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A bstract Besidea short account on the Euler-Maclaurin for-
mula, using a recent progress in variable-precision arithmetic and symbolic
computation and the corresponding MATHEMATICA package Orthogonal-
Polynomials [Facta Univ. Ser. Math. Inform. 19 (2004), 17 — 36; Math.
Balkanica 26 (2012), 169—184], we obtain extensions of the Euler-Maclaurin
formula for the composite (shifted) Gauss-Legendre formula, as well as for
its Lobatto modification. Some special cases are also presented.
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1. Introduction

The Euler-Maclaurin summation formula plays an important role in the
broad area of numerical analysis, analytic number theory, and the theory
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of asymptotic expansions, as well as in many applications in other fields.
In connection with the so-called Basel problem (or in modern terminology,
with determining ((2)), in 1732 Leonhard Euler discovered this formula,

= ["#@) o+ 5050 + f)
0

+Z BQJ

[ 2] 1) ( ) — f(2j71)(0)] +E.(f), (1.1)

which holds for any n,r € N and f € C*'[0,n], where By; are Bernoulli
numbers (By =1, By = —1/2, B, = 1/6, B3 =0, By = —1/30, ...). This
formula was also found independently by Maclaurin. While in Euler’s case
the formula (1.1) was applied for computing slowly converging infinite series,
in the second one Maclaurin used it to calculate integrals. A history of this
formula was given by Barnes [3], and some details can be found in [19], [1],
[11], [12], [5].

Bernoulli numbers B,, n = 0,1,..., can be expressed as values at zero
of the corresponding Bernoulli polynomials, which are defined by the gener-
ating function

Bernoulli polynomials play a similar role in numerical analysis and approx-
imation theory like orthogonal polynomials. First few polynomials are

1 1
By(z) =1, Bl($)=$—§, By(z )—952—334‘6, Ba(x) =a2° — =+

1
By(z) = 2t — 223 4 22 ~ 30" Bs(z) =2° — —— 4+ = — = etc.

Some interesting properties of these polynomials are
1
B(x) = nBu_1(x), Bn(l— 1) = (—1)"Bu(x), / Bu(z)dz =0 (n€N).
0

The error term E,(f) in (1.1) can be expressed in the form (cf. [5])

B T—i—oo n 127rkt_|_e7127rkt (2r)
B9 = (U3 [ S )
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or in the form

E.(f)=— /On B%((QCQT‘_)!MJ)“)C(%)(J;) dz, (1.2)

where |z] denotes the largest integer that is not greater than x. Supposing
f € C?"*t10,n], after an integration by parts in (1.2) and recalling that the
odd Bernoulli numbers are zero, we get (cf. [14, p. 455])

Bf) = [P e ) g (13

If f € C?*2]0,n], using Darboux’s formula one can obtain (1.1), with

Z FOE2) (k4 x)) dz  (1.4)

k=0

1 1
E.(f) = (27“4'2)!/0 [Bary2 — Boryo(x <

(cf. Whittaker & Watson [26, p. 128]). This expression for E,.(f) can be
also derived from (1.3), writting it in the form

1 B,
B = [ (Z @ 1) ) do

_ BQr+2 2r+1 )
@r 19 (Zf J(k+2) ) da,

and then by an integration by parts, the last expression becomes

Bartala) (Z FErH) (k4 x)) 1—/ 1(322;122 (Z FEE2) (k4 x)) dz.
0

(2r +2)!
Because of Boy12(1) = Boy+2(0) = Bayyo, Er(f) can be represented in the
form (1.4).

Since (—1)" [Bay4+2 — Bor42(2z)] > 0 on [0,1] and

1
/0 [Bar42 — Boryo(x)] dt = Boyyo,

according to the Second Mean Value Theorem for Integrals, there exists
€ (0,1) such that

_ Bario (2r-+2)( Borv2 2042
E(f) = s (zf D)) =0 G EE ), 0<E<n,
(1.5)
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Remark 1.1 The Euler-Maclaurin summation formula is implemented
in MATHEMATICA as the function NSum with option Method -> Integrate.

Practicaly, the Euler-Maclaurin summation formula (1.1) is related with
the so-called composite trapezoidal rule,

n n—1
Tofi= " ) = S FO) + X (k) + 35 n)
k=0 k=1
Namely,
Tof —If = E:B%[ﬂ””mw—ﬂ””®ﬂ+Eﬂﬁ, (1.6)
where I, f := [;' f(z) dz and the remainder term E! (f) is given by (1.5) if

the function f belongs to C2r2[0, n].

Similarly, for a quadrature sum with values of the function f at the
points x =k + 3 1 k=0,1,...,n—1, ie., for the midpoint rule

n—1
1
Maf = 3 (b + 3):
k=0
there exists the so-called second Euler-Maclaurin summation formula

Myf —Inf = ZM[

for which

FE D) — FE00)] + BMY(F), (17)

EM(f) = n (2_1_(;112))!327«+2 FEr2) (), 0<€<n,

when f € C?*"*2[0,n] (cf. [20, p. 157]).
The both formulas, (1.6) and (1.7), can be unified as

sz

Qnf —Inf = Z [ fED (@) = fED©)] + B2(f),

where 7 =0 for Q, =T, and 7 = 1/2 for Q,, = . It is true, because of
the fact that [24, p. 765] (see also [7])

1 .
B;(0) = B; and Bj(§) = (2" —1)B;.
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If we take a combination of T),f and M, f as Q,f = Spf = %(Tnf +
2M,, f), which is, in fact, the well-known classical composite Simpson rule,

S'—llonilsznilkll
ofi=g O+ W) I;)f( +3)+ 5 )|,

we obtain

Snf — Ifz

41— sz {f@] D(n) — f(zj—n(o)} +EJ(f). (1.8)

Notice that the summation on the right hand-side in the previous equality
starts with j = 2, because the term for j = 1 vanishes. For f € C?"+2[0,n]
it can be proved that there exists £ € (0,n), such that

(47" —1)Bar42

e @)

EX(f) =

Some periodic analogues of the Euler-Maclaurin formula with applica-
tions to number theory have been developed by Berndt and Schoenfeld [4].
In the last section of [4], they showed how the composite Newton-Cotes
quadrature formulas (Simpson’s parabolic and Simpson’s three-eighths rules),
as well as various other quadratures (e.g., Weddle’s composite rule), can be
derived from special cases of their periodic Euler-Maclaurin formula, includ-
ing explicit formulas for the remainder term. Also, in the papers [8], [23],
[25], the authors considered some generalizations of the Euler-Maclaurin for-
mula for some particular Newton-Cotes rules, as well as for 2- and 3-point
Gauss-Legendre and Lobatto formulas (see also [2], [9], [16], [17]).

A recent progress in variable-precision arithmetic and symbolic compu-
tation has enabled a development of symbolic/variable-precision software
for orthogonal polynomials and quadratures of Gaussian type, as well as
for their many generalizations. The corresponding software is available to-
day (Gautschi’s package SOPQ in MATLAB (cf. [21]) and our MATHEMATICA
package OrthogonalPolynomials [6], [22]).

Using this advantage in this paper we give extensions of Euler-Maclaurin
formulae by replacing @,, by the composite Gauss-Legendre shifted formula,
as well as by its Lobatto modification. Several special cases were obtained
by using our MATHEMATICA package OrthogonalPolynomials.
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2. Euler-Maclaurin formula based on the composite Gauss-Legendre
formula

Let w, = w§ and 7, = 7¢, v = 1,...,m, be weights (Christoffel num-

bers) and nodes of the Gauss-Legendre quadrature formula on [0, 1],
1 m
| f@)de = Yo ul () + R, (2.1)
v=1

where the nodes 7, are zeros of the shifted (monic) Legendre polynomial

-1
Tm(x) = <2m> P2z —1).

m

Degree of its algebraic precision is d = 2m — 1, i.e., RG(f) = 0 for all
algebraic polynomials of degree < 2m — 1. The quadrature sum in (2.1) we
denote by QG f, i.e.,

m
Quf =D wf (7).
v=1
A characterization of the Gaussian quadrature (2.1) can be done via an
eigenvalue problem for the symmetric tridiagonal Jacobi matrix (cf. [18,

p. 326]),
ag VB (0)
VB a1 VB2
I = VB2 o , (2.2)
Bm-1
O VBm-1 1
constructed with the three-term recurrence coeflicients,

1 1
=16 1— (2k)2

Ozk:1/2, k € N.

G

The nodes 7, = 7& s

-7 are the eigenvalues of J,,, and the weights w;’ are given
by wl = Bovil, v=1,...,m, where By = uo = fol dz =1 and v, is the
first component of the normalized eigenvector v, = [v,1 --- v,,m]T (with

v, v, = 1) corresponding to the eigenvalue 7,

IV, =TV, v=1,...,m.
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Golub and Welsch [13] gave an efficient procedure for constructing the
Gaussian quadrature rules by simplifying the well-known QR algorithm so
that only the first components of the eigenvectors are computed. Such a
procedure is implemented in several programming packages including the
most known ORTHPOL given by Gautschi [10], as well as in the previous
mentioned packages SOPQ (in MATLAB) and OrthogonalPolynomials (in
MATHEMATICA).

The corresponding composite Gauss-Legendre sum for approximating
I.f = [y f(z)dz can be expressed in the form

n—1
=3 Q% f(k+") ZwGZf k+7C) (2.3)
v=1

k=0

In the sequel we use the following expansion of a function f € C?®[0, 1]
in Bernoulli polynomias for any = € [0, 1] (see Krylov [15, p. 15])

1 s—1 Bj T i i 1 1 <
x) :/0 f(t)dt—i—jz::lj(!) {f( V(1) - f 1)(0)}_*/0 FO ) Ly(x,t) dt,

s!
(2.4)
where Lg(z,t) = Bi(z —t) — Bi(z) and B}(z) is a function of period one,
defined by

Bi(z) = By(z), 0<z<1, B(x+1)=B(z) (2.5)

s

Notice that Bj(z) = 1, Bi(z) is a discontinuous function with a jump of —1
at each integer, and B}(x), s > 1, is a continuous function.
Now, we can prove the following composite formula for the integral I, f =

Jo' f(t)dt

Theorem 2.1 For n,m,r € N (m <r) and f € CQT[O,n] we have
QG B -
NS QJ L [FOTm) = fH )] + B, (), (26)
j =m

where G f is given by (2.3), and QS By denotes the basic Gauss-Legendre
quadrature sum applied to the Bernoulli polynomial x — Boj(x), i.e.,

Q% (Baj) = Zw By;(18) = —RS (By;), (2.7)
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where RS (f) is the remainder term in (2.1).

If f € C**2(0,n] then there exists ¢ € (0,n), such that the error term
in (2.6) can be expressed in the form

Q (B2r+2)

(2r + 2)! ). 28)

ES . (f) =

P r oo f. Suppose that f € C?"[0,n], where r > m.

Since the all nodes 7, = 7&, v = 1,...,m, of the Gaussian rule (2.1)

belong to (0,1), using (2.4) with x = 7, and s = 2r + 1, we have

f(7) —11f+2 " [£6-0(1) - f90(0)

1 T
_(2'r+1)!/0 FEID (@) Lop i (3, 1) dt

from which, by multiplying by w, = w$ and summing in v from 1 to m, we
get,

Vilw”f(T”) = (iw) /01 (1) dt

1 1
@) /0 s <Z b1 (T, )> 4

v=1

ie.,

G
Qr=a5m [ s dt+ZQ( D [16-0(1) = f5-D(0)] + ES,(f).

where
1 1
B () — / @+ ())QF (Loypy (-
m,r(f) (27’ + 1)' 0 f (t)Qm( 2 +1( 7t>) de
Since
! 1, j=0,
Bj(z)dx =
0 0, j=>1,
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and

Ui L, j=0
= ZwVBj(TV) = .
v=1

Oa 1§]§2m_17

because the Gauss-Legendre formula is exact for all algebraic polynomials
of degree at most 2m — 1, the previous formula becomes

Q% - [ syar= 3o LB [6-001) _ 6 0)] 4 B, (7). (29)
j=2m

Notice that for Gauss-Legendre nodes and weights the following equali-
ties
T+ Tm—v41 = ]-7 Wy = Wm—p+1 > 07 V= 1)' -, M,

hold, as well as
wqu(Tu) + wmfu+lBj(Tmfu+1) = wqu(Tu)(l + (_1)j)>

which is equal to zero for odd j. Also, if m is odd, then 7(,,41)/2 = 1/2 and
B;(1/2) = 0 for each odd j. Thus, the quadrature sum

Zw,, )=0

for odd j, so that (2.9) becomes

Qs [ s ZQ o) [ - fE )] + B ().

(2.10)
Now, for the (shifted) composite Gauss-Legendre formula we have

GWf—If = Zl mf (k+ /:Hf(t)dt]

- g[Qﬁf(kﬂL-)—/Olf(kﬂ)dw]-

Finally, using (2.10) we obtain

G f—1If = Z{ZQ Do) @0 (4 1) - 0 1)

k=0
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Z ) [ 10 a) - 1D 0)] + B,

where E¢ ‘m,r(f) 18 given by

1

B =~ ) (wa (b)) @5 (Lara(-0) dt. (210

Since Loyy1(x,t) = B3, 1(x —t) — B3, 1(x) and

1 d

B3, 11(10) = Bor1(1o), Bjpq(m —t) = —MEBSTH(TV =),

we have

Qn (Lorni (1) = Q (BS}H(‘ —1)) = Qn (B3r4a(+))

= 2r+2 Qs < Byo(- —t)) ;

because QG (Bay11(-)) = 0. Then for (2.11) we get

2+ B, (1) = | 1 (;: £k +1)) Q5 (th;m(- ) .

By using an integration by aprts, the right-hand side reduces to

RHS = FOQE (Biral -~ 0) |, ~ [ QF (Birial - — 1) Fi0)
where -
F(t) =" f@(k +1).
k=0

Since B3, o(7, — 1) = B3, 5(7,) = Bar42(7,), we have

1

F)QS, (Bsyal- =) | = (F(1) = F(0)QS (Bs1a(+))

0
= QY (Baysaf- / F'(t
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so that
RHS = / G (Barsa(-)) — Q5 (Byysa(- —1)| F'(t)dt.
Since
(—1)"""Q% [Baria(-) — Biyo(- —1)] >0, 0<t<1,  (212)

there exists an 7 € (0,1) such that

RHS = (o) [ @ [Barsal-) ~ Bipal- — )] .

Because of continuity of f+2) on [0, 7] we conclude that there exists also
¢ € (0,n) such that F'(n) = nf@r+2)(¢).
Because of [ QS [B, (- —t)] dt =0, we finally obtain that

(2 + 2B, (1) = s 20) [ QL Baraal-)

ie., (2.8). O

Remark 2.1 Let gg,r(t) be the left-hand side in (2.12). Typical graphs
of functions gffw(t) for some selected values of r > m > 1 are presented in
Figure 2.1.

Now we consider some special cases of the formula (2.6) for some typical
values of m. For a given m, by G(™ we denote the sequence of coefficients
which appear in the sum on the right-hand side in (2.6), i.e

™ = {QG(Boy)}52,, = {QrG);(BQm)a Q5 (Bam+2), Qe (Bam+a), - - }

These Gaussian sums we can calculate very easy by using MATHEMATICA
Package OrthogonalPolynomials. In the sequel we mention cases when
1<m<7.

CASE m = 1. Here 7& = 1/2 and w{’ = 1, so that, according to (2.7),
QY (Baj) = B2;(1/2) = (2'7% — 1) By,
and (2.6) reduces to (1.7). Thus,

o _ 1731 127 2555 1414477 57337 118518239
N 127 2407 13447 38407 337927 5591040 49152° 16711680 "
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Fig. 2.1. Graphs of ¢t — g5 ,(t), 7 = m (solid line), 7 = m + 1 (dashed line), and
r =m+ 2 (dotted line), when m = 1, m = 2 (top), and m = 3, m = 4 (bottom)

CASE m = 2. Here

1 1 1 1 1
#-() #-() ot}

so that

QS (Bj) = 5 (Bay(r0) + Byy(769)) = By (6.

In this case, the sequence of coefficients is

go_f L 1 17T 97 1201411 16367 243615707
T\ 1807 189 21607 5346’ 21228480° 583207 142767360

CASE m = 3. Here

1 1 1
TIG:TO (5—\/15), T2G:§, 736':—10 (5+\/15)
5 4 5
T Ty BTy

so that
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and

a® — {_ 1 49 8771 4935557 15066667 3463953717 }

2800° 72000 5280000 873600000 576000000 21760000000 "

CASE m = 4. The corresponding sequence of coefficients is

aw_]_ 1 41 3076 93553 453586781
| 441007 565950 11704875 75631500°  60000990000" " [

CASE m = 5. Here

am_J_ 1 205 100297 76404959
| 6985447 29719872 2880541440 3525782722567 " [

CASE m = 6. Here
G _ {_ 1 43 86221 147502043 }

11099088’ 70436520° 21074606784 4534139665440 [~

CASE m = 7. Here

an_l_ 1 1603 14669711 n 5003171345
B 176679360 31236910848~  33282622264320°  1147724953030656"

3. Fuler-Maclaurin formula based on the composite Lobatto formula

We can also consider the corresponding Gauss-Lobatto quadrature for-
mula

1 m+1
| r@de= 3" wheh) + REG). (31)
0 v=0
with the nodes 7y = 7'({' =0, Tmy1 = T,%H = 1, and others internal nodes
7, = 7L, v =1,...,m, which are zeros of the shifted (monic) Jacobi poly-
nomial,
-1
2 2
() = ( " ) P20~ 1),

orthogonal on the interval (0,1) with respect to the weight function x —
x(1 — z). Degree of its algebraic precision is d = 2m + 1, i.e., RL (f) = 0 for
all algebraic polynomials of degree < 2m + 1.
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In construction of the Gauss-Lobatto formula
m—+1

Qm(f) = D wyf(m)), (3-2)

v=0

we can use parameters of the corresponding Gaussian formula

1 m N
| s@at =) de = Y- @97 + Rfo),
v=1
which can be calculated from an eigenvalue problem for the symmetric tridi-
agonal Jacobi matrix (2.2), in this case, with the three-term recurrence co-
efficients,

~ .1 k(k 4 2)
=1/2 ==

=12 =1 Grrnek+a)
The nodes of the Gauss-Lobatto quadrature formula (3.1) are 7& = 0,

th=7¢ v=1,...,m, 7'7’,—;“ = 1, and the corresponding weights (cf. [18,

pp. 330-331]) are

k € N.

L

~G
wk = W r=1 m
v /\G /\G b - PR b
T (1 - Ty )
and L1 Zm oG L 1 Zm oG
14 14
w = — — vl W, = = - — .
’ 2 v=1 TVG ’ m 2 v 1- TG

The corresponding composite rule is

n—1 m+1 n—1
L f=>Qhkfk+)=> wl> flk+7)),
k=0 v=0 k=0

ie.,
ne

n m 1
L f = (i +wh) > [+ wp - fk+70).  (33)

k=0 v=1 k=0
As in the Gauss-Legendere case, there exists a symmetry of nodes and
weights, i.e.,

L L L L
Tu+7—m+1—u:17 wl/:wm+1—y>0? Vzoala"'>m+17

so that the Gauss-Lobatto quadrature sum

m+1
QL(Bj) = > wiBj(r}) =0
v=0
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for each odd j.
Using the same arguments as before, we can state and prove the following
result.

Theorem 3.1 Forn,m,r €N (m <r) and f € C?'[0,n] we have

T L .
s -1f= Y G

j=m+1

(£ = fE00)| + B, (f), (3.4)

where Lg,tf)f is given by (3.3), and Q%ng denotes the basic Gauss-Lobatto
quadrature sum (3.2) applied to the Bernoulli polynomial x — Baj(x), i.e.,

m+1
Qr(Baj) = > w)Baj(t) = =R} (Byy),
v=0

where RE (f) is the remainder term in (3.1).

If f € C?*2]0,n] then there exists £ € (0,n), such that the error term
in (3.4) can be expressed in the form

QL (Bary2)

Greon I ©)

Eﬁ,m,r(f) =
Remark 3.1 As in Remark 2.1 we have g} .(£) > 0 for 0 <t < 1, where

(1) = (=1)7"Qp [Bars2(+) = B3 (- —1)].

Typical graphs of g,Lmr(t) for some selected values of r > m +1 > 1 are
presented in Figure 3.1.

In the sequel we give the sequence of coeflicients LM which appear in
the sum on the right-hand side in (3.4), i.e.,

L™ = {Qh (Boj)}5e puir = {Qh(Bamya), Qb (Bamsa), Qi (Bamss), -

obtained by using MATHEMATICA Package OrthogonalPolynomials, for
some typical values of m.

CASE m = 0. This is a case of the standard Euler-Maclaurin formula
(1.1), for which 78 = 0 and 7 = 1, with w§ = w¥ = 1/2. The sequence of
coefficients is

10 _ 1 _i i _i 3 _ 691 z _3617 43867 _174611 854513
T 167 307427 30°66° 2730’67 5107 798 330 7 138 7
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Fig. 3.1. Graphs of t — gk  (t), r = m+1 (solid line), r = m+2 (dashed line), and
r =m+ 3 (dotted line), when m = 0, m = 1 (top), and m = 2, m = 3 (bottom)

which is, in fact, the sequence of Bernoulli numbers {Bjy; }?‘;1

CASE m = 1. In this case 7" = 0, 7¥ = 1/2, and 7o = 1, with the
corresponding weights w§ = 1/6, wf = 2/3, and wl = 1/6, which is, in
fact, the Simpson formula (1.8). The sequence of coefficients is

[ 1 5 7 425 235631 3185 19752437 958274615
~ 11200 67276407 16896° 2795520° 8192’ 8355840 = 52207728

CASE m = 2. Here

1

7_OL:O7 TlL:TO(

1
5_\/5)7 7_2[/:170(54_\/5)7 7_3[/:1

and wf = wl = 1/12, wf = wl = 5/12, and the sequence of coefficients is

@) _ 1 89 25003 3179 2466467 997365619
~ 121007 11257412507 34125007 93750° 11953125° 623437500" """

CASE m = 3. Here

1 1 1
75 =0, Tf:ﬂw—\/:ﬁ), TQL:? TgL:ﬁ(H\/ﬁ), =1
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and

1 49 16 49 1
L L L L L
wo—%, w1—@a w2—£7 w3—@, 4

20’
and the sequence of coeflicients is
13 _ 1 _ 65 38903 _ 236449 1146165227
© 1352807 7244167 1198579207 1548933127 122882027520 "

CASE m = 4. The corresponding sequence of coefficients is

(4 _ 1 1T 173 43909 160705183
15821207 2063880’ 4167450° 170031960’ 79815002400 "

CASE m = 5. Here

(5) _ 1 M 5453 671463061
1 9513504 68999040’ 1146917376° 17766424811520" "' [

CASE m = 6. In this case the corresponding sequence of coefficients is

6) _ 1 7 50 16331 19490189
| 154594440 8541342817 32502560805° 3922888023054° [

CASE m = 7. Here

L0 1 29 89209 776272933
~ 12502057600°  6216496000° 1786424640000°  1201329811200000° ™
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