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ABSTRACT. Montiel, Ros and Urbano [7] showed a complete characterization
of compact totally real minimal submanifold M of C P™(c) with Ricci curvature
S of M satisfying S > 3(7;752)0. The purpose of this paper is to give the
other proof for answering [5] and [6] of Ogiue’s conjecture which the above

result remains true under the weaker condition of the scalar curvature p of M
3n(n—2)
—=c.

satisfying p > 16

1. Introduction.

Let CP™(¢) be an n-dimensional complex projective space with the Fubini-
Study metric of constant holomorphic sectional curvature ¢ > 0 and let M be an
n-dimensional compact totally real minimal submanifold isometrically immersed in
CP"™(c). Let h be the second fundamental form of M in CP"(c).

Close to thirty years ago, Montiel, Ros and Urbano [7] proved the following: Let
M be an n-dimensional compact totally real [1] minimal submanifold isometrically
immersed in CP™(c). Then the Ricci curvature S of M satisfies

3(n—2)
6

if and only if one of the following conditions holds: a) S = "T_lc and M is totally
geodesic, b) S = 0,n = 2 and M is a finite Riemannian covering of a flat torus min-
imally embedded in C'P?(c) with parallel second fundamental form, ¢) S = 3(752) c,
n > 2 and M is an embedded submanifold congruent to the standard embedding
of: SU(3)/S0(3),n =5;SU(6)/Sp(3),n =14;SU(3),n = 8; or Eg/Fy,n = 26.
Ogiue [9] conjectured the following: Under the weaker assumption of p > 3"(11672) c,
the above result remains true, where p is the scalar curvature of M.

With respect to this conjecture the author [3] and ,independently, Xia [12] showed:

Let M be an n-dimensional compact totally real minimal submanifold isometrically
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immersed in CP™(c). Then

(v, v)? < g

0| =

for any v € UM if and only if one of the following conditions is satisfied:A)
|h(v,v)[*> = 0 and M is totally geodesic, B) |h(v,v)]* = 4¢,n = 2 and M is a
finite Riemannian covering of a flat torus minimally embedded in C'P?(c) with
parallel second fundamental form, C) |h(v,v)|> = g¢,n > 2 and M is an em-
bedded submanifold congruent to the standard embedding of: SU(3)/SO(3),n =
5;8U(6)/Sp(3),n = 14; SU(3),n = 8 or Eg/Fy,n = 26.
Gauchman [2] showed a similar result under the assumption of |h(v,v)|? < %tle.
The purpose of this paper is to answer Ogiue’s conjecture.
Theorem Let M be an n-dimensional compact totally real minimal submanifold
isometrically immersed in CP™(c). Then
3n(n —2)

T
if and only if one of the following conditions holds:
A)p= =Y o and M is totally geodesic,

1
B) p = 0,n =2 and M is a finite Riemannian covering of the unique flat torus

minimally embedded in C P?(c) with parallel second fundamental form,

C)p= Sn(?6—2) c,n > 2 and M is an embedded submanifold congruent to the stan-
dard embedding of SU(3)/SO(3),n = 5;SU(6)/Sp(3),n = 14;SU(3),n = 8 or
E’6/P147 n = 26.

Xia [13] showed a similar result under the assumption of |h|? < e,

2. Preliminaries.

Let M be a Riemannian manifold, UM its unit tangent bundle, and UM, the
fibre of UM over a point x of M.

Suppose that M is isometrically immersed in an (n+p)-dimensional Riemannian

manifold M. We denote by <, > the metric of M as well as the one induced on
M. Let h be the second fundamental form of the immersion and A¢ the Weingarten
endomorphism associated to a normal vector .
Now suppose that M is an n-dimensional totally real minimal submanifold im-
mersed in the complex projective space P,(C) endowed with the Fubini-Study
metric of constant holomorphic sectional curvature c. Let V and h be the Riemann-
ian connection and the second fundamental form of the immersion, respectively. A
and V+ are the Weingarten endomorphism and the normal connection. The first
and the second covariant derivatives of the normal valued tensor h are given by

(VA)(X,Y,Z) = Vx (h(Y, Z)) = i(VxY, Z) = h(Y,Vx Z)
and
(V2h)(X,Y,Z,W) = Vx(VR)(Y,Z,W))— (Vh)(VxY,Z,W)
(VR)(Y,VxZ,W) — (Vh)(Y,Z,VxW),
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respectively, for any vector fields X, Y, Z and W tangent to M.

Now, letv e UM,,x € M. Ifes, ..., e, are orthonormal vectors in U M,, orthogonal
to v, then we can consider {es,...,e,} as an orthonormal basis of T,,(UM,). We
remark that {v = ej,es,...,€,} is an orthonormal basis of T, M. We denote the

Laplacian of UM, = S"~! by A.
If S and p is the Ricci tensor of M and the scalar curvature of M, respectively, and
M is minimally immersed in M, then from the Gauss equation we have

(2 1) S(U’w) ZE(U,Q,&Z‘,’U}) - Z < Ah(v,ei)ei,w >,
i=1 =1
n p—
(2.2) p = R(ej,eireie5) — ||,
ij=1

where R is the curvature tensor of M.
Define a function f; on UM,,x € M, by

F1(0) = Apovl* =D < h(v,0),h(v,e;) > .
i=1
Using the minimality of M we can prove that

(2.3) (Af1)(v) = —6(n+4)f1(v)+8 Z < Ah(v,v)'Ua Ah(v,ei)ei >

i=1

+ SZ < Ah(v,v)eivAh(v,ei)U > +SZ < Ah(v,ei)vv Ah(v,ei)v >

i=1 i=1

+ 22 < Ah(v,v)6i7Ah(v,v)ei > .

i=1
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Similarly, define fa, f3, fa, f5, f6, f7, f8, fo, f10, f11, f12 and fi3 by

) = > < Anwe)ts Anwe)t >,
=1

f3(’l)) = Z < Ah('u,ei)va Ah(v,v)ei >,
=1

fa0) = 7 < Angeen€ss Anww)€i >,
ij=1

f5(’l)) = Z < Ah(v,v)va Ah(v,ei)ei >,
i=1

fﬁ(v) = Z < Ah(ej,ei)eja Ah(v,ei)v >,
Q=1

f7(1)) = Z < Ah(ei,v)eivAh(v,ej)ej >,
Q=1

f8(v) = Z < Ah(v,v)eia Ah(v,v)ei >,
i=1

fov) = |h(v,v)[*
fro(w) = |h(v,0)]?,

i) = Y < Apweeinv > (v, 0)
=1

fr2() = O < Anweeiv >)?,
=1

fis() = |rP[R(v,v)]?,

respectively. Then we obtain

(2.4) (Af2)(v)

—4(n +2) f2(v) + 4f6(v)

+ 4D < Angeen Vs Anguen€s >

4,5=1

+ 2 Z < Ah(ej,ei)vah(ej,ei)v >

i,7=1

+ 2 Z < Ah('u,ei)ej7Ah(v,ei)ej >,

i,7=1
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(2.5) (Afs)(v)

(2.6) (Afs)(v)
2.7) (Afs)(v)

(2.8) (Afe)(v)

(2.9) (Af7)(v)

(2.10) (Afs)(v)
(2.11) (Afo)(v)

(2.12) (A fr0)(v)

(2.13) (A f11)(v)
(2.14) (A f12)(v)

(2.15) (A f13) (v)

Since

[N

+

—4(n +2) f3(v) 4+ 2 fa(v)

43 < Angey et An(ey m€i >

ij=1
4 Z < Ah(q,,ei)ej,Ah(ej,U)ei >,

ij=1
=2nf4(v),
—4(n+2) f5(v) +4fs(v) + 4f7(v) + 2fa(v),

n
_2nf6(1}) +2 Z < Ah(Ej,Ei)ej’ Ah(ek,ei)ek >,
i, k=1

_2nf7(11) +2 Z < Ah(€j75i)ej’ Ah(ek,ei)ek >,
ij.k=1

—4(n+2)fs(v) +8 z < An(e; v)€is An(e; v)€i >,
ij=1

—8(n +6) fo(v) + 32f1(v)

162 < Ah(v,ei)eivv > |h(’U,’U)|2,

=1

—4(n+ 2) f1o(v) + 82 < Ap(,e;)€is U > -

=1

—6(n +4)f11(v) + 16 f5(v) + 2[A?|h(v, v)|* + 8f12(v),

—4(n + 2)f12(v) + 8f7(U) + 4|h‘2 Z < Ah(v’ei)6i7 v >,

i=1

—4(’/L + 2)f13(’l)) + 8|h|2 Z < Ah(v,ei)eia v>.
=1

n

> (Vhwo)eienv) = > < (V2h)(ei,e5,0,0),h(v,v) >
i=1

i=1
+Z < (Vh)(ei,v,v), (Vh)(e;,v,v) >,

i=1
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we have the following (See [3], [4] and [7]):
Lemma 1 Let M be an n-dimensional totally real minimal submanifold isometri-
cally immersed in P™"(C). Then for v € UM, we have

n+1
[(VR)(ei, v,0)]* + 0 c|h(v,v)[?
1

(216) % Z(VQflo)(eiaei7v) =

=1 7

+2Z < Ah(v,v)6i7Ah(ei7v)U >

=1

_22 < Ah(v,ei)eivAh(v,v)U >

i=1

- Z < Ah(v,v)eiv Ah(v,v)ei >
i=1

The following generalized maximum principle due to Omori [11] and Yau [14] will
be used in order to prove our theorem.

Generalized Maximum Principle ([11] and [14]). Let M™ be a complete
Riemannian manifold whose Ricci curvature is bounded from below and

f € C*(M) a function bounded from above on M™. Then, for any e>0,
there exists a point p € M™ such that

f(p) Zsup f —¢, ||grad fl|<e, Af(p)<e.

3. Proof of the Theorem
From (2.2) we have

n(n —1)

T |h|?.

p =
Thus we prove Theorem under the assumption

2)
1 2 ¢ n(n + .
(3.1) 2 < M2,

The following equations hold for v € UM,,x € M (See [3] and [4]):

(32) Z < Ah(Ej,ei)U7 Ah(ej,v)ei > = Z < Ah(v,ei)ejaAh(v,ej)ei >,
ij=1 Q=1
(33) Z < Ah(ej,ei)v7Ah(6j,ei)v > = Z < Ah(v,ei)e,ﬁAh(v,ei)ej >

ij=1 i.j=1
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In terms of (2.3) , (2.4) , (2.5), (2.6), (2.7), (2.8), (2.9) , (2.10) , (2.16) , (3.2) and
(3.3) we obtain
(34) 3D (VEio)(enennn) — S(Af)@) -

i=1

W(Afz)(v)

1 1 1

o BRO T S B g
1 1 1

T3u(nt2) (Afs)(v) + m(Afﬁ(U) + 6(n+2)

L eio(w) + 0+ 4)a(v) — 4f5(0) — 2fs(0).

(Af5)(v)

(Afs)(v)

= S IVR) (e, 0) +

i=1
Since M is totally real, the following equations also hold for v € UM,z € M (See

[4]):

(3.5) f(;(’l}) = Z < Ah(ei’e].)ej7 Ah(v,e,;)v >

i,j=1

= Z<A A%eelel

i,7=1

(3.6) the second term of (Afg)(v) = Z < Ap(v,e;)€is An(v,e;)€i >

ig=1
n
2
= Y <ApAl Apeie; >,
4,5=1

where J is the complex structure. Combining (2.6) , (2.7) , (2.8) , (2.9) , (2.10) ,
(2.11) , (2.13) , (2.14) , (2.15) , (3.5) , (3.6) with (3.4) , we obtain

- 1

BT Ve AN - g AR)0)
+ﬁ(Aﬁs)(v) + 3n(n1+ 5 (Af2)(v) + 6(n1+ ) (Afs)(v)
_m(m‘e)(v) oy A0+ 6(n1+ 55 (M)

G DD (L a0+ BRI

O DD (810 - (F))

s (AR + g (AR)

S (AR0) + 5 () - 5(AR0)
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3

n+1 4(n+1)

4 ¢fio(v) = n(n + 2)

(6n+ 4)(n +4)
n(n + 2)

= : |(Vh)(€i,’l),’l)>|2 +
(4 6)(n+ 4)
n+2

|| (v, v)?

_|_

(fi(v) = fo(v)) + (f11(v) = f5(v))

Now, we can choose an orthonormal basis {v = ey, e, -+ ,e,} such that the matrix
n

ZA?,Q is diagonalized, 1 < i < n, since < Sv,w >=< (ZHc+ ZAJe v,w >
i=1 i=1
and S is symmetric. Then we have

(3.8) fi1(v) = f5(v),

because of fi1(v) =< ZA w,v > |h(v,v)]? and f5(v) =< ZAJ@ U, Ap(o,0)¥ >

i=1
for v € UM,. Therefore from (3.8) , (3.1) and fi1(v) > fo(v) we can show the

following inequality for the matirix Z A?,ei being diagonalized.
i=1

(39 Qi Vo) ese0) = G(ARW) = 3o (AR)0)
+6(n1+ 5 (AR + 5 (M) + g (A
3 T3 A0+ g (W) + g (ARE)
S AR A0 + (AW
o2 (A0~ (AFW)
T p AR+ s (AR))
. 12>) (Afu)(o) - M@fuxv) g (Aia)(0)

n
> 3" [(Vh)er 0

=1
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Define a function g on U, M by the following equation;

o) = —gh(v) = 5oy o)

1 1 1
5P e MO sy
1 1 1
BT RS oy R Gy s
(3n+2)(n+4)
6n(n +2)?2
(6n + 8)(n — 2)
*m(ﬁa(v)*ﬁ(v))
1 n+4
_7168(“)4‘8(”7_’_2)

2(n+2)
(o) + =5 (Fa(0) = 3 fisl0).

f5(v)
fs(v)

(- 1a(0) + f5(0)

fo(v)

_4(n+1)
6n(n + 2)

From the assumption of (3.1) we see that the Ricci curvature is bounded from
below. Noting that (3.5) and

o) < g+ g )+ g O
T O+ g )
BB (L 1) + 50)
o (o
S o)
Mflg(v),

by the Generalized Maximum Principe due to Omori [10] and Yau [14] and the
Codazzi equation, we can prove

(Vh)(ei,ej ex) =0

for e;,e;,er, 1 < 1,7,k < n belonging to an orthonormal frame {v = e, ez, - ,e,}
n

such that the matirix Z A%ei is diagonalized. Since tangent vectors are their lin-
i=1

ear combinations, by the liniarity of Vh, we conclude that M is a submanifold of

P, (C) with parallel second fundamental form. By the classification of Naitoh [8]

we obtain Theorem.
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