the Stieltjes polynomial

associated with polynomials {mf} orthogonal with respect to (-,-) on I'z. By a
residue calculation, this polynomial of exact degree k + 1, can be expressed in the

form ) %
R - -
Ben(e) =5 jéc (¢ —2)af(¢)’

where C is a sufficiently large contour with z in its interior.

Theorem 5.2.4. Stieltjes’ polynomial E,ﬁl is orthogonal to all lower-degree poly-
nomials with respect to the complexr measure d\(z) = 7 (2)w(z)(iz — R)"'dz, i.e.,

w(z)
iz— R
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where Py, is the set of all polynomials of degree at most k.

The quantities off(z)/7mf(2), |2| > 1, are important in getting error bounds for
Gaussian quadrature formulas over I', applied to analytic functions (cf. Gautschi
and Varga [50]). Stieltjes’ polynomials appear in quadrature formulas of Gauss-
Kronrod’s type (cf. [37]).

We can also introduce the polynomials

Ry [ () - T w(() _
Uk(z)/FR P .ZC Rd(, k=0,1,2,...,

which are called the polynomials associated with the orthogonal polynomials 7Tk It

is easy to see that
or (2) = T (2) 05 (2) — 01 ()

The polynomials {cf} satisfy the same three-term recurrence relation

(5.2.13) off 1 (2) = (z —iag)of(z) — Brofi(2), k=0,1,2,...,
where oft(2) = 0, of(2) = po. If we define 0%, (2) = —1 and By = o, we can note
that (5.2.13) also holds for & = 0 (see Gautschi [30]).

Using the recurrence relations for {7}, {0}, and {of*} ((5.2.11), (5.2.12), and
(5.2.13), respectively), where

1° 7f(z)=0, =fi(z)=1;

2° 0B (2) =1, of(2) = F(2) (defined by (5.2.10));

3° 0B (2)=-1, oli(z)=0,
Milovanovi¢ and Rajkovié [103] proved the following identity of Christoffel-Darboux
type:

Theorem 5.2.5. Let {fr} and {gx} satisfy the three-term recurrence relation of
the form (5.2.13), and Sk(z,w) = fr+1(2)gr(w) — gry1(w) fr(2). Then the identity

. Sn(sz)
Z 50ﬁ1 ﬁk ~ BoBiBa

—S_1(z,w)

holds, where B (k = 0,1,2,...) are the recursion coefficients in (5.2.13). Under
conditions 1°-3°, we have the following special cases

(&) fu:=mf, gr=m, S-1=0;

(b) fr = Wllcza gk = Q?a S1=1;

() fo:=7F gp:=0F, S_1=-1;

(d) fr=of, gx:=or S-1=F(2)—F(w);
() fr:=0ff gr:=o08, S_1=-F(2);

() fe =0, gp:=0f, S_1=0.
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5.2.4. Geronimus’ version of orthogonality on a contour. In the paper [66], J. W.
Jayne considered the Geronimus’ concept of orthogonality for recursively generated
polynomials. Ya. L. Geronimus proved that a sequence of polynomials {p}, which
is orthogonal on a finite interval on real line, is also orthogonal in the sense that
there is a weight function z — x(z) having one or more singularities inside a simple
curve C' and such that

(5.2.14) (Pks Pm) = * ]{Cpk(Z)pm(Z)X(Z)dZ = {

211

0, k # m,

B, k=m.
Following Geronimus [54] and Jayne [66], Milovanovi¢ and Rajkovi¢ [102] deter-

mined such a complex weight function z — x(z), for (monic) polynomials {7}

orthogonal on the semicircle I', and also for the corresponding polynomials {w,}j’}
orthogonal on the circular arc I'y (R > 0).

Denoting by C' any positively oriented simple closed contour surrounding some
circle |z] = r > 1, we assume that

(5.2.15) x(z) = Zwszk, wp =1,
k=1

for |z| > 1, and express z" as a linear combination of the monic polynomials m,,,
m =0,1,...,n, which are orthogonal on the semicircle I, with respect to the inner
product (5.1.1). Thus,

(5216) 2" = Z ’Yn,mﬂm(z);

where (27, Tm) = Vn,m (Tm, Tm), m = 0,1,... ,n. Using the inner product (5.2.14)
and the representation (5.2.15), we obtain

1 1 i
(" 1) 2mi j{;z x(2)dz 2mi ﬁk_lwkz 5T Wt

On the other hand, because of (5.2.16) and the orthogonality condition (5.2.14),

we find
n n
"1 = nmmm(2),1) = > Yo (T, 1),
m=0 m=0

e, (2™, 1) = vn0{(m0, o) = Yn,0ho. Thus, we have w,41 = Yn,0ho = Yn,0, because
ho = w1 = 1.

Finally, using the moments p,, = (2™, 1), we obtain wy11 = pn /1o, n > 0, and

1 o0
(5.2.17) X(2)=—> m1zF, 2> 1,
Ho +—
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where we need the convergence of this series for |z| > r > 1.

Suppose that w be a weight function, nonnegative on (—1,1), holomorphic in
Dy ={z € C||z| < 1,Imz > 0}, integrable over 0D, and such that (5.1.13) is
satisfied. Then the moments uj can be expressed in the form

o = /F w(z)(iz) "  dz = % (mu(o) ~vp. / 11 @ dx)

and
1

oy = / Fw(z)(iz) "t dz = z/ () de, k> 1.
r

—1
These moments are included in the series (5.2.17).

Supposing that the weight function w has such moments p, which provide the
convergence of the series (5.2.17), for all z outside some circle |z| = r > 1 lying
interior to C, Milovanovié¢ and Rajkovié [102] proved:

Theorem 5.2.6. The monic polynomials {my}, which are orthogonal on the semi-
circle I' with respect to the inner product (5.1.1), are also orthogonal in the sense
of (5.2.14), where

1 .
X(z)—<1+L/ Md:c), lz] >r>1,
HoJ-12—T

and
1

o = mw(0) + iv.p./ —=dx.

-1 T
In Gegenbauer case they obtained the following result:

Corollary 5.2.7. Let w(z) = (1 — 22)*~Y2. X\ > —1/2. The monic polynomials
{7}, which are orthogonal on the unit semicircle with respect to the inner product
(5.1.1), are also orthogonal in the sense of (5.2.14), where

1 i I(A+1) 1 1
= - : F(la_aA 17_)5
x(z) z + Vrz2 T(A+1) TR 22
where F' is the Gauss hypergeometric series and I' is the gamma function.

EXAMPLE 5.2.1. In Legendre case (A = 1/2) we have
1 7 z+1
= — —_— 1 _—
x(2) z+7rz R
where the interval from —1 to 1 on the real axis is considered as a branch cut.

The corresponding complex weight for polynomials {7f*} (R > 0) orthogonal on
the circular arc I'g was also derived in [102] in the form

_ 1 U (R4 iz)w(x)
= [ wree o

1 .
R+ ix
uo:/_lmw(x)d:c
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6. SOME APPLICATIONS OF ORTHOGONALITY ON THE SEMICIRCLE

Several interesting properties of such polynomials and applications in numerical
analysis, especially for Gegenbauer weight, were given in [48] and [93]. Also, dif-
ferentiation formulas for higher derivatives of analytic functions, using quadratures
on the semicircle, were considered in [19].

6.1. Gaussian quadratures. In this section we consider Gauss-Christoffel quad-
rature formula over the semicircle I' = {z € C | z =¢%,0 < 0 < 7},

(6.1.1) [ ety do = 30, 1(6) + Ralh)

with Gegenbauer weight w(z) = (1 — 22)*~1/2, X\ > —1/2, which is exact for all
algebraic polynomials of degree at most 2n — 1.

In this case, (5.1.13) reduces to Re(1,1) = m # 0, so that the corresponding or-
thogonal polynomials exist and they can be expressed in terms of monic Gegenbauer
polynomials C(2),

me(2) = Cp (2) — k-1 -1 (2),

where the sequence {0} is given by

_ 1 T((k+2)/2)P(\+ (k+1)/2)
Atk L((k+1)/2T(A+k/2)

Ok k> 0.

It was shown [45, Sect. 6.3] that all zeros of 7, (z), n > 2, are simple and contained

in the upper unit half disc Dy = {z € C||z| < 1,Imz > 0}. The nodes ¢, = (n)
in (6.1.1) are precisely the zeros of the polynomial m,, i.e., the eigenvalues of the
Jacobi matrix J, given by (5.1.15). The weights o, = o can be obtained by an

adaptation of the procedure of Golub and Welsch [56] (see [31] and [33]).

Following [50], we gave error bounds for the Gaussian quadratures (6.1.1), applied
to analytic functions, using a contour integral representation of the remainder term
(see [94]).

The Gaussian quadrature (6.1.1) can be applied to calculation of the Cauchy
principal value integral

w
W = v, [ 0
(& /) e
where —1 < ¢ < 1 and w(t) = (1 — t3)*~Y2, X > —1/2. Firstly, using the linear
fractional transformation t = (x 4 £)/(x€ + 1) we find

n&h=w@vp. [ ww?S an
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where g(&;2) = f(fg—trgl)/(xf + 1),

Let f be a meromorphic function with poles p,, v =1,... ,m, in Dy and ¢(z) =
w(z)g(&; 2)/z. In [93] we proved that

B0~ 0© {3 ool 6) 2 Y Res vl

6.2. Numerical differentiation. Let f be an analytic function on some domain
containing the point a and a circular neighborhood of a with radius r. Using the
central difference operator ¢, defined by

0= H(s(o+ ) - o= 2)).

we can find 67" f(a) = &, (67" f(a)), ie.,

(6:2.1) 1 F0) = 2 SR (M) (o B2,
k=0

Putting he'® instead of h, where h is such that |a + Z2e®| < r, and integrating
(6.2.1) over the semicircle, we obtain

(6.2.2) / ! om0 fa)w(e®) do = wf ™ (a).

0

Applying the Gauss-Christoffel quadrature formula on the semicircle (6.1.1) to
the integral on the left side in (6.2.2), we obtain the following differentiation formula
to higher derivatives

£ (@) % Dyt fa) = = S R, Fla),
v=1

ie.,

(6.2.3) DI, f(a) = w%m Xn: v i(—l)k(?)f(a—s— T Qkh@).

Regarding to the truncation error we can give the following result (see [19]):

Theorem 6.2.1. The error of the differentiation formula (6.2.3) for analytical
functions is given by

1 &, f(m+2p) m
R f(@) = £70) = D2 fl) = 2 30 F s, 2,
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where
m

- S () ()

and R, (2??) is defined by (6.1.1). The dominant error term is

So (T +1)/2T A +1/2)\> msony v ron
7r(m—|—|—r2n)!< I'(A+mn) > Fme ahn.

Some considerations for n = 2 and m = 1 regarding to A are given in [93].
For real-valued analytic functions the formula (6.2.3) can be simplified. Namely,
when n is even and Re(, > 0, for v =1,2,... ,n/2, one finds

n/2 m _
(6.24) DI, fla) = WhimZRe{o—:I Z(l)k(Z)f(aerTQkhg’)} :
v=1 Y k=0

In the simplest case when n = 2, we have

C1,2=i(i\/§+i), Ul,gzg(liig).

Then, the corresponding differentiation formula (6.2.4) reduces to

Dy f(a) = mimR{g’—m i(—l)k(f)f(w o 2%)}.

k=0

Its error is O(h*).

The formula (6.2.3) for real-valued analytic functions can be improved with a
little change. Namely, if we put he'® instead of h in (6.2.2), where « is an arbitrary
real parameter, and applying again Gauss-Christoffel formula (6.1.1), we obtain the
following differentiation formula

1 n
10 (@) % D o (@) = = 3 0uftua, f(a).
v=1

Similar to the above investigation we find an expression for the error, depending on
the real parameter o

1 & F(m+2p) (g )

i 0= 176) = D@ = 23 Sy ()
Since the derivative f(™)(a) is real for real a and real-valued functions the param-
eter a can be chosen such that the dominant error term in the last expressions be
purely imaginary. Then, for such functions, the dominant error term in R},  f(a),
ie., .
1 f(m+2n) (a)S(m) R (Z2n)ei2na B2n
w(m + 2n)! m+2n ’
becomes purely imaginary. This can be achieved for « = 7/4n. In that case, the
dominant error term for real-valued functions becomes the real part of the term in
mh.af (@) for p=mn+1. So we have the following result:
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Theorem 6.2.2. The dominant error term of the differentiation formula

f(m)(a) %Re{D::hm/Mf(a)}, a €R,

for real-valued analytic functions is given by

sin(m/2n) (m)

(625) S Sl VMY Rn(z2n+2)f(m+2n+2) (a)h2n+2,

m(m + 2n + 2)17 M t2

where Ry (g) is defined in (6.1.1).

REMARK 6.2.1. With @ = 37/4n we also obtain a rule of degree precision 2n + 2.
Then, in the dominant error term (6.2.5), the factor — sin(7/2n) should be replaced by
sin(3m/2n).

Several numerical experiments were done in [19], [48], and [92-93].
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