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empty scheme

o o 0O
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empty scheme matrix
o o o f a1 a2 a3
O O O > as1 G222 a23
O O O as1 Q32 ass
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Determinants The Coates digraph of a matrix slide 3.1

Aiq ajj
Qi
( J
(077} Qjj
aij
( J
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Evaluation of determinants of order 2 slide 3.2

Definition 4.1.1 (p. 65)

Let A = [a;;] be a square matrix of order n.
The determinant of A is the number det A defined
by the sum

det A= (-1)" > (=1)Puw(L)

LeL(A)

where the summation extends over all linear
subdigraphs L of the digraph D*(A).
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Determinants Evaluation of determinants of order 2 slide 3.2

Example 4.1.2 (p. 66)

Calculate the determinant

ailp ai2
det A =
az1 422

Richard Brualdi, Drago$ Cvetkovié A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 5/31



det A

air ai12 \A|— ail  ai2
a21 Q22 az1 Q22

= (=D)*"anag + (1)’ arzan

= Q11022 — Q12021

D*(4)
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Determinants Evaluation of determinants of order 2 slide 3.2

A — ajlr a2 \A| _ ailr a2
az21 Aa22 az1 a2
detA = (—1)2+26L116L22 + (—1)2+1a12a21

= Q11022 — Q12021

a12
G0 G O
I o 2 1 2

D*(A) Ly
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A — ajlr a2 \A| _ ayjlp a2
az21 Aa22 az1 az2
detA = (—1)2+2a11a22 + (—1)2+1a12a21

= a11022 — Q12021

ai2 a1z
1 o1 2 1 aa1 2

D*(A) Lo
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Determinants Evaluation of determinants of order 2

A — ajlr a2 \A| _ aylr a2
az21 Aa22 az1 a2
detA = (—1)2+26L116L22 + (—1)2+1a12a21

= Q11022 — Q12021

ai2
G O
1 2 1 o 2

L1 L2
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Determinants Evaluation of determinants of order 3

Example 4.1.2 (p. 66)

Calculate the determinant

ailx a2 a3
det A = 21 a22 423

az;p as2 ass

using

det A= (-1)" > (=1)Puw(L).

LeL(A)
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ajl; ai2 a3
A= a21 Aa22 G23

az; asz2 ass

3+3 341
det A = (=1)’Taia0as3 + (—1)° T arzazia23 +
3+1 342
(—1)*Tagiaszars + (—1)*aya03a30 +
342 342
(—1)*t2agsai3a31 + (—1)*T2azza12a0:
detA = (11022033 1+ A12031023 + 421032013

= —Qa11023032 — 0224130431 — 433412021
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det A = (=1)* anagazs + (=1)* T aizaz ag3 +
(—1)3+1a21a32a13 + (—1)3+2a11a23a32 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21
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Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)""ayasa33 + (=1)* T aizaziags +
(—1)3+1a21a32a13 + (—1)3+2a11a23a32 +
(—1)3+2a22a13a31 + (—1)3+2a33a12a21

ail

Ly :

1

G L.,
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Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)* anagazs + (—1)" " aizaz azs +
(—1)3+1a21a32a13 + (—1)3+2a11a23a32 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Lo :
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Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)* anagazs + (=1)* T aizaz ag3 +
(—1)°"tagiazsars + (=1)* 2ariagzaz; +
(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Ls:

a1 a13

2 o 3
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Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)°aiiasazs + (=1)° aizazia23 +
(—1)°*tagiazsars + (—1)"Pariaszaz; +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

ail
Ly :
1
a3
2 a32 3
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Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)* anagazs + (=1)* T aizaz ag3 +
(—1)3+1a21a32a13 + (—1)3+2a11a23a32 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Ls :

a13

G 3

Richard Brualdi, Drago$ Cvetkovié A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 9 /31



Determinants Evaluation of determinants of order 3 slide 3.3

det A = (=1)°"3ai1a00a33 + (—1)*Ttazazia0s +

(—1)3+1a21a32a13 + (—1)3+2a11a23a32 +
(_1)3+2

342
asoaisaz + (—1)° " “aszaisan

Lg :

a1

33
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Theorem 4.2.1 (p. 72)

det AT = det A.
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Theorem 4.2.1 (p. 72)

det AT = det A.

Theorem 4.2.1 implies that every statement that
holds for the rows of a matrix also holds for the
columns.
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Determinants Determinant of a transpose slide 3.4

a1 ai2 ais T a1 a21 asi
A= a1 a2 a23 At = aiz azz2 as2
asi1 asz  ass aiz a3  ass

aii
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Effect of transposition

entry a at position (i, j)

a

S
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Effect of transposition

entry a at position (7,1)

a

S
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det A = det AT =

(—1)3+3a11a22a33 + (—1)3+1a12a31a23

+(=1)"agazzarz + (—1)°"ar1a03a3:
_|_ _

(—1)*T2ag0a13a31 + (—1)>T2as3a12a01
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det A = det AT =

(—1)3+3a11a22a33 + (—1)3+1a12a31a23

+(=1)"agazzarz + (—1)°"ar1a03a3:
_|_ _

(—1)*T2ag0a13a31 + (—1)>T2as3a12a01
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det A = det AT =

= (—=1)*Maj1a09a33 + (—1)° T araz a03

+(=1)"agazzarz + (—1)°"ar1a03a3:
_|_ _

(—1)*T2ag0a13a31 + (—1)>T2as3a12a01
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det A = det AT =

(—1)**a11a20as3 + (—1)*" ar2a31a03

+(=1)" M asiazears + (=1)°ariazzas;
_|_ —

(—1)*T2ag0a13a31 + (—1)>T2as3a12a01
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det A = det AT =

(—1)**a11a20as3 + (—1)*" ar2a31a03

+(=1)* agiazearz + (—1)"Pariazzaz
_|_ —_

(—1)*T2ag0a13a31 + (—1)>T2as3a12a01
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det A = det AT =

= (—1)*Panasaz; + (—1)° M aizaziaz;

(—1)3+1a21a32a13 + (—1)3+2a11a23a32

_|_
+(_1)3+2a22a13a31 + (—1)3+2a33a12a21
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det A = det AT =

= (—1)*Panasaz; + (—1)° M aizaziaz;

(—1)3+1a21a32a13 + (—1)3+2a11a23a32

_|_
+( 1)3+2a22a13a31 + (—1)3+2a33a12a21
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Determinants Effect of zero entries slide 3.5

The effect of a zero entry

(related to remark on p. 69)
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ail; aiz2 ai3
A= az1 Q22 G23

asy as2 ass

det A = (—1)3+3a11a22a33 + (—1)3“@12@31@23 +
(—1)3“@21@32@13 + (—1)3+2a11a23a32 +
_1)3+2 "

(=1)

342
aseaisasy + (—1)° " “aszaiza2
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ail; aiz2 ai3
A= a1 az 0

asy as2 ass

3+

det A = (—1)3+3a11a22a33 + (—1) 1&12&31 -0+
<_1)3+1a210’32a13 + (_1)3+20/11'0'0,32 -+
1342

( 1) azzalsas1+(—1)3+2a33a12a21
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Determinants Effect of zero entries slide 3.5

det A = (—1)*"ajiazass + 0 +
(—1)3+1a21a32a13 + 0 +
(—1)3+2a22a13a31 + (—1)3+2a33a12a21

ail

Ly :

1

G L.,
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33 + (Z]jéfsl@‘m +
(—1)**taziasra1s + 0 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33—|— 0 +
(—1)3+1a21a32a13 + 0 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Ls:

a1 a13

2 o 3
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33—|— 0 +

(—1)3Ttagiaz0a13 + (CIBwe=tias, +

342 342
—1)?ageai3as3; + (—1)*T2aszai0a;

ail
N0
———"
L
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Determinants Effect of zero entries

det A =

Richard Brualdi, Drago$ Cvetkovié¢

(=1)**3ay1a90a33 +
(—1)3+1a21a32a13 +

0
0

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Ls :

O

A Combinatorial Approach to Matrix Theory

a13

(slides by Vladimir Balti¢)

slide 3.5
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33—|— 0 +

(—1)3+1a21a32a13 + 0 +
(_1)3+2

342
asoaisaz + (—1)° " “aszaisan

Lg :

a1

33
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ail Qaiz2 ais
A = a1 a9 0
azy a3z ass

det A = (—1)3+3a11a22a33 + 0 +
(—1)*Tagiasra13 + 0 +

<_1)3+2CL22(J,130,31 + (—1)3+2a33a12a21
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33 + 0 —+
(—1)3+1a21a32a13 + 0 +

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

ail

Ly :
1

G ..
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33—|— 0 +
(—1)3+1a21a32a13 + 0 +

342 342
—1)*"ageai3a3; + (—1)*T2aszai0a;

Ls:

a1 a13
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Determinants Effect of zero entries

det A =

Richard Brualdi, Drago$ Cvetkovié¢

(=1)**3ay1a90a33 +
(—1)3+1a21a32a13 +

0
0

(—1)3+2a22a13a31 + (—1)3+2a33a12a21

Ls :

O

A Combinatorial Approach to Matrix Theory

a13

(slides by Vladimir Balti¢)

slide 3.5
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Determinants Effect of zero entries slide 3.5

detA = (—1)3+3a11a22a33—|— 0 +

(—1)3+1a21a32a13 + 0 +
(_1)3+2

342
asoaisaz + (—1)° " “aszaisan

Lg :

a1

33
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Theorem 4.2.2 (p. 72)

Let each element of some row (row i) of the ma-
trix A be multiplied by ¢, resulting in matrix B.
Then

det B = ¢ - det A.
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A — a;1 QA2 - Ain i-th row
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A — a;1 QA2 - Ain i-th row
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A — A;1 A;2 - Q4n i-th row
unchanged

B = CA;1 CA;2 +++ Clin i-th row
unchanged
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A — A;1 A;2 - Q4n i-th row
unchanged

B = CA;1 CA;2 +++ Clin i-th row
unchanged

i
D*(B)
weights of other
edges unchanged
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slide 3.6

) 7 ) 7
Qi C: Qg
~~ ~~
N N
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Determinants Multiplying a row by a number slide 3.6

7 . 7
Qg C: Qg
~<, =~ <
\, \,
€T ¢ \ €T \
\ ! \
{ ! / !
1 ! | !
\ / \ !
\ / \ )
/ J
\ / \ /
\ / \ /
\, 7 \, 7
\\ // \\ //
\\\__—’/ \\\__—’/

e L e P
{0 {0 £ £
i [ | ! T e e | J
\ 1) \ \ /] \ /

N AN N’ N’

D™ Y )P ww) = (D" Y () Pw(r)

LEL(A) LeL(B)

c-det A =detB
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Theorem 4.2.3 (p. 73)

Let two rows (rows i and j) of the matrix A be
interchanged, resulting in matrix B. Then

det B = —det A.
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A;1 Az2 -+ Qin i-th row

aj1 aj2 --- ajn| Jj-th row
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;1 A;2 - Qin i-th row

aj1 aj2 --- ajn| Jj-th row
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A ;1 A;2 - Qin i-th row
aj1 aj2 --- ajn| Jj-th row
unchanged
aj1 aj2 - Qgn i-th row
B = unchanged
a;1 @iz - Qin| Jj-th row
unchanged
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A ai1 @32 - Qin
aj1 a2 - Qjn
unchanged
aj1 a2 - Qjn
B = unchanged
Aq1 Q52 - Qin
unchanged

i J
D*(B)
weights of other
edges unchanged
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slide 3.7
i and j belong ¢ and j are in
to the same cycle different cycles
(2 (2
-~
N
AN
N
x \
/ \
/ \
! |
' I
! /
\ ! >
\ Yy
N\
AN
N
\\\
J J
N RN N RN
/ \\ Id \\ /7 \\ r4 \\
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\ / \ / \ / \ /
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L€ L(A) Ly € £(B)
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¢ and j are in
different cycles

i and j belong
to the same cycle

Se—— -~

///—\\\ /’/—\\\ ///—\\\ /’/—\\\
! \ / \ ! \ / \
\ } o o o \ '| \ ; o o o \ }
\ / \ / \ / \ /
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Determinants Interchanging two rows slide 3.7

7
~
/’ ~
\\
X \

! \
! \
{ |
| I
\ ]

w(LA) = w(LB)
c(La)+1=c(Lp)
_(_1)C(LA) (— 1)0 (Ls)
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slide 3.7
7

~e

(/’ “
\,
X N\
/ \
! \
! |
! I
\ |
\ J
\ Y
\,
e

RN j RN

{ ) {0

{ /l e oo | |

\, \ / \ J
N N N’

w(LA) = w(LB)
c(La)—1=c(Lp)
_(_1>C(LA) — (_1)C(LB)
—=1" Y ) Pw@) =" > ()P w(r)
LeL(A) LeL(B)

—det A =det B
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Example 4.1.3 (p. 69)

0 0 an_1 0
0 0 - 0 an]

Calculate the determinant det A.
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digraph D*(A)

det A

ai

0

0 0
ao 0

QQ Q@

(=" ((-1)"araz- -

a1a2"‘a/n

Richard Brualdi, Drago$ Cvetkovié¢ A Combinatorial Approach to Matrix Theory
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n—1

)
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digraph D*(A)

det A

Richard Brualdi, Drago$ Cvetkovié¢ A Combinatorial Approach to Matrix Theory

_al

0

0 0 0
ao 0 0

An—1

QQ QQ

n—1

(—1)" ((—1)”a1a2 “e an)

a1a2"'a/n

(slides by Vladimir Balti¢)
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Example 4.1.4 (p. 70)

oo o o
S0 oK
o ot e O

Q@ O O

Calculate the determinant det A.
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b
c
0
0

S0 oR
o o e O
Qe O O

digraph D*(A)

det A = (—1)4((—1)4b4 +3(—1)%ab% + (—1)2a2c2)
= b — ab’c — ab’c — ab’c + a*c?

= b* — 3ab’c+ a®c?
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b
c
0
0

SO o Q
o ot e O
Qe O O

digraph D*(A)

det A = (—1)4((—1)4b4 +3(—1)%ab% + (—1)2a202)

= bt — ab’c — ab’c — ab?c + a>c?

= b* — 3ab’c+ a®c?
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b
c
0
0

SO o Qe
o ot e O
Qe O O

digraph D*(A)

det A = (—1)* ((—1)464 + 3(—1)%ab*c + (—1)2a202)

= bt — ab’c — ab’c — ab’c + a*c?

= b* — 3ab’c+ a®c?
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b
c
0
0
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digraph D*(A)

det A = (—1)4((—1)4b4 +3(—1)%ab% + (—1)2a202)

= bt — ab’c — ab’c — ab’c + a2

= b* — 3ab’c+ a®c?
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slide 3.8

Exercise 4. (p- 95)
Solution (p. 248)

Prove that

ao a az - Gp-—1

an
—1 x 0 0 0
0

0 -1 =z 0 '
: . ; :E a;x" "

(slides by Vladimir Balti¢) 29 /31
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ao
—1
0

ai
x
—1

az
0

xT

An—1 An
0 0
0 0

An
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an

det A = apz" +ax" P+ ax" 24+ +ax™

n
+---tap1x+a, = E a;x" "
i=0
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det A = apz" + a1z P+ ax" 24+ +ax™
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+---tap1x+a, = E a;x" "
i=0

Richard Brualdi, Drago$ Cvetkovié¢ A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 31 /31



an

det A = apz" +ax" P+ a2 4+ + ™t

n
+---tap1x+a, = E a;x" "
i=0
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i=0
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an

det A = apz" +ax" P+ ax" 24+ +ax™

n
totap izt a, =Y aa"
1=0
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