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ABSTRACT. The object of the present paper is to study generalized quasi-
conformally recurrent manifolds. Some geometric properties of generalized
quasi-conformally recurrent manifolds have been studied under certain curva-
ture conditions. Some applications of such a manifold in theory of relativity
have also been shown. Finally we give an example of a generalized quasi-
conformally recurrent manifold.

1. Introduction

As is well known, symmetric spaces play an important role in differential geom-

etry. The study of Riemannian symmetric spaces was initiated in the late twenties
by Cartan[4], who, in particular, obtained a classification of those spaces.
Let (M™,g),(n = dimM) be a Riemannian manifold, i.e., a manifold M with
the Riemannian metric g and let V be the Levi-Civita connection of (M",g).
A Riemannian manifold is called locally symmetric [4] if VR = 0, where R is
the Riemannian curvature tensor of (M™, g). This condition of local symmetry is
equivalent to the fact that at every point P € M, the local geodesic symmetry
F(P) is an isometry [22]. The class of Riemannian symmetric manifolds is very
natural generalization of the class of manifolds of constant curvature. During the
last five decades the notion of locally symmetric manifolds have been weakened by
many authors in several ways to a different extent such as conformally symmetric
manifolds by Chaki and Gupta[6], recurrent manifolds introduced by Walker [32],
conformally recurrent manifolds by Adati and Miyazawal[l], conformally symmet-
ric Ricci-recurrent spaces by Ro ter[27], pseudo symmetric manifolds introduced
by Chaki[7] etc. The notion of recurrent manifolds have been generalized by
various authors such as Ricci-recurrent manifolds by Patterson [23], 2-recurrent
manifolds by Lichnerowicz [19], projective 2-recurrent manifolds by D. Ghosh
[18] and others.

The notion of weakly symmetric and weakly projective symmetric manifolds
were introduced by Tamassy and Binh[31] and later Binh[3] studied decompos-
able weakly symmetric manifolds. Weakly symmetric manifolds have been stud-
ied by several authors ([8], [9], [25], [26]) and many others. In a recent paper,
De and Gazi [10] introduced the notion of almost pseudo symmetric manifolds.
In subsequent papers ([11], [12]) De and Gazi studied almost pseudo conformally
symmetric manifolds and conformally flat almost pseudo Ricci symmetric mani-
folds. Let (M™, g) be an n-dimensional Riemannian manifold with the metric g.
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A tensor field T of type (0,q) is said to be recurrent [27] if the relation
(VxTYY1,Ys, ... Y)T(Zy, Zs, ..., Zy)
—TM,Ys, ... Y (VxT) (21, Zs, ..., Z,) = 0,

holds on (M™, g). From the definition it follows that if at a point z € M, T'(z) # 0,
then on some neighbourhood of z, there exists a unique 1-form A satisfying

(VxT)(Y1,Ys, ... Y,) = A(X)T(Y1,Ya, ..., Y,).

In 1952, Patterson [23] introduced Ricci-recurrent manifolds. According to Pat-
terson, a manifold (M™, g) of dimension n, is called Ricci-recurrent if

(VxS)(Y, 2) = A(X)S(Y, 2),

for some 1-form A. He denoted such a manifold by R,,. Ricci-recurrent manifolds
have been studied by several authors ([5], [24], [27], [33]) and many others. In
a recent paper De, Guha and Kamilya [15] introduced the notion of generalized
Ricci recurrent manifold which is defined as follows:

A non-flat Riemannian manifold (M", g)(n > 2) is called generalized Ricci
recurrent if the Ricci tensor S is non-zero and satisfies the condition

(VxS)(Y, Z) = A(X)S(Y, Z) + B(X)g(Y, 2),

where A and B are two non-zero 1-forms. Such a manifold shall be denoted by
GR,,. If the associated 1-form B becomes zero, then the manifold GR,, reduces to
a Ricci-recurrent manifold R,,. This justifies the name generalized Ricci-recurrent
manifold and the symbol GR,, for it. Also in a paper De and Guha [14] introduced
a non-flat Riemannian manifold (M™, g)(n > 2) called a generalized recurrent
manifold if its curvature tensor of type (1,3) satisfies the condition

(VxR)(Y,Z2)U = A(X)R(Y,Z)U + B(X)[g(Z,U)Y —g(Y,U)Z], (1.1)

where A and B are two non-zero 1-forms, and V has the meaning already men-
tioned. Such a manifold has been denoted by GK,,. If the associated 1-form B
becomes zero, then the manifold GK,, reduces to a recurrent manifold introduced
by Ruse [28] and Walker [32] which is denoted by K.

On the otherhand, quasi Einstein manifolds arose during the study of ex-
act solutions of the Einstein field equations as well as during considerations of
quasi-umbilical hypersurfaces of semi-Euclidean spaces. A non-flat Riemannian
manifold (M",g)(n > 2) is defined to be a quasi Einstein manifold if its Ricci
tensor S of type (0,2) is not identically zero and satisfies the following condition:

S(X.Y) = ag(X,Y) + bn(X)n(Y),
where a,b € R and 7 is a non-zero 1-form such that

9(X, &) = n(X),

for all vector fields X.
The notion of quasi-conformal curvature tensor was given by Yano and Sawaki
[34]. According to them quasi-conformal curvature tensor C* is defined by

CH(X,Y)Z = aR(X,Y)Z + b[S(Y, 2)X
~S(X,2)Y + g(Y, Z)LX — g(X, Z)LY]

_H[% +2][g(Y, 2)X — g(X, Z)Y], (1.2)
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where a and b are constants and R, L. and r are the Riemannian curvature tensor
of type (1,3), the Ricci operator defined by g(LX,Y) = S(X,Y’) and the scalar
curvature, respectively. It is known [2] that a quasi-conformally flat manifold is
either conformally flat if a # 0 or Einstein if a = 0 and b # 0. Since they give no
restrictions for manifolds if a = 0 and b = 0, it is essential for us to consider the
case of a # 0 or b # 0. jFrom (1.2) we can define a (0,4) type quasi-conformal
curvature tensor C* as follows:

C*(Y,Z,U, V) =aR(Y,Z,U, V) +b[S(Z,U)g(Y,V)
_S(K U)g(Zv V) + S(Yv V)g(Z’ U) - S(Z7 V)g(Y, U)]

— [+ 20][g(Z.U)g (Y, V) = gV U)g(Z. V) (1.3)

where R denotes the Riemannian curvature tensor of type (0,4) defined by

R(Y,Z,U,V) = g(R(Y, Z)U, V).

If a+(n—2)b = 0 then from (1.3) it follows that C*(Y, Z,U, V) = aC(Y, Z,U, V),
where C* and C' are the quasi-conformal curvature tensor and conformal curva-
ture tensor of type (0,4) respectively. In a recent paper De and Matsuyama [16]
studied quasi-conformally flat manifold satisfying certain condition on the Ricci
tensor. In this paper we consider a non-flat n-dimensional Riemannian manifold
(M™, g)(n > 3) in which the quasi-conformal curvature C* of type (0,4) satisfies
the condition

(VxC)(Y, Z,U,V) = A(X)C*(Y, Z,U,V)
+B(X)[g(Z,U)g(Y, V) = g(Y,U)g(Z, V)], (1.4)

where A and B are two 1-forms defined by ¢(X,P) = A(X) and ¢(X,Q) =
B(X) respectively, B is non-zero. Such an n-dimensional Riemannian mani-
fold will be called a generalized quasi-conformally recurrent manifold and is de-
noted by G{C*(K,)}. If the 1-form B is zero, then the manifold reduces to a
quasi-conformally recurrent manifold. Also Mantica and Suh [21] studied quasi-
conformally recurrent Riemannian manifolds. In [13] De and Gazi prove that a
generalized concircularly recurrent manifold with constant scalar curvature is a
GR,,. In a recent paper [20] S. Mallick, Avik De and U. C. De studied a class of
generalized Ricci-recurrent manifold.

Motivated by the above studies in the present paper we have studied a type of
non-flat Riemannian manifold which is called generalized quasi-conformally re-
current manifolds. The paper is organized as follows:

After preliminaries in Section 2, we obtain a necessary and sufficient condition for
constant scalar curvature of a G{C*(K,)}(n > 2). In Section 4, we study Ricci-
symmetric G{C*(K,)}. Next we obtain a sufficient condition for a G{C*(K,)}
to be a quasi Einstein manifold. Also some relativistic applications have been
shown. Finally we give an example of G{C*(K,)}.

2. Preliminaries

In this section, some formulas are derived, which will be useful to the study
of G{C*(K,)}(n > 2). Let {e;} be an orthonormal basis of the tangent space at
each point of the manifold where 1 < i < n.

Now from (1.3) we have

EZL:IC*(K Z, ei,ei) =0= E;‘ZIC’*(ei,ei,U, V) (21)
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and
2?:10*(62‘, Z, U, 62') = 2,?:10*<Z, €i, €, U)
=a1S(Z,U) + birg(Z,U), (2.2)
where a; = a+ (n — 2)b and b, = — =2t — —4 and r = X, S(e;, €;) is the

scalar curvature. Also from (1.3) it follows that

i)
C*(X,Y, Z,U) = —C*(Y, X, Z,U),
i)
C*(X,Y, Z,U) = —C*(X,Y,U, Z),
i)
CH(X,Y, Z,U) = C*(Z,U, X,Y),
iv)

CH(X,Y,Z,U)+C*(Y, Z,X,U) + C*(Z,X,Y,U) = 0. (2.3)

3. Necessary and sufficient condition for constant scalar curvature of
a generalized quasi-conformally recurrent manifold

This section deals with a necessary and sufficient condition for constant scalar
curvature of a generalized quasi-conformally recurrent manifold. Since a # 0
from (1.3) and (1.4) we obtain

(VxR)(Y,Z,U V) = 2[A(X)C*(Y, Z,U,V)
+B<X){9(Z7 U)Q(Y7 V) - g(Y7 U)g(27 V)}] - b{(vXS)(Z7 U)g<Y7 V)
_(VXS)(K U)g(27 V) + (VXS)(Y7 V)g(Z’ U) - (VXS)(Z7 V)g(Y, U)}

P ) (g2, 0N, V) — gV D)g(Z VY. (D)

n n—1
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Using (3.1) and Bianchi’s 2nd identity we get

_2[{(vxs)(z, U)g(Y,V) — (VxS)(Y,U)g

U)g(Z,V
+(VxS)(Y,V)g(Z.U) = (VxS)(Z,V)g(Y,U)} + {(VyS)(X,U)g(Z,V
_<VYS>(Z7 U)g(X7 V) + (vYS>(Z7 V)g(X7 U) - (VYS>(X7 V)g(Z’ )}

H{(V29) (Y, U)g(X, V) = (Vz5) (X, U)g(Y,V
+(VzS)(X,V)g(Y,U) = (V25)(Y,V)g(X, U)}

LAY, 2,0, V) + AY)CH (2, X, U, V) + A(Z)CH(X, Y, U,V

+B(X){9(Z,U)g(Y,V) = g(Y,U)g(Z,V)}
+B(Y){9(X,U)g(Z,V) — g9(Z,U)g(X,V)}
+B(Z){g(Y,U)g(X,V) — g(X,U)g(Y,V)}]

) T gz, 00900, v) — g )02, 0)
dr(Y)

+——{g(X, 0)9(Z.V) = g(Z,U)g(X.V)}

dr(Z)

+T{9(Y7 U)g(X> V) - g(X7 U)g(Y7 V)}] =0.
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Putting Y =V = ¢; in (3.2), where {¢;} is an orthonormal basis of the tangent
space at each point of the manifold and taking summation over ¢, 1 <7 < n and

using (2.2) we get

~{n(VxS)(Z.U) - (Vx(2,0)
Hdr(X)g(Z,U) — (VxS)(2.0)}
H(Vz9)(X,U) = (VxS)(Z,U)
F5dr(Z)g(X,U) ~ Sdr(X)g(Z,U)
H{(V28)(X,U) = n(V8)(X, V)
H(V28)(X,U) — dr(Z2)g(X, U)}]
—l—é[A(X){alS(Z, U)+birg(Z,U)}

FA(CH (2, X)U) — A(Z){a1S(X,U)
+oirg(X,U)} + B(X){ng(Z,U) — 9(Z,U)}
+B(2)9(X,U) = B(X)g(Z,U)
+B(Z>{9(X> U) - ng(X> U)}]

T gz 0 gz, 0)
_|_dr7(LZ)g(X, U)— drElX)g<Za U)
dr(Z)

—l—Tg(X, U)—dr(Z)g(X,U)] = 0.

(3.2)
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Again putting Z = U = ¢; in (3.2), where {e;} is an orthonormal basis of
the tangent space at each point of the manifold and taking summation over
i,1 < i <n and using (2.2) we get

n n

22t —1) - 5~ Dyar(x)]

*é[(” — 2)rby A(X) — 20, A(LX) + {n® — 3n + 2} B(X)]

a1 -2+ Dar(xX)] = 0.
2n n(n —1)

Thus we can state the following theorem:

Theorem 3.1. The scalar curvature r of a generalized quasi-conformally recur-
rent manifold is constant if and only if rA(X) = — 22 A(LX) + ai((z__g))bB(X)
for all vector fields X.

Now we suppose that the scalar curvature r is constant in a G{C*(K,,)}, that
is, dr = 0. Then from (3.3) we have

2n n(n —1)

’I“A(X) = —MA(LX) + m

B(X). (3.4)

Now, putting Y = V = ¢; in (3.1), where {¢;} is an orthonormal basis of the
tangent space at each point of the manifold and taking summation over i, 1 <
1 < n we get

(Vx8)(Z,0) = ([AC){@S(2,0) + burg(Z,U)}
+B(X){ng(2,U) — g(2,U)}
=b{n(Vx5)(Z,U) = (Vx5)(Z,U)
+dT(X)g(Z7 U) - (VXS)(Za U)}
+dr§1X) (= + W){ng(2.0) = g(Z.V)}]. (3.5)
Using (3.4) and dr = 0 in (3.5) we get
(VxS)(2,U) = 2[661,4()()5(2, U)+ bl{—%A(LX)

n(n —1)

mB(X>}g(Z, U)+ (n— 1)B(X)g(Z,U) — b(n —2)(VxS)(Z,U)].
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| (D 9,8)(2,0) = Dax)s(Z.0)
+[- ( (_%;;A(LX)
—I—é[n(n — 1)+ (n—1{a+ (n—2)b}|B(X)]g(Z,U).
(VxS)(2,U) = AX)S(Z,U) + [ =g ALX)
Y Ul Ut L) S5SNI MY (3.6)

a+ (n—2)b
This can be written as
(VxS)(Z,U) = A(X)S(Z,U) + D(X)g(Z.U),

where D(X) = [.25A(LX) + (n 1)%80&')] is non-zero as B is non-
zero. Hence the manifold is a generalized Ricci-recurrent manifold. Hence we

have the following theorem:

Theorem 3.2. If the scalar curvature of a generalized quasi-conformally recur-
rent manifold is constant, then such a manifold is a generalized Ricci-recurrent
manifold.

4. Ricci-symmetric generalized quasi-conformally recurrent manifold

In this section we assume that G{C*(K,)} is Ricci-symmetric, that is, V.S = 0,
that is, VL = 0. Then the scalar curvature r is constant and dr = 0. So we have
from (3.5)

0= A(X)S(Z,U) + [(n — )B(X) + birA(X)]g(Z, U). (4.1)

Again since 7 is constant we can use (3.4). Putting the value of B(X) from (3.4)
in (4.1) we get

AX)S(2,U) = = fln = D= )
(n211 3 A(LX)} + birA(X)]g(Z,U).
- 2 A(LX)
S(ZU) =~ ey 94 U) (4.2)

This can be written as

S(Z,U)=Xg(Z,U),
where \ = —(n22) ’if(L;)) g(Z,U) is a scalar. Hence the manifold is an Einstein
manifold. This leads to the following theorem:

Theorem 4.1. A Ricci-symmetric generalized quasi-conformally recurrent man-
ifold is an Einstein manifold.
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5. Sufficient condition for a generalized quasi-conformally recurrent
manifold to be a quasi Einstein manifold

From (3.5) we have

(VxS)(Z,U) = é[alA(X)S(Z, U)+ {(n — 1)B(X)

+oirA(X)}9(Z,U) = b{(n — 2)(VxS)(Z,U)}
n_l _a -+ 25) = byg(Z,U)dr( X)) (5.1)

In a G{C*(K,)} the vector field P defined by g(X, P) = A(X) for any vector

field X is said to be a concircular vector field [30] if the following equation is
satisfied

+

(VxA)(Y) = ag(X,Y) + w(X)A(Y), (5.2)
where « is a non-zero scalar and w is a closed 1-form. If P is a unit one, then
the equation (5.2) can be written as

(VxA)(Y) = alg(X,Y) — A(X)A(Y)]. (5.3)
We suppose that G{C*(K,)} admits a unit concircular vector field defined by
(5.3), where « is a non-zero constant. Applying Ricci identity to (5.3) we obtain
AR(X,Y)Z) = —a?[g(X, Z)A(Y) — g(Y, Z) A(X)] (5.4)
Putting Y = Z = ¢;, in (5.4) and taking summation over i, 1 < i < n, where
{e;} is an orthonormal basis of the tangent space at each point of the manifold,
we get
A(LX) = (n — 1)a*A(X), (5.5)
where L is the Ricci operator defined by
g(LX,Y) = S(X,Y)
which implies
S(X,P) = (n—1)a?A(X). (5.6)
Now,
(VxS)(Y,P) = VxS(Y,P) = S(VxY, P) = S(Y,VxP). (5.7)
Applying (5.6) in (5.7) we get
(VxS)(Y,P) = (n—1)a?VxA(Y) — (n — 1)a?A(VxY) - S(Y,VxP). (5.8)

or,

(VxS)(Y,P) = (n—1)a*(VxA)(Y) = S(Y, VxP). (5.9)
Applying (5.3) in (5.9) we get
(VxS)(Y,P) = (n—1)a’[g(X,Y) — A(X)A(Y)] — S(Y,VxP). (5.10)

Now, we have
(VxA)(Y)=VxA®Y) — A(VxY).
or,
(VxA)(Y) =Vxg(Y,P) — g(VxY, P)
Since (Vxg)(Y, P) = 0, so, we have

(VxA)(Y) = g(Y, Vi P). (5.11)
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this implies

alg(X,Y) — A(X)A(Y)] = g(Y, Vx P),

9(aX,Y) = g(aA(X)PY) = g(VxPY),

which implies

or,

VxP =aX —aA(X)P.

VP = a(X — A(X)P).

Therefore,

Hence

S(Y,VxP)=S5(Y,aX)—-S(Y,aA(X)P).

S(Y,VxP) = alS(X,Y) — A(X)S(Y, P)].

Applying (5.13) in (5.10) we get

(VxS)(Y, P) = (n = 1)a’[g(X,Y) = A(X)A(Y)]
—a[S(X,Y) — A(X)S(Y, P)]

Applying (5.6) in (5.14) we get

(VxS)(Y,P)=(n—1)a’g(X,Y) —aS(X,Y).

i From (5.1) we have

(V)Y P) = LACX)S(Y, P) + [{(n — 1)B(X)
A} (Y, P) = b{(n — 2)(VxS)(Y, P))

z - ! (= - -+ 25) = bYg(Y, P)dr(X)).

+

Now using (5.15) and (5.6) in (5.16) we get
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(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

1+ P2 (0 1)atg(X,Y) — aS(X YY) = D n - Da2AX)AY)
+Lim = )B4 brAx) + {2 - Ly -+ 2b) — bdr(X)A(Y)

a
or,

{a+ (7;_ Q)b}{(n —1)a’g(X,Y) — aS(X,Y)}

3]

= D n— Da?AX)AY) + = [0~ DB(X) + hirA(X)

+H(

n—1 a

)

n n —

- 20) = b}dr(X)JA(Y).

(5.17)

Now if the scalar curvature is constant, then dr = 0 and using (3.4) from (5.5)

we get

2n(n—1) ,

N Ha—i—(n—?)b
(n—2)

n(n —1)

B(X)=|r+ JA(X).

(5.18)
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Using (5.18) and dr = 0 in (5.17) we get

{a+ (72— Q)b}{(n —1)?g(X,Y) —aS(X,Y)}
aq L

= E(n — Do’ A(X)AY) + =[(n = D){r

+(n—2) )

TN MG £ br ACOLAG)

or,

(n—1)a’g(X,Y) —aS(X,Y)

2(n — 1)a?
(n—2)

n(n—1)

- (-2
Since « is a non-zero constant, (5.19) can be written as

S(X,Y)=ag(X,Y)+ DA(X)A(Y),

={(n—1)a*+ FA(X)A(Y).

or,

S(X,Y) = (n—1)a%g(X,Y) aA(X)A(Y), (5.19)

where a = (n — 1)a? and b = —"((7?—__21))
non-zero constant. Hence the manifold is a quasi Einstein manifold. Thus we

hvae the following theorem:

Theorem 5.1. If in a G{C*(K,,)} with constant scalar curvature the associated
unit vector field P is a unit concircular vector field whose associated scalar is a
non-zero constant, then the manifold reduces to a quasi Finstein manifold.

« are two non-zero constants as « is a

6. Applications of perfect fluid Ricci symmetric G{C*(K,)} spacetime

This section is concerned with certain investigations in general relativity by
the coordinate free method of differential geometry. In this method of study the
spacetime of general relativity is regarded as a connected four-dimensional semi-
Riemannian manifold (R?*, g) with Lorentz metric g with signature (+,+,+,-).
The geometry of the Lorentz manifold begins with the study of the casual charac-
ter of vectors of the manifold. It is due to this casuality that the Lorentz manifold
becomes a convenient choice for the study of general relativity. Here we consider
a special type of spacetime which is called Ricci symmetric generalized quasi-
conformally recurrent spacetime. A semi-Riemannian four-dimensional Ricci
symmetric generalized quasi-conformally recurrent manifold may similarly be
defined by taking a Lorentz metric g with signature (+,4,+,-). In this case
we consider a Ricci symmetric generalized quasi conformally recurrent spacetime
with the timelike velocity vector field g(P, P) = —1. So, Theorem 4.1 will also
hold in such a spacetime. For a perfect fluid spacetime, we have the Einstein’s
equation without cosmological constant as

S(X,Y) — gg(X, Y) = kT(X,Y), (6.1)

where k is the gravitational constant, T" is the energy momentum tensor of type
(0,2) given by
T(X,Y) = (0 +p)AX)AY) + pg(X,Y), (6.2)
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with ¢ and p as the energy density and isotropic pressure of the fluid respec-
tively. Using (6.2) we can express (6.1) as

S(X,Y) - gg(Xa Y) = k[(o +p)AX)A(Y) + pg(X,Y)]. (6.3)
. Taking a frame field and contracting (6.3) over X and Y we get
r = k(o — 3p). (6.4)
Now putting X = U = P and using (3.4) in (4.2) for n = 4 we get
3B(P)A(Z) r

P) = "A2). .
5(z,p) =220 2+ TA(2) (6.5)
Again putting U = P in (6.3), we obtain

S(Z,P) = gA(Z) — ko A(2). (6.6)

Using (6.5) in (6.6) yields
k(p+ o)(a+ 2b)

B(P) = — y . (6.7)
Again using (6.7) in (6.5) and putting Z = P we get
S(P,P) = %ﬂ’) - %. (6.8)
Using (6.4) in (6.8) we obtain
S(P,P) = @. (6.9)
{From (6.3) and (6.4) we get
S(X.Y) = k(o + P)AC)AY) + 3 (0~ p)S(X, V)], (6.10)
and hence
S(LX,Y) = k(o + p) ALX)A(Y) + %(a CpS(XY).  (6.11)
Taking a frame field and contracting (6.11) over X and Y we get
| L 2= k(o +p)S(P, P) + = (o — pr. (6.12)

2
Using (6.4) and (6.9) we obtain
| L ||*= k*(o® 4 3p°). (6.13)

Let us suppose that the square of the length of the Ricci operator of the per-
fect fluid G{C*(K,)} spacetime be 3r?, where r is the scalar curvature of the
spacetime. Then from (6.13), we have

1
§r2 = k*(o”® + 3p?), (6.14)

which yields by virtue of (6.4) that
k*(o + 3p)o = 0. (6.15)



248 U.C.DE AND PRAJJWAL PAL

Since 0 + 3p # 0 and k # 0, it follows from (6.15) that ¢ = 0, which is not
possible as when the pure matter exists, o is always greater than zero. Hence the
spacetime under consideration can not contain pure matter. Thus we can state
the following:

Theorem 6.1. If a perfect fluid Ricci symmetric G{C*(K,)} spacetime obeys
Finstein’s field equation without cosmological constant and the square of the length

of the Ricci operator is %7‘2, then the spacetime can not contain pure matter.

We know that if the Ricci tensor S of type (0,2) of the spacetime satisfies the
condition [29]

S(X,X) >0, (6.16)
for every timelike vector field X, then (6.16) is called the timelike convergence
condition. Now we determine the sign of the pressure in such a spacetime without
pure matter. Hence for 0 = 0, (6.4) yields

r = —3pk. (6.17)
Hence from (6.2) we get
T(P,P) =0 = 0. (6.18)
Thus from (6.1) and (6.17) it follows that
2
= —S(P,P). 6.19

Since S(P,P) > 0, it follows from (6.19) that p > 0. Thus we can state the
following;:

Theorem 6.2. If a perfect fluid Ricci symmetric G{C*(K,)} spacetime obeys
Finstein’s field equations without cosmological constant and the Ricci tensor obeys
the timelike convergence condition, then in such a spacetime without pure matter
the pressure of the fluid is positive.

7. An example of a G{C*(K,,)}

This section deals with an example of G{C*(K,)}. On the real number space
R™ (with coordinates !, 22, ... , ™) we define suitable Riemannian metric g such
that R™ becomes a Riemannian manifold (M", g). We calculate the components
of the curvature tensor, the Ricci tensor, the quasi-conformal curvature tensor
and its covariant derivative and then we verify the defining relation (1.4).

Example 7.1. We define a Riemannian metric on the 4-dimensional real number
space R* by the formula

ds® = gyda'da’ = f(da')? + 2da'dx® + (dz®)® + (kz')?v(2h) (dzh)?,  (7.1)
where i,j = 1,2,...,4). Here f = po + p12® + pa(2®)?, po, p1, P2 are non-constant

functions of * only, v is a function of x* and k is a non-zero arbitrary constant.

Then the only non-vanishing components of the Christoffel symbols, the cur-
vature tensor and the Ricci tensor are respectively:
1 1 1
P%l = if.h F%:s = _P% = §f~3> Féll4 = Py
V4

2 _ 1 4 _ U
Iy = —ka'v, F44*%,
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1 1
Ryzz1 = §f.33, Ry = §f.337

and the components which can be obtained from these by the symmetric proper-
ties. Here ‘.” denotes the partial differentiation with respect to the coordinates.
Using the above relations, it can be easily shown that the scalar curvature of
the manifold is zero. Therefore R* with the considered metric is a Riemannian
manifold M* whose scalar curvature is zero. In view of the above relations, (1.3)
yields that the only non-zero components of the quasi-conformal curvature tensor
are

1331 = %(a +b)fs3 = (a+b)py #0, (7.2)

and the components which can be obtained from (7.2) by the symmetric proper-
ties. The only non-zero covariant derivative of C* are

13311 = %(CL +b)fs31 = (a+b)(p2)1 #0, (7.3)

and the components which can be obtained from (7.3) by the symmetric proper-
ties, where ‘" denotes the covariant derivative with respect to the metric tensor.
Hence the Riemannian manifold (M?,g) is neither quasi-conformally flat nor
quasi conformally symmetric.

We shall now show that this M? is a G{C*(K4)}, that is, it satisfies (1.4). Let
us now consider the 1-forms A; and B; respectively as follows:

P21 for j=1
Ai(x) = 2 7.4
() { 0 otherwise, (7:4)
@t p2)s - for j=1
Bi(z) = 2f 7.5
(@) { 0 otherwise, (7.5)
at any point z € R%. Now the equation (1.4) reduces to the equation
13311 = A1C 33, + By (933911 — 913931), (7.6)

since, for the other cases the (1.4) holds trivially. Using (7.4) and (7.5) we get
from (7.6)

R.H.S. of (7.6) = A1C{s5, + Bi[gs3911 — 913931

~ (p2)a (a+b)(p2)1
= 2—p2(a +b)p2 + T

(04 D)) (@ +b)(pa)a
2 2

(a+b)(p2)a

L.H.S. of (7.6).

In all other cases the proof is trivial. Therefore, (R*, g) is a G{C*(K,)}. Hence
we can state the following:

f

Theorem 7.1. Let (M*,g) be a Riemannian manifold endowed with the metric
ds? = gidr'dr? = f(dat)?+2dztde?+ (da®)? + (kat)?v(xt) (dz*)?, (i, 5 = 1,2, 3,4)
where f = po + p12® + p2(23)?, po, p1, P2 are non-constant functions of x* only,
v is a function of x* and k is a mnon-zero arbitrary constant. Then (M*, g) is a
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generalized quasi-conformally recurrent manifold with vanishing scalar curvature
which is neither quasi-conformally flat nor quasi-conformally symmetric.

In particular , if we take py = €', then (7.2) and (7.3) are respectively reduces
to the following

s = (a+)e” #0, (7.7)
* z! *
1331,1 — (a+0b)e" = Clzs #0, (7.8)
and hence the manifold under consideration is neither quasi-conformally flat nor

quasi-conformally symmetric. If we consider the 1-forms as follows:
1

Ailz) = { 3 fori=1 (7.9)

0 otherwise,

3(a—i—b)e“”1 .
Bix)={ ~ay  fori=l (7.10)
0 otherwise,
then proceeding similarly as the previous case it can be easily shown that the
manifold under consideration satisfies (7.6) and hence is a G{C*(K,)}. Thus we
have the following:

Theorem 7.2. Let (M*,g) be a Riemannian manifold endowed with the metric
ds* = gijdxidr? = f(dz')*+2dz'dx?®+ (dx?)* + (ka')?v(z?) (dz*)?, (1,5 = 1,2, 3,4)
where f = py + pra3 + ezl(x?’)Q, Po, p1 are non-constant functions of x* only, v
is a function of x* and k is a non-zero arbitrary constant. Then (M*, g) is a
generalized quasi-conformally recurrent manifold with vanishing scalar curvature
which is neither quasi-conformally flat nor quasi-conformally symmetric.
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