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MaTtemaTtnyikm nHcTuTtyT CAHY

JeneHa Kojuh, AnekcaHgap Casuh
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[edunHnLnja ocHoBHOr npobnema

YonwTterwe no3HaTtor HI-Ttewkor npobnemMa
noaese cKkyrna Ha ABe naprtuuunje

MMHNMN3Y]E Ce pa3sinka CyMa TeXMHa Mno
napTuunjama

OCHOBHM npobnem:

dat je S={1, ..., n} n w:S—[0,x). lNoagennTtu
ra Ha S;,S,cS, S;NS,=Y, S;US,=S




[edunHnLnja yonuTeHor npobdbrema

YMecTo 6pojeBa W Cy BEKTOPWU

MHMMM3yje ce HajBeha pasimka cyMa TeXuHa
No napTuunjama

YonwTeHn npobnem:

Adat je S={1, ..., n} n w:S—>[0,0)K. lNogennTtu
ra Ha S;,S,cS, S;NS,=Y, S;US,=S

min [rp&i( Zw(i), - w(i), D

iESZ
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S ={(2 6), (3 4), (8 10), (5 6)} For .51 and S2 we have several candi-
dates:

e ST =H{(2 6)}. S2={(3 4). (8 10), (b 6)}, sums are: (2 6).(16 20),
and the difference is (14 14), z = 14 (max = 14)

e ST ={(3 4)}, So={(2 6), (810), (b 6)}, sums are: (3 4),(15 22),
and the difference is (12 18), =z = 18

e ST = {(810)}, S22 = {(2 6), (3 4), (B 6)}, sums are: (& 10),(10 16),
and the difference is (2 6), =z = 6

e ST ={(5 6)}. So={{(2 6). (3 4), (810)}.sums are: (5 6).(13 20),
and the difference is (8 14), z = 14

e ST =4{(2 6). (3 4)}, S ={(810), (5 6)}.sums are: (5 10).(13 16),
and the difference is (8 6), z = 8

e S ={(2 6), (810)}, S ={(3 4), (b 6)}.sums are: (10 16),(8 10),
and the difference is (2 6), =z = 6

e ST ={(2 6).(b 6)}., S ={(3 4), (8 10))}.sumsare: (7 12).(11 14),
and the difference is (4 2), z = 4

The minimum of the maximal elements is in the seventh case. It means that
the optimal solution is: S7 = {(2 6), (5 6)}, So = {(34), (8 10)},
min =z — 4.



[lpymeHe

Examples for MDTWNPP:

1. Two travel agents need to have as closely similar revenues from or-
ganized tours as possible: the parameters under consideration are the price
of the tour. the mileage (due to petrol consumption). special offers (such

as restaurants, shopping tours, visits to museums, and so on). This is a
t.hr -dimensional, two-way number partitioning problem.
. Police patrols need to have similar mileage, degree of risk (depending

on cr 1111111&1 activities), time for touring their beat.




MW mooen

Let w;; be the yj-th coordinate of the z-th element in the set

T
Sj = E wij. J =1.....p. (1)
i=—1
If the variable is =
o 1. T € .5

and the variable z denotes the greatest difference in the sums per the coor-
dinates, i.e.

i=57 i=50

The mathematical expression of the ILP formulation is:

min = (4)
subject to:
mn
—0.5 -z + E wij - Y; < 0.5 - 55, Jg=1l.....p (5)
=
!

z € [0,4c0),y; € {0,1}, i =1,....n (7)



MeToga npomMeHIbUBUX OKOMNHA

Algorithm 1: VNS pseudo code
Algorithm Function VNS(kmin, Kmazs tmazsPmove)
1 x < Random.Init() (starting point z is randomly generated)
2 k<« kmin
while t < t,,,,, do
¥’ « Shaking(z, k)
x" < Local_Search(z')
if Compare(z,z”. pmove) then
z 2

Ise
if k& < ke then
| k< k+1

else

|_ k <+ kmi‘.-n,

Algorithm 2: Psecudo code of function Compare

Algorithm Function Compare(z, z’, pmove)
if Obj(x") < Obj(x) then
|_ return true

else
if Obj(z”) > Obj(x) then
|_ return false

else
|_ return Random(0,1) < pmove




MeToga npoMeHIEMBUX OKOMUHA

- Pewerne je HM3 o4 n OBMHapHUX undgapa: 1 > S,;, 0> S,
e DyHKLUM]ja UM/ba Ce padyHa No AedPuUHULnjun

e OKo/MHa N, je ckyn CBUX HM30Ba KOjU ce oA Tekyher
pPa3/IMKyjJy Ha K MecTa

e bp3a npoueaypa NoKaaHOr npeTpaXxunBaka 3aCHOBAHaA
Ha 1-3aMeHu

- CBe Mehycyme ce namTe, na yMecTto NMoHOBHOT

M3pavyyHaBara CaMO Ce BpLIMN aXypupare Koje je
MHOIo 6pxxe

e Kputepunjym 3aspuwetka 600 cekyHan (kao n EM)

Kmaz = min { 30, US ‘ ’LH } '




MeTtonoa 3acHoBaHa Ha

EeJ1IEKTPOMalrHETN3MY

Algorithm 3: EM pseudo code
Algorithm EM
1 Random_Init ()

2 1ter < 0
while iter < maxijier do
3 iter < iter + 1
foreach point p;. 1n solution_set do
4 Objective_function(px)
Local_search (p;)
6 Scale_solution(pg)

Compute_charges ()
Compute_forces()
Move ()




MeTooa 3acHoBaHa Ha
ernekTpomMmarHeTuamy

- Pewerwe: n peanHunx 6pojesa: =0.5 > S;, <0.5 > S,
e DyHKLUM]ja UM/ba Ce padyHa No AedPuUHULnjun
e bpoj pewera 10
e CTaHAapAHO payvyyHaH-€ HaenekTpucaHta
e [106pa pewera npuBnayve ocrasna
e Jlowa pelwera oabujajy ocrana
e [locebHa npoueaypa ckannpama
e /icTa 6p3a npouenypa oKanHOr rnpeTpa>kmBaka
3aCHOBaHa Ha 1-3aMeHu



EM netarou

In this process, each sample point is considered as a charged particle.
As such, the charge of each sample point is initially calculated. The amount
of charge, given in (9), relates to the value of the objective function at that
point which also determines the magnitude of attraction or repulsion of the
point over the sample population. Label Obj; indicates objective value for
i-th sample point, after the local search.

Ob.}i —_ Objbes t

¢ = exp | —n— (9)

Z Ob.}k — Objbest
k=1

According to the superposition principle of the electromagnetism theory.
the force exerted on a point via another point is inversely proportional to
the distance between the points and directly proportional to the product
of their charges. Mathematically, the power of attraction or repulsion of
charges is calculated as follows:

m )
Fi= 3 F/, where
J=1,j7i o
qid; e . . 10
i etz ) - (pi — i),  Obj; < Obj;

T

etz ) (P — pj).  Obj; = Obji

where ||p; — p;|| is the Euclidean distance between EN points p; and p;.




EM netarou

Algorithm 4: Move pseudo code

Function Move()
foreach point pi in solution.set do
if py, # Prest then
B < Random|0, 1]
Fi < Fi/||Fi
for1 =1 to ndo
if Fj; > 0 then
| Pri & pri + 8 Fri - (1= pri)
5 else
L Dri < Pri+ 8- Fri - D

1 o L o




EKcnepuMeHTanHu pesyntatu

Table 1: Comparison of the results on instances with n = 50

Trist CPLEX A A E N VNS

sol t sol t sol t sol t
50_2a 3.204  552.60 5.438  35.73 0.450 357.60 0.450 290.95
50_2b 9.193 63.75 9.193  32.38 3.089 323.33 1.620 408.21
50_2¢ 9.191 161.90 9.191 38.98 2,483 246.44 3.087 354.15
50_2d 4.753 92.01 4.753  42.65 1.345 339.46 1.347 397.34
50_2e 6.719 1340.84 7.241 44.71 3.541 326.55 3.671 382.88
50_3a 303.581 465.91 283.563 162.34 285.269 357.64 288.317 343.05
50_3b 350.828  430.88 314.392 165.28 305.682 362.10 305.682 426.96
50.3c 152.089  TT4.38 156.287 168.62 139.883 202.38 139.885 393.20
50_3d 102.516 1378.31 101.283 172.27 96.416 245.45 96.438 1R4.68
50_3e 217.903  312.16 198.854 171.64 214.847 328.53 211.795 379.7
50_4a 909.765 1663.43 T&3.046 273.31 906.715 233.54 903.663 368.47
50_4b 1272.224 1581.08 1017.283 261.94 | 1219.544 257.04 1219.542 347.37
50_4c 461.161 1275.95 456.392 287.36 455.057 389.50 455.057 386.35
50_4d 1024.681 827.70 987.270 279.02 1018.575 298.42 1015.523 326.14
50.4e 1199.574  498.30 1187.273 281.07 | 1205.676 37&.75 1205.676 389.60
50.5a 926.164  281.77T 918.2T8 286.45 921.975 333.68 917.008 408.90
50_5b 3202.875 1192.94 3002.869 290.02 2607.094 298.21 | 2610.144 379.66
50.5¢ 2696.703  143.42 2563.904 291.28 | 1398.771 302.72 1395.725 352.02
50_5d 2275.792 357.38 | 2183.634 296.43 | 2272.740 274.23 | 2272.740 350.41
50_5e 4823.935 197.43 | 4689.382 296.45 3652.517 312.07 | 3652.517 285.7
50_10a | 16176.578 1432.87 | 15722.290 452.41 | 16176.578 306.03 | 16170.474 315.50
50_10b | 19560.318 5.97 | 19560.318 462.16 | 19548.104 332.61 | 19554.210 355.10
50_10¢ | 17757.097 1308.68 | 15823.832 467.82 | 14125.537 328.74 | 14134.693 352.40
50_.10d | 14925.023 1104.70 | 14925.023 425.76 | 14921.973 346.76 | 14921.979 358.59
50_10e | 15369.009  472.44 | 14527.381 476.45 | 15362.905 336.90 | 15359.853 394.05
50_15a | 33208.019 1777.83 | 30728.546 683.21 | 33211.069 333.33 | 33214.123 388.46
50_15b | 35003.301 1121.87 | 34362.391 674.57 | 33240.094 279.94 | 33240.094 413.45
50_15¢ | 29920.923 1443.76 | 28736.382 684.65 | 29456.854 282.72 | 29456.854 363.16
50_15d | 21652.841 1594.98 | 20356.836 690.25 | 33085.975 278.11 | 21655.891 367.04
50_-15e | 31800.690  332.25 | 20018.285 692.46 | 31800.692 288.49 | 31800.692 353.43
50_20a | 52826.340 71.83 | 50647.836 635.26 | 52826.340 282.91 | 52826.340 440.04
50_20b | 51917.902 1378.83 | 50382.384 657.41 | 51917.902 318.15 | 51917.902 420.21
50-20¢ | 50560.864  493.27 | 51829.374 624.67 | 50560.864 291.38 | 50560.864 374.02
50_20d | 53955.965 166.26 | 51538.574 635.82 | 53955.965 282.12 | 53955.965 347.41
50_20e | 48281.499  234.75 | 47829.865 652.36 | 48281.499 289.22 | 48281.499 295.63




EKcnepuMeHTanHu pesyntatu

Table 6: Comparison of the results on instances with n = 500

Trst CPLEX AT A = AT T NS

sol t sol it sol it sol t
5002=a 0.620 1745.30 1.354 B563.71 0.520 540.88 0122 42=2.14
500.2b 1.879 1797.03 1.879 482.21 0.735 301.00 0.467 362.96
500-2c 2.013 1076.04 2.013 498.28 0.580 287.27 0.666 397.19
500.2d 1.003 1687.53 1.003 421.26 0.190 372.66 0.404 370.34
500_2e 0.913 1726.60 0.913 382.48 0.487 335.77 0.318 377.58
5003a 213.539 1698.09 124.540 524.42 3.044 354.73 1.517 378.26
500_3b 142.160  806.88 132.878 502.22 57.643 335.54 56.234 43R8.32
500_3c 270.729  466.64 219.763 522.79 68.8T75 348.06 7T2.892 456.76
500_3d 13.736 1134.38 121.321 520.04 4.57T8 389.52 1.526 399.7
500_3e 7.625 1091.25 12.453 381.33 1.529 432.53 1.525 440.52
500_4a 1562.920 171.29 | 1232.920 567.08 3.046 428.94 1.534 469.14
500_4b 1186.722  429.41 977.271 465.59 845.267 386.51 805.144 459.93
500_4dc 1093.756 63.74 832.244 652.82 605.996 349.19 618.206 414.48
500.4d 4.580 T14.37 4.580 552.16 4.582 393.36 1.526 476.25
500_4de 1410.694  106.31 037.823 541.36 534.116 35T.58 546.322 467.93
50054 3665.484 36.99 | 1903.802 615.22 7.622 379.31 3.056 445.58
500_5b 4448.741 21.29 | 2824.579 500.85 1841.422 372.25 1844.490 381.43
500_5¢ 3511.837 523.39 | 3839.652 590.72 1882.324 394.22 1879.286 398.99
500._5d 2597.644 81.42 1821.393 621.47 4.582 361.06 7.614 468.T1
500_5e 2572.429 955.58 | 1816.680 579.12 847.689 399.64 817.165 366.75
500_10a | 19183.301 1718.29 | 12892.029 637.01 | 12920.009 276.84 | 12913.909 403.32
500_10b | 12161.350 128.48 | 10387.625 622.27 | 12133.878 357.87 | 12136.930 316.03
500_10c | 16594.760 368.13 | 10282.205 612.28 | 12595.464 311.30 | 12598.518 317.82
500-10d | 20284.381 1699.01 | 16328.752 678.9 | 12823.522 377.48 | 12823.524 381.75
500_10e | 15548.670 1680.47 | 14738.344 635.37 | 14224.4068 314.33 | 14212.198 356.59
500.15a | 30316.775 1055.81 | 20332.662 682.31 | 26002.365 252.26 | 25084.057 323.77
500-15b | 31878.383 1591.08 | 28283.569 7T21.62 | 29360.731 228.43 | 22258.131 390.28
500-15¢ | 32792.472  803.77 | 25461.223 T19.81 | 27134.042 331.98 | 27131.010 364.7
500.15d | 35555.260 881.27 | 27283.392 724.37 | 26351.405 305.79 | 27219.244 382.34
500_15e | 30806.719  455.06 | 21652.005 728.9 | 28379.732 299.95 | 24997.925 394.81
500.20a | 48281.977 1000.12 | 32897.388  843.3 | 42278.177 233.48 | 38512.711 419.56
500-20b | 54921.900 237.63 | 38467.134 R818.39 | 36626.582 290.30 | 36654.048 340.80
500_20c | 41578.884 1382.98 T63.093  T36.9 | 3T845.649 290.35 | 40581.653 386.12
500-20d | 54293.200 1728.58 | 43637.932 792.38 | 38774.751 277.61 | 43814.720 347.85
500_20e | 41092.622 1713.03 | 40341.827 918.22 | 38578.855 205.65 | 43064.672 295.71




EKcnepuMeHTanHu pesyntatu
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3aKrIby4vak

This paper presents efficient VNS and EM approaches for solving MDTWNPP.
The neighborhood structures defined for the VNS allow a simple but effec-
tive shaking procedure. The new scaling technique combined with movement
based on the attraction-repulsion mechanism directs EM toward promising
search regions. Local search is implemented very efficiently. which results in
excellent overall performances for both VNS and EM approaches.

An extensive experimental comparison on various types of instances in-
dicates that our VNS and EM approaches outperform in most cases the ex-
isting methods from the literature designed for solving this problem. From
the results it can be concluded that EM produces slightly better results than
VNS.

This research can be extended in several ways. It would be interesting
to investigate the application of the presented VNS and EM approaches to
similar problems. Another direction of research could be a parallelization of

the presented methods and testing on a powerful multiprocessor computer.
-~~~ - - — — — — —
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