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Abstract.

Among real submanifolds of complex manifold, there are some subman-

ifolds whose name are the same, but named not equivalent definition. Here,

we show these submanifolds and relations between both definitions. The

key pont of the dfference is using Hermitian metric or not. We also give ex-

amples which satisfy the conditions in one of the definitions but not satisfy

the conditions in another definition

1. CR submanifolds.

Let M be a real submanifold of a complex manifold M with the natural

almost complex structure J of M .

We call Hx(M) = JTx(M) ∩ Tx(M) the holomorphic tangent space at

x of M .

Hx(M) is the maximal J-invariant subspace of Tx(M).

Proposition 1. Let M be an n-dimensional submanifold of real n+ p-

dimensional complex manifold (M,J). Then we have

n− p ≤ dimRHx(M) ≤ n.

Proof. Hx(M) ⊂ Tx(M) implies that dimRHx(M) ≤ dimTx(M) = n.

On the other hand, Tx(M) + JTx(M) ⊂ Ti(x)(M) implies that

dimRTi(x)(M) ≥ dimTx(M) + dimJTx(M)− dimRHx(M),

from which

n+ p ≥ 2n− dimRHx(M).

Hence we have dimRHx(M) ≥ n− p. This completes the proof.

¿From Proposition 1, we know that dimRHx(M) is an even number

between n− p and n.

Example 1. Let

M = {z ∈ Cn | |z| = 1, Imzn = 0}
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= {(x1, y1, . . . , xn, yn) ∈ R2n |
n∑

i=1

((xi)2 + (yi)2) = 1, yn = 0}.

Then dimM = 2n − 2, p = 2. ∂
∂yn is normal to M . ¿From Proposition

1, 2n − 4 ≤ dimRHx(M) ≤ 2n − 2. Let p1 be the point z1 = z2 = . . . =

zn−2 = 0, zn−1 = 1, zn = 0 ,that is, as a point of R2n, p1 is x1 = y1 = . . . =

xn−2 = yn−2 = 0, xn−1 = 1, yn−1 = xn = yn = 0. ∂
∂xn−1 is a normal vector

to M at p1. Hence

Tp1
(M) = span{ ∂

∂x1
,
∂

∂y1
, . . . ,

∂

∂xn−2
,

∂

∂yn−2
,

∂

∂yn−1
,
∂

∂xn
}

and J( ∂
∂xn ) = ∂

∂yn , J( ∂
∂yn−1 ) = − ∂

∂xn−1 are orthogonal to Tp1(M). Thus

Rp1
(M) = span{ ∂

∂yn−1 ,
∂
{∂xn } and

Hp1
(M) = span{ ∂

∂x1
,
∂

∂y1
, . . . ,

∂

∂xn−2
,

∂

∂yn−2
}.

This shows that dimRHp1
(M) = 2n− 4.

Next we take the point p2 ∈ M represented by z1 = 0, . . . , zn−1 =

0, zn = 1, that is, as a point or R2n, x1 = y1 = . . . = xn−1 = yn−1 = 0, xn =

1, yn = 0. ∂
∂xn ,

∂
∂yn are normal vectors at p2 to M and JTp2(M) = Tp2(M),

because J( ∂
∂xi ) = ∂

∂yi , J( ∂
∂yi ) = − ∂

∂xi . Hence Hp2(M) = Tp2(M) and

dimRHp2
(M) = 2n− 2.

From this example we know that the dimension of Hp(M) varies de-

pending on p ∈M .

Definition A1 [2,3]. If Hp(M) has constant dimension with respect

to p ∈ M , the submanifold M is called a Cauchy-Riemann submanifold or

briefly CR submanifold and the constant complex dimension is called the

CR dimension of M .

There is another definition of CR submanifold.

Definition B1 [1]. A submanifold M of a Hermitian manifold M is

called a CR submanifold if there exists a pair of orthogonal complementary

distributions (∆,∆⊥) such that for any x ∈ M , J∆x = ∆x, and J∆⊥x ⊂
Tx(M)⊥.

Proposition 2. If M is a CR submanifold in the sense of Definition

B1, then M is a CR submanifold in the sense of A1.
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Proof. First we note that ∆x ⊂ Hx(M), since. Hx(M) is the maximal

J-invariant subspace of Tx(M). If there exists X ∈ Hx(M) such that X /∈
∆x, then

X = X1 +X2, X1 ∈ ∆x, X2 ∈ ∆⊥x

since ∆x and ∆⊥x are mutually complement. Then it followos that JX =

JX1 + JX2 where JX2 ∈ Tx(M)⊥, contrary to X ∈ Hx(M). Therefore

∆x = Hx(M). Since ∆ is a distribution, dim∆x is constant, which com-

pletes the proof.

Contrary to this proposition, the converse is false.

Example 2 [2]. Let the ambient manifold be a complex Euclidean space

Cn+1 and M be a submaniflod defined by

Rezn+1 = Imzn, Imzn+1 = 0,

that is, using real coordenate system (x1, y1, ..., xn+1, yn+1), M is defined

by

(x1.y1, ..., xn−1, yn−1, xn, yn, yn, 0).

M is a CR submanifold of CR dimenskon n−2
2 and the mutually orthonormal

normal vectors to M are

ξ1 =
∂

∂yn+1
, ξ2 =

1√
2

(
∂

∂yn
− ∂

∂xn+1
).

Since J ∂
∂xn = ∂

∂yn , we have

<
∂

∂yn
,
∂

∂yn
− ∂

∂xn+1
>= 1.

Hence they are not orthogonal.

2. Generic submanifold.

Definition A2 [3]. A CR submanifold M of a complex manifold is

called a generic submanifold if dimRHx(M) = n− p.
This is the original definition of generic submanifold of complex mani-

fold. However, there is another definition of generic submanifold.

Definition B2 [4]. A submanifold M of a Hermitian manifold M is

called a generic submanifold if JT⊥x (M) ⊂ Tx(M) for all x ∈M .

Now we prove
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Proposition 3. If M is a generic submanifold in the sense of Definition

B2, then M is also a generic submanifold in the sense of Definition A2.

Proof. By definition B2, for any ξ ∈ T⊥x (M), Jξ ∈ JT⊥x (M) ⊂ Tx(M)

and −ξ = J2ξ ∈ JTx(M). This means that ξ ∈ JTx(M).

Hence we have

Tx(M) + JTx(M) ⊃ Tx(M) + T⊥x (M)

and

dim(Tx(M) + JTx(M)) ≥ dim(Tx(M) + T⊥x (M)) = dimRM = n+ p.

These, together with Tx(M) ⊃ Tx(M) + JTx(M), show that dim(Tx(M) +

JTx(M)) = n+ p.

Since

dimTx(M) + dimJTx(M) = dim(Tx(M) + JTx(M)) + dimHx(M),

we obtain

dimHx(M) = n+ n− (n+ p) = n− p.

Thus, M is a generic submanifold in the sense of Definition A2.

However, the converse of Proposition 3 is not true. The example 1 is a

counter example.

We give another example of generic submanifold in the sense of Defini-

tion A2 but not in the sense of Definition B2.

Example 3. Let M be C3m, that is, C3m = {(z1, ..., z3m)|zi ∈ C}. We

write zi = x+
√
−1yi and identify C3m with E6m in such a way that

C3m = E6m = {(x1, y1, ..., x3m, x3m), xi, yi ∈ R}.

Let M be a 4n-dimensional submanifold defined by

M = {(x1, y1, ..., xm, ym, xm+1, ym+1, ..., x2m, y2m, xm+1, 0., , , .x2m, 0, 0..., 0)}.

Then, the position vector X of M is represented as

X =

m∑
i=1

{xi
∂

∂xi
+ yi

∂

∂yi
+ xm+i(

∂

∂xm+i
+

∂

∂x2m+i
) + ym+i

∂

∂ym+i
}
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and the tangent space Tx(M) is spaned by

∂

∂x1
,
∂

∂y1
, ...,

∂

∂xm
,
∂

∂ym
,

∂

∂xm+1
+

∂

∂x2m+1
, ...,

∂

∂x2m
+

∂

∂x3m
,

∂

∂ym+1
, ...,

∂

∂y2m
.

On the other hand, we have

JX =

m∑
i=1

{xi
∂

∂yi
− yi

∂

∂xi
+ xm+i(

∂

∂ym+i
+

∂

∂y2m+i
)− ym+i

∂

∂xm+i
}.

Hence, JTx(M) is spanned by

∂

∂x1
,
∂

∂y1
, ...,

∂

∂xm
,
∂

∂ym
,

∂

∂ym+1
+

∂

∂y2m+1
, ...,

∂

∂y2m
+

∂

∂y3m
,

∂

∂xm+1
, ...,

∂

∂x2m
.

Thus,

Hx(M) = span{ ∂

∂x1
,
∂

∂y1
, ...,

∂

∂xm
,
∂

∂ym
}

and consequently we obtain

dimHx(M) = 2m = dimE6m − dimM,

This shows that M is a generic submanifold in the sense of Definition A2.

The normal space to M is spanned by

ξj =
∂

∂y2m+j
, (j = 1, ...,m)

and

ξk =
1√
2

(
∂

∂xm+k
− ∂

∂x2m+k
), (k = 1, ...,m).

Thus,

Jξj = − ∂

∂x2m+j
, (j = 1, ...,m)

Jξk =
1√
2

(
∂

∂ym+k
− ∂

∂y2m+k
), (k = 1, ...,m).

and Jξk /∈ Tx(M). Hence M is not a generic submanifold in the sense of

Definition B2.
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