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15

Bisimulations for fuzzy relational systems
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Polynomial dynamics of human blood
genotypes frequencies
Timur Mradovic Sadikov,
RZU um. G.V. Plehanova
sadykov1976@mail.ru
The frequencies of human blood genotypes in the ABO and Rh systems
differ between populations. Moreover, in a given population, these frequencies
typically evolve over time. The possible reasons for the existing and expected
differences in these frequencies (such as disease, random genetic drift, founder
effects, differences in fitness between the various blood groups etc.) are the
focus of intensive research. To understand the effects of historical and evolutionary influences on the blood genotypes frequencies, it is important to
know how these frequencies behave if no influences at all are present. Under
this assumption the dynamics of the blood genotypes frequencies is described
by a polynomial dynamical system defined by a family of quadratic forms
on the 17-dimensional projective space. To describe the dynamics of such
a polynomial map is a task of substantial computational complexity. We
give a complete analytic description of the evolutionary trajectory of an arbitrary distribution of human blood variations frequencies with respect to the
clinically most important ABO and RhD antigens. We also show that the
attracting algebraic manifold of the polynomial dynamical system in question
is defined by a binomial ideal.
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On a probabilization of intuitionistic
sequent calculus
Marija Boričić
Faculty of Organizational Sciences, University of Belgrade
marija.boricic@fon.bg.ac.rs
We introduce a probabilistic sequent calculus LJprob, a modification of
the Gentzen’s original sequent calculus LJ for intuitionistic logic [5], enabling
to work with probabilized sequents of the form ’Γ `ba ∆’ in the intuitionistic
logic. Also, we will point out the differences between this system and the
probabilistic sequent calculus LKprob for classical propositional logic [1],
[2], [3] and [4].
The axioms of the system are Γ `10 ∆, `0 , and A `1 A, for any words Γ and
∆, and any formula A. In both systems we have structural and logical rules.
For instance, the following rules are for introducing negation and implication
in the consequence in LJprob:
ΓA `ba
(`ba ¬)
Γ `ba ¬A

ΓA `ba B
(`ba →)
Γ `ba A → B

while the same rules in LKprob are as follows:
ΓA `ba ∆
(`ba ¬)
Γ `ba ¬A∆

ΓA `ba B∆
(`ba →)
Γ `ba A → B∆

There are also some specific structural rules for this system.
References:
[1] M. Boričić, Inference rules for probability logic, Publications de l’Institut Mathematique, Vol. 100(114) (2016), pp. 77–86.
[2] M. Boričić, Suppes–style sequent calculus for probability logic, Journal of Logic
and Computation 27 (4), 2017, pp. 1157–1168.
[3] M. Boričić, Models for the probabilistic sequent calculus, Bulletin of Symbolic
Logic, Vol. 21, No. 1, 2015, p. 60, Logic Colloquium 2014, European Summer Meeting of
Association for Symbolic Logic, Vienna University of Technology 14th–19th July.
[4] M. Boričić,Suppes-style rules for probability logic, Logic Colloquium 2015, European
Summer Meeting of Association for Symbolic Logic, University of Helsinki 3–8 August 2015.
[5] G. Takeuti, Proof Theory, North–Holland, Amsterdam, 1975.
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Towards probabilistic reasoning about
simply typed lambda terms
Silvia Ghilezan1,2
Jelena Ivetić1
Simona Kašterović1
Zoran Ognjanović2
Nenad Savić3
1

3

Faculty of Technical Sciences, University of Novi Sad, Serbia
{gsilvia, jelenaivetic, simona.k}@uns.ac.rs
2
Mathematical Institute SANU, Belgrade, Serbia
zorano@mi.sanu.ac.rs
Institute of Computer Science, University of Bern, Switzerland
savic@inf.unibe.ch

Keywords: simply typed lambda calculus, probabilistic logic, soundness,
strong completeness
We present a formal model PΛ→ for probabilitic reasoning about simply typed lambda terms, which is a combination of lambda calculus [1] and
probabilistic logic [3]. We propose its syntax, Kripke-style semantics and an
infinitary axiomatization. We use simple type assignment which is sound and
complete ([2]) with respect to the simple semantics (based on the concept of
a term model).
We define two sets of formulas basic formulas and probabilistic formulas. Basic formulas, denoted by ForB , are lambda statements and Boolean
combinations of lambda statements. Basic probabilistic formula is any formula of the form P≥s α, such that α ∈ ForB and s ∈ [0, 1] ∩ Q. The set of
all probabilistic formulas, denoted by ForP , is the smallest set containing all
basic probabilistic formulas which is closed under Boolean connectives. The
language of PΛ→ consist of both basic formulas and probabilistic formulas
ForPΛ→ = ForB ∪ ForP .
Neither mixing of basic formulas and probabilistic formulas, nor nested probability operators is allowed. The following two expressions are not (well defined) formulas of the logic PΛ→ :
α ∧ P≥ 21 β,

P≥ 13 P≥ 21 α.

An axiomatic system for the logic PΛ→ is introduced. It consists of axiom
schemes and two groups of inference rules, such that rules from the first group
can be applied only on lambda statements.
11

The semantics for PΛ→ is a Kripke-style semantics based on the possibleworld approach. The main results are soundness and strong completeness of
PΛ→ with respect to the proposed model. We proved strong completeness
using the fact that simple type assignment is sound and complete with respect to the simple semantics and property that every consistent set can be
extended to a maximal consistent set. The crucial part in the proof of strong
completenes is the construction of the canonical model using a maximal consistent set.

References
[1] H. P. Barendregt, W. Dekkers, R. Statman, Lambda Calculus with Types,
Cambridge University Press, 2013.
[2] J.R. Hindley, The completeness theorem for typing lambda terms. Theoretical computer Science, 22: 1–17, 1983.
[3] Z. Ognjanović, M. Rašković, Z. Marković, Probability Logics: ProbabilityBased Formalization of Uncertain Reasoning. Springer, 2016.
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A propositional logic with metric
operators
Nenad Stojanović
Faculty of Science
University of Kragujevac
nenad.s@kg.ac.rs

Nebojša Ikodinović
Faculty of Mathematics
University of Belgrade
ikodinovic@matf.bg.ac.rs

Radosav Djordjević
Faculty of Science
University of Kragujevac
rdjodjevic@kg.ac.rs
We investigate metric logic with the binary metric operators. This logic,
denoted LF AM , allows making statements such as D>s (α, β) with the intended meaning ”distance between formulas α and β is greater than or equal
to s”. Infinitary axiomatic system for our logic which is sound and complete
with respect to the mentioned of models is given.
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Implicit Programming
Žarko Mijajlović
zarkom@matf.bg.ac.rs

The goal of the presentation is to show solutions of certain problems using methods of mathematical logic and some specialized software SpecS such
as Prover9-Mace4 and Wolfram’s Mathematica. Problems are from various
fields, ranging from finite combinatorics, to problems from algebra and geometry. The idea is to think of first order logic as of a programming language
and use it to obtain a description D of a problem P and leave D to SpecS
to solve it. The code D is called the implicit program for the problem P . We
consider two types of solutions:
1. Building a (finite) model for the set of formulas in D (Mace4).
2. Elimination of quantifiers in formulas from D (Wolfram’s Mathematica).
While the first method is essentially based on the skolemization and building of Herbrand universe for formulas in D, the second one is based on the
application of quantifier elimination for algebraically closed and real closed
fields. We present examples and solutions of a puzzle, Sudoku, n × n Queen
problem and the problem of Apollonian circles.

References
[1] William McCune, Prover9 and Mace4,
https://www.cs.unm.edu/∼mccune/prover9.
[2] Wolfram Mathematica, https://www.wolfram.com/mathematica.
[3] C. Chang, J. Keisler, Model theory, North Holland, 1990.
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Note on Serbian–Russian inference rule
Aleksandar Perović
Faculty of Transport and Traffic Engineering, Belgrade
pera@sf.bg.ac.rs
In this talk we shall attempt to identify necessary technical steps for propositional coding of certain fragments of ZFC. More precisely, we are interested
in propositional representation of the constructible universe L. The leitmotif of the talk will be the the variations on the well known Serbian–Russian
inference rule.
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Bisimulations for fuzzy relational
systems
Miroslav Ćirić

Jelena Ignjatović

Bisimulations have been introduced by Milner [22] and Park [24] in computer science, more precisely in concurrency theory. Roughly at the same time
they have been also discovered in some areas of mathematics, e.g., in modal
logic and set theory. They are widely used to model equivalence between
various systems, as well as to reduce the number of states of these systems,
and are employed today in many areas of computer science, such as functional
languages, object-oriented languages, types, data types, domains, databases,
compiler optimizations, program analysis, verification tools, etc.
Bisimulations have been studied on various relational systems, the most commonly on labelled transition systems, but also in the context of deterministic,
nondeterministic, weighted, probabilistic, timed and hybrid automata. Bisimulations have been mostly used to model equivalence between states of the
same system, and to reduce the number of states of this system. Bisimulations
between states of two distinct systems have been much less studied, probably
due to the lack of an appropriate concept of a relation between two distinct
sets which would behave like an equivalence relation.
Recently, bisimulations have been also studied in the context of fuzzy
automata, and the main purpose of this talk is to present the most important
results from these studies. One can distinguish two general approaches to
the concept of bisimulation for fuzzy automata. The first approach, which
we encounter, for example, in [1, 25, 31], uses ordinary crisp relations and
functions. Another approach, proposed in [5, 6, 7, 8, 19, 29], is based on the
use of fuzzy relations, which have been shown to provide better results both
in the state reduction and the modeling of equivalence of fuzzy automata.
In [7, 8] the state reduction of fuzzy automata was carried out by means of
certain fuzzy equivalences, which are exactly bisimulation fuzzy equivalences,
and in [29] it was proved that even better results can be achieved by using
suitable fuzzy quasi-orders, which are nothing but simulation fuzzy quasiorders. Moreover, it turned out in [7, 8, 29] that the state reduction problem
for fuzzy automata is closely related to the problem of finding solutions to
certain systems of fuzzy relation equations. This enabled not only to study
fuzzy automata using very powerful tools of the theory of fuzzy sets, but also,
it gave a great contribution to the theory of fuzzy relational equations and has
16

led to the development of the general theory of weakly linear fuzzy relation
equations and inequalities in [15, 16, 17].
The same approach has been used in [5], in the study of simulations
and bisimulations between fuzzy automata, where simulations and bisimulations have also been defined as fuzzy relations. There have been introduced
two types of simulations (forward and backward simulations) and four types
of bisimulations (forward, backward, forwardbackward, and backwardforward
bisimulations). There has been proved that if there is at least one simulation/bisimulation of some of these types between the given fuzzy automata,
then there is the greatest simulation/bisimulation of this kind. In [6], for
any of these types of simulations/bisimulations efficient algorithms have been
provided for deciding whether there is a simulation/bisimulation of this type
between the given fuzzy automata, and for computing the greatest one, whenever it exists. The algorithms use the method developed in [16, 17], which
comes down to the computing of the greatest post-fixed point, contained in
a given fuzzy relation, of an isotone function on the lattice of fuzzy relations,
and is based on the well-known Knaster-Tarski and Kleene fixed point theorems. Similar method has also been used in [9] in the study of simulations and
bisimulations for weighted automata over additively idempotent semirings.
We will also present certain recent results concerning simulations and
bisimulations for some other types of ordinary and fuzzy relational systems,
such as fuzzy social networks (cf. [12, 13, 14, 18, 21, 30]), fuzzy modal logics
(cf. [10, 11, 32]), coalgebras (cf. [26, 27, 28]), etc.

References
[1] Cao, Y., Chen, G., Kerre, E.: Bisimulations for fuzzy-transition systems, IEEE Transactions on Fuzzy Systems 19(3), 540–552 (2011)
[2] Cao, Y., Sun, S.X., Wang, H., Chen, G.: A behavioral distance for fuzzy-transition
systems, IEEE Transactions on Fuzzy Systems 21(4), 735–747 (2013)
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[4] Ćirić, M., Ignjatović, J., Bogdanović, S.: Uniform fuzzy relations and fuzzy functions,
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[30] Stanković, I.: Fuzzy relation equations and inequalities and their application in data
analysis, Doctoral dissertation, University of Niš, Faculty of Sciences and Mathematics,
2017.
[31] Sun, D.D., Li, Y.M., Yang, W.W.: Bisimulation relations for fuzzy finite automata,
Fuzzy Systems Mathematics 23, 92–100 (2009) (in Chinese)
[32] Wua, H., Deng, Y.: Logical characterizations of simulation and bisimulation for fuzzy
transition systems, Fuzzy Sets and Systems 301, 19–36 (2016)

19

