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I. Session
MS-24 Oppening Lecture — 40 minutes
327

On Vibrational Nano-Mechanics and
Nano-Vibrorheology

lliya. 1. Blekhman
Institute of Problems of Mechanical Engineering of Russian Academy of Sciences
and Mekhanobr - Tekhnika Corporation, Saint Petersburg, Russia
Bolshoy pr. V.0., 61, Saint-Petersburg, 199178, Russia
blekhman@vibro.ipme.ru

MS-24 Invited Lecture 30 minute
845

Bifurcations of a parametrically excited
double pendulum

J. C. Sartorelli_, W. Lacarbonarat
_Instituto de F1sica, Universidade de S™ao Paulo, Brazil
TDept. of Structural and Geotechnical Engineering, University of Rome ”La Sapienza”, Italy
Address sartorelli@if.usp.br, walter.lacarbonara@uniromal.it

MS-24 Invited Lecture 30 minute
340

Control Methods in Vibroacoustics -
Active Noise and Vibration Suppression

Tamara Nestorovi¢*, Ulrich Gabbert¥

*Ruhr-Universitat Bochum

Mechanik adaptiver Systeme, Geb. 1A-01/128

Universitatsstr. 150, D-44801 Bochum, Germany

tamara.nestorovic@rub.de

‘TOtto-von-Guericke-Universitat Magdeburg

Institut fur Mechanik, Geb. 10, Raum 010
Universitatsplatz 2, D-39106 Magdeburg, Germany
ulrich.gabbert@mb.uni-magdeburg.de
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I1. Session
MS-24 Invited Lecture 40 minute
332
Relation Between Fractional Differential

Equations and Ordinary Differential Equations

V. Lakshmikantham= and S. Leela**
*Florida Institute of Technology
Mathematical Sciences
Melbourne, FL 32901 USA
e-mail: lakshmik@fit.edu

**Visitor, Professor Emerita
SUNY, Geneseo, NY 14454 USA

MS-24 Invited Lecture 30 minute
428

Further Results on Fractional Process Control Systems

Mihailo P. Lazarevi¢*, Ljubisa N. Buc¢anovi¢ ¥, Milan Lazarevi¢,Msc ¥
*University of Belgrade, Faculty of Mechanical Engineering,
Department of Mechanics,
Kraljice Marije 16, Belgrade,Serbia
mlazarevic@mas.bg.ac.yu

‘tDepartment of production of technical gases, RTB,Bor,Serbia
kisikana@nadlanu.com

FFaculty of Technology and Metallurgy,
Karnegijeva 4, Belgrade, Serbia
lazaro@infosky.net

MS-24 Invited Lecture 30 minute
315

Transfer of energy of oscillations through
the double DNA chain helix

Katica (Stevanovi¢) Hedrih1, Andjelka N. Hedrih2
1 Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosica 3/22, 18000 Ni§, Serbia
E-mail: katica@masfrak.ni.ac.yu,khedrih@eunet.yu

2 Faculty of f Technology, Belgrade, Serbia Grant ON142075
18 000 — Nis, ul. Trg ugitelj Tase br. 3/9, Serbia
e-mail: sandjelka@bankerinter.net

* X *
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I11. Session

MS-24 Invited Lecture 40 minute
237
On the stability of potential mechanical system with
tracking and dissipation forces

Alexander E. Baykovs, Pavel S. Krasilnikovy
aMoscow State Aviation Institute
Department of Differential Equations, Moscow Auviation Institute,
Volokolamskoe st. 4, Moscow, 125871, Russia
alexbaykov@mail.ru
yMoscow State Aviation Institute
Department of Differential Equations, Moscow Aviation Institute,
Volokolamskoe st. 4, Moscow, 125871, Russia
krasilnikov@ihome.ru

MS-24 Invited Lecture 30 minute
422

Phase Trajectory of Aeroelastic Dynamic Systems
in an Expanded Phase Space

Viktorija E. Volkova*
* Dnepropetrovsk National University of the Railway Transport, Ukraine
Televizionnaya str.12 apt.48, Dnepropetrovsk, UA49005, Ukraine
drvev@mail.ru

MS-24 Invited Lecture 30 minute
291
Energy Transfer through the Double Circular Plate
Nonconservative System Dynamics

Katica (Stevanovi¢) Hedrih1, Julijana D.Simonovi¢2
1 Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosica 3/22, 18000 Ni§, Serbia

E-mail: katica@masfrak.ni.ac.yu, khedrih@eunet.yu

2 Faculty of Mechanical Engineering,
University of Ni§
ul. Bulevar Nikole Tesle 55/16, 18000 Nis, Serbia.
E-mail: bjulijana@masfak.ni.ac.yu
* *x X
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V. Session
MS-24 Invited Lecture 30 minute
232

Model of actuated multilayered piezoelectric
structures for antifouling process

M. Sanbi*, M. Rahmoune**

* Moulay Ismail University, Faculty of Sciences and Technology
BP 509, Boutalamine, Errachidia, Morocco
sanbi@gmail.com
** Moulay Ismail University, High School of Technology
Route d’agourai, BP 3103, Meknes, Morocco
rahmoune@umi.ac.ma

MS-24 Invited Lecture 30 minute
885
LOCAL STRAIN ENERGY AT THE CRACK TIP

VICINITY IN DISCRETE MODEL OF MATERIAL

Dragan B. Jovanovi¢
Faculty of Mechanical Engineering, University of Ni§, Medvedeva 14, 18000 Nis, Serbia
E-mail: jdragan@masfak. ni.ac.yu

MS-24 Contributed Lecture 20 minute
Energy of the vibroimpact systems with Coulomb’s type frictions

Katica (Stevanovi¢) Hedrih* , Srdjan Jovié
Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosic¢a 3/22, 18000 Nis, Serbia
E-mail: katica@masfrak.ni.ac.yu,khedrih@eunet.yu

*Faculty of Technical Sciences, Kosovska Mitrovica
38 220 Kosovska Mitrovica, Ul. Kralja Petra | br. 149/12, Serbia

e-mail: jovic003@yahoo.com

MS-24 Closing Lecture 40 minutes
348

Free and forced vibrations of the heavy material particle along line with
frictions: Direct and inverse task of the theory of vibrorheology

Katica (Stevanovi¢) Hedrih
Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosica 3/22, 18000 Nis, Serbia
E-mail: katica@masfrak.ni.ac.yu,khedrih@eunet.yu
* x *
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Minisymposium Poster Session

962
DESIGN OF A SYSTEM FOR CONTROL, MONITORING,
REGULATION AND DATA ACQUISITION ON CIVIL ENGINEERING
OBJECTS, CONSTRUCTIONS AND MOBILE MODULES

Tomislav S. Igicl, Dragana T. Turnic2 and Natasa Z. Markovic2
1 Faculty of Civil Engineering and Architecture
A.Medvedeva 14

e-mail: tigic@gaf.ni.ac.rs
2 Faculty of Civil Engineering and Architecture
(Faculty of Electronic Engineering)
A.Medvedeva 14
draganaturnic@yahoo.com,natasa.markovic@elfak.ni.ac.rs

421
STRUCTURAL MECHANICS

INNOCENT NNABUIKE ANACHUNA
OBEDIENT CHILD ACADEMY
27 MALLAM IDI STREET BUKURU
JOS SOUTH, PLATEAU STATE
NIGERIA
Tel: +234 8033464845

obedientchildacademy@yahoo.com
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Minisymposium Opening Lecture

On Vibrational Nano-Mechanics and Nano-Vibrorheology
Iliya. I. Blekhman

Institute of Problems of Mechanical Engineering of Russian Academy of Sciences
and Mekhanobr - Tekhnika Corporation, Saint Petersburg, Russia

Bolshoy pr. V.O., 61, Saint-Petersburg, 199178, Russia
blekhman@vibro.ipme.ru

ABSTRACT

Conceptions of vibrational mechanics and vibrorheology were formulated by the author of this
presentation and they were adopted for solving of many applied problems where the effects of the
vibration on non-linear systems were considered [1.2].

In this presentation. we consider the possibilities to extend appropriate approaches on nano-
objects. The main peculiarities of nano-systems have been considered, in particular, the necessity
to use high frequency vibrations and to take into account relatively large dissipative forees.

A number of problems on control of nano-system states by high frequency vibration have been
considered including vibrational orientation, motion, and positioning.

References

[1] 1. Blekhaman, Fibrational Mechaniecs, World Scientific. Singapore, 2000 (Russian Edition:
Fizmatlit, Moscow, 1994).

[2] Selected Topics in Vibrational Mechanics, edited by 1. Blekhman, World Scientific,
Singapore, 2004
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Professor, Doctor of Sci.(Phys. and Math.),
Member of the Russian and International Engineering Academies,
Member of the National Committee of Theoretical and Applied Mechanics,
Member of the Editorial bodies of

the Russian journal "Applied Mathematics and Mechanics™.
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Minisymposium Invited Lecture

Relation Between Fractional Differential
Equations and Ordinary Differential Equations

V. Lakshmikantham and S. Leela

Abstract: Although the concept of fractional derivative goes back to the 17th
century, its importance in modeling a variety of real world problems was realized
only a few decades ago [1, 3]. Moreover, only very recently, there has been a
great surge in the theory of fractional differential equations (FDE). A recent
monograph provides a systematic study of the basic theory of FDE [2].

In this article, we shall investigate the relation between the solutions of FDE
and ODE (ordinary differential equations). This will provide a framework to
study the properties of solutions of FDE, knowing the corresponding properties
of solutions of ODE. We hopw this study will pave the way for further work in
this direction. We shall consider both Riemann-Liouville type and Caputo type
FDE. These require different methods, each having certain advantage in the
investigation and providing necessary tools. We shall discuss some theoretical
results to demonstrate the idea behind these approaches.

References

[1] Kilbas, A.A., Srivatsava, H.M. and Trujillo, J.J., Theory and Applications
of Fractional Differential Equations, Elsevier, Amsterdam, 2006.

[2] Lakshmikantham, V., Leela, S., and Vasundhara Devi, J., Theory of Frac-
tional Dynamic Systems, Cambridge Academic Publishers, Cambridge,
20009,

[3] Oldham, K.B. and Spanier, J., The Fractional Calculus, Academic Press,
New York, 1974.
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Lakshmikantham V., Ph. D. Professor

President, International Federation of Nonlinear Analysts IFNA
Organizer/WCNA, Chairman, GOC

WCNA 2004 - MINISYMPOSIUM
INTEGRITY OF DYNAMICAL SYSTEMS
(Theory, Applications and Experiments)
Http://www.masfak.ni.ac.yu/masfak/topic.php?lang=SR&id=525.
Fourth World Congress of Nonlinear Analysts
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Minisymposium Invited Lecture

Bifurcations of a parametrically excited double pendulum

J. C. Sartorelli*, W. Lacarbonara'
*Instituto de Fisica. Universidade de Sao Paulo, Brazil

Dept. of Structural and Geotechnical Engineering, University of Rome “La Sapienza”, Italy
Address
sartorelli@if usp.br, walter.lacarbonara@uniromal .it

ABSTRACT

The works on the surprising phenomenon of parametric resonance form a rich body of lit-
erature, including several books and monographs. A good deal of efforts has been directed
towards methods for constructing the instability regions of parametrically excited systems typ-
ically governed by linear ODEs with periodic coefficients.

Numerous works have dealt with the parametric resonance of the simple pendulum due to its
paradigmatic nature and simplicity in experimental investigations which does not imply sim-
plicity in the dynamics as was clearly pointed out by Stuart Antman in one of his well-known
manuscripts titled The simple pendulum is not so simple. As well-known, for small-amplitude
oseillations, the equation of motion reduces to Hill’s equation or to Mathieu’s equation if the
parametric forcing term is a sinusoidal forcing [3]. Some features of the chaotic dynamics of
the *simple’ pendulum were discussed in [5] and in [4] for the double pendulum; interesting
features of various higher-order parametric resonances in a double pendulum were discussed
in[2].

The aim of this contribution is to investigate, both experimentally and numerically, some fun-
damental features of the Hopf bifurcations caused by the parametric resonances. The double
pendulum is driven to resonance by an oscillating external motion of its pivot point in the ver-
tical direction. The pendulum arm attached to the oscillating pivot has a mass which is twice
the mass of the second arm. The frequencies of the two modes are f;, ~ 1.4Hz (in phase) and
Jout = 2.4Hz (out of phase). The system dynamics are described by the following two coupled
ODEs:

91 =M, [9.2 = Wa (l.)
Tin + i cos(fr — f2) — ysin(fh — f2)ws — Clijp — g) sin(h) + bwn =0 (2)
Tots + YWt (‘05(61 — fla) — ¥ sin(f — 82]@'12 — R[yp —q) Sill[:f:}g:l +bhus =0 (.3)
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J. C. Sartorelli*, W. Lacarbonara'

where yfp = acos(2m fpt), #1 and 2 are the angles that arms 1 and 2 make with the vertical
direction. a is the amplitude of the pivet oscillation and f, is its frequency. There are four
fixed points (61 ,60%) = (0,0),(0,7), (7, 0) and (m, 7) with (w,wd) = (0,0) whose stability
depends on a and f,,. Besides the stability regions established in the parameter plane (f,,a),
we investigated Hopf bifurcations related to the fixed point (8% ,82) = (0,0). We observed a
suberitical Hopf at low excitation frequencies fp and a supercritical bifurcation at higher fre-
quencies. Between these two bifurcations we observed two more bifurcations that evolve, as
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References
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EUROMECH Nonlinear Dynamics Conference, Saint Petersburg, RUSSIA, Jun 30-July
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[3] Edited by D. TerHarr, 1965, PL. Kapitza, Collected Papers of PL. Kapitza, Vol 2, pp
714-726, Pergamon, NY

[4] Jackel, P. and Mullin, T., 1998, Proc. R. Soc. Lond. A, 454, 3257
[5] Sanjuan, M. A. F., 1998, Phys. Rev. E, 58, 4377.
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Viktorya E. Volkova

fact that these accelerations are more sensitive to high-frequency components in oscillating
processes.

In the hybrid modeling, the analysis of the oscillations was performed for a steel pipeline
having the length of /=35m. the diameter of d =0,426m . and the wall thickness of
A =0.004 1n .The wind flow velocity values varied within the range of ¥ =0+30ms™. Let
us assume that the value of the initial static deflection of a pipeline is equal to
W, =0,05077 m. Time processes, spectral characteristics of distributing of energy of
oscillations on their frequencies and phase trajectories in expanded phase space (Fig.1) . are
received at transient and stationary behaviours of vertical vibrations in a wide frequency
range.

T T

Fig. 1. Time processes, spectral characteristics and phase trajectories of vertical oscillations

in a surface sagging pipeline at the velocity of ¥ =14.165ms™ of the uniform wind flow

The phase trajectories obtained for the modes of “beatings” on the planes “velocity-
displacement™ and “acceleration - displacement” convolve or unwind alternately. The
distance between the spiral loops varies, depending on the action exerted by the dissipative
forces per cycle of oscillations. The phase trajectories of the modulated oscillations on the
planes “velocity-displacement™ and “‘acceleration - displacement™ consist of three closed
curves, which are inversely symmetrical relative to the axes velocity and acceleration,
respectively. The hysteretic effects in a resonance frequency ranges and zones with iteration
of free and forced oscillations were found.
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ABSTRACT

The study of the transfer energy between subsystems coupled in hybrid system is very
important for different applications. This paper presents analytical analysis of the transfer
energy between plates for free transversal vibrations of an visco-elastically connected double
circular plate system. The analytical analysis showed that the visco-elastic connection
between plates caused the appearance of two-frequency like regime of tume function, which
corresponds fo one eigen amplitude function of one mode, and also that time functions of
different vibration modes are uncoupled, but energy transfer between plates in one eigen
mode appears. It was shown for each shape of vibrations. Series of the two Lyapunov
exponents [3] corresponding to the one eigen amplitude mode are expressed by using energy
of the corresponding eigen amplitude time component.

The paper (see Ref [2]) presents analytical and numerical analysis of the free and
forced transversal vibrations of an visco elastically connected double circular plate system.
Analytical solutions of the system of coupled partial differential equations, which describe
corresponding dynamical free and forced processes, are obtained using the method of
Bemnoulli’s particular integral and Lagrange’s method of vanation constants. It was shown
that one-mode vibrations correspond two-frequency regime for free vibrations induced by
initial conditions and to three-frequency regime for forced wvibrations mduced by one-
frequency external excitation and corresponding initial conditions.

This model of double plate system is suitable for considering energy transfer between
plates, by using derived partial differential equations in the generalized form by introduction
a visco-elastic layer between plates.

Also, by using energy analysis of the deformable bodies (see Refs. [3], [4] ) for the
linear case, we can conclude that transfer energy between eigen amplifude modes not appear,
only there are two frequency component time processes in one mode and there are transfer
energy between two one frequency time components and between plates m one eigen
amplitude mode.

In the paper we will present expressions of the reduced components of kinetic energy

Fl_ Eg.lm _PA F i=12  where 3. - @) = I
:Ek nm = 31{[-_:,_._._._.{?".(9], = ) [Tl_u_lm [\I,}: ﬂ{:_l_?l'ﬂ (F mj! J-‘{ [\:“.mm
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potential energy (see Refs. [3]. [4]) E'r'r =% ohet,

potential energy of the light distributed visco-elastic layer

EY o =l,_r[;r|‘.l ()= T m]f=:En-"--"--31'ﬂra=a.r‘=1.2 . and reduced Raleigh function of the

A1

dissipation z _

()= T [r‘,u]: =‘I”# belong to corresponding mn -family mode

niwl1,2 aper
My
(L jrm

nm=1234__=.

We can see that 1s suitable to use energy analysis in the form of the corresponding
mn -family mode nm=1234. =by using these reduced components of the energy depending
of their times functions (r) and its first derivatives 7, () belong to corresponding mn -

| fam
family mode n.m=1234. = For that reason we can use mfinite numbers of the sets belong to
corresponding mn-family mode nm=1234_ =by systems of the two ordinary differential
equations i every of the sets corresponding to our physical model. Then we will present how
we, by using phenomenoclogical mapping, make energy analysis as in the systems with two
degree of the freedom and pictured diagrams of energy forms in the time for modeled system
like as pictured in the figure 1.

At the end by using this energy approach we introduce Lyapunov exponents of this
type and the way for coupled hybrid systems with different type of the material properties, as
it 1s visco elastic or creep, and to use for mvestigation of the stability process, or deformable
forms of the deformable body motion in the hybrid systems. Than we can see that these
Lyapunov exponents [4] are measures of the processes integrity or system motion integrity.

5 Py G

ki !
= = )
T T T T
g W q . " E
i = =
r B . =

Figure 1. Reduced values of kinetic. potential and total energy corresponding to first and second mode of plates
oscillation like as system oscillations
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ABSTRACT

Different models of two coupled homogeneous DNA chain vibrations are proposed in
the literature (see Refs. [4] and [5]). As a basic approach we use DNA mathematical models
published by N. Kovaleva and L. Manevich in 2005 and 2007, and investigated
corresponding linearized models. We consider the linear natural and fractional order model to
obtain main chain subsystems of the double DNA fractional order chain helix (see refs. [1]
[2] and [3]). Analytical expressions of the eigen circular frequencies for the homogeneous
linearized model of the double DNA chain helix are used to obtain corresponding eigen
fractional order creep vibration modes. Two sets of eigen normal coordinates of the double
DNA linearized natural and fractional order chain helix for separation of the system into two
uncoupled linear. as well as fractional order main chains are identified (see Reds. [2] and
[3]). The visualization of the eigen fractional order creep vibration modes of the double DNA
fractional order chain helix is presented. The study of energy transfer between subsystems
coupled in a hybrid system is very important for better understanding the translation process
of DNA.

This paper presents an analysis of the energy transfer between partial oscillators in the
main chains of the double DNA that is considered as a linearized order chain helix.

Series of two sets of Lyapunov exponents corresponding to a set of modes of partial

oscillators in the corresponding main chain are expressed by using energy of the
corresponding eigen time component.
The simplest model describing opening of DNA double helix is presented in Ref. [5] by
Kovaleva N.. L.Manevich (2005). Corresponding differential equations are solved
analytically using multiple-scale expansions after transition to complex variables. Obtained
solution corresponds to localized torsional nonlinear excitation — breather. Stability of
breather is also investigated.

By using change of the generalized coordinates ¢,, and ¢, , for k-th bases of both
chains in the DNA model into following new (for detail see Reds. [2] and [3])

&=0y-0, md  p= @1 T (1)
system of linearized differential equations of the double DNA linear order chain helix

vibrations obtain the following form:

1y B .
F_—“k*'.—“m*27’1;[1*!"*K']*§1—.—1 =0 @
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This paper was inspired by lectures and/or abstracts and papers written by the
following scientists Matrosov V.M. , Chernousko F. and Blekhman I. Aim of this paper is to
show that basic effects and phenomena in the systems with vibrorheological properties and
vibro-impact dynamics can be investigated by using vibrations of the heavy material particle
along rough curvilinear line (circle) with Coulomb type friction.

Friction is a complex physical phenomenon. which is still insufficiently investigated.
Laws of friction were studied by Leonardo da Vinci who discovered that when a body moves
along a horizontal surface, it experiences the force which obstructs the motion and depends
on the body*s weight. Coulomb introduced the concept of friction coefficient and concluded
that its value is dependent on the material and on the state of surfaces interacting with
friction, but does not depend on the surface of contact. The formula F,=—F, sign v 1s known

as the Admeonton-Coulomb law.

Paper present analytical results and some visualizations of the kinetic, potential and
total mechanical energy of a vibro-impact system with one degree of freedom and one side
impact limiter of the system elongations. Mechanical energy of a material particle
oscillations along a rough circle in vertical plane. with Coulomb’s type friction and with one
side impact limiter of the elongations is object of the analytical research. The corresponding
ordinary nonlinear differential double equation of dynamic equilibrium states is
accompanying with corresponding initial conditions and corresponding conditions of the
ideally elastic or no elastic impact conditions, as well as conditions of the alternation of the
friction force of the Coulomb’s type for the case no large initial conditions.

In this case. that defined system at initial moment have small kinetic energy. as well
as potential energy, when initial angular elongation is smaller them angle of the limiter
position &. @,<¢ and initial angular velocity is in the interval bounded by:

ng(l—coso‘) <gp < J4§—2§(1—cosd} .
R R R

First integrals of the governing nonlinear differential equation of the material particle
motion in considered case. earlier published. with corresponding integral constants are used
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ABSTRACT

According to discrete model of material [2], [5], solids may be represented as
systems of discrete masses (atomic lattice), linked by interacting forces, interatomic
forces or simple bonds (Fig. 1) . Advantage of a discrete model is ability to explain crack
healing, slow subcritical crack growth, sound generation during crack propagation,
effects of chemical processes at the tip of the crack, nonlinearity of stress, strain and
energy distribution in the crack tip region, influence of temperature on crack
propagation. All of this give great advantage to procedures based on model of discrete
masses (atomic lattice) [S]. Different mminsic interatomic force functions are used to
represent mechamcal mteraction between the neighboring atoms (discrete masses) m lattice.
Different two- and three-dimensional models of lattice and relations for total potential energy
of selected models of lattice are analvsed (Fig. 2).

:.r,:rfrtrrrr*LL

S D S S T § 44

J
Ulxy)

FIGURE 1. Model of three-dimensional lattice  FIGURE 2. Surface of potential energy for rwo-
dimensional x-y lattice and possible
rajectories of crack propagation

47


http://www.dem.ist.utl.pt/esmc2009/index.php?option=com_content&task=section&id=24&Itemid=68
http://www.masfak.ni.ac.yu/sitegenius/topic.php?id=1229

Dragan B. Jovanovi¢

48



http://www.dem.ist.utl.pt/esmc2009/index.php?option=com_content&task=section&id=24&Itemid=68
http://www.masfak.ni.ac.yu/sitegenius/topic.php?id=1229

Minisymposium Invited Poster

49


http://www.dem.ist.utl.pt/esmc2009/index.php?option=com_content&task=section&id=24&Itemid=68
http://www.masfak.ni.ac.yu/sitegenius/topic.php?id=1229

Tomislav T. Igi¢, Dragana T. Turni¢ and Natasa Z. Markovic

50



http://www.dem.ist.utl.pt/esmc2009/index.php?option=com_content&task=section&id=24&Itemid=68
http://www.masfak.ni.ac.yu/sitegenius/topic.php?id=1229

Minisymposium Closing Lecture

Free and forced vibrations of the heavy material particle along line with
frictions: Direct and inverse task of the theory of vibrorheology

Katica (Stevanovic) Hedrih

Faculty of Mechanical Engineering
University of Nig, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosica 3/22, 18000 Nis. Serbia
E-mail: katica@masfrak m ac yu khednh@eunet.vu

ABSTRACT

I. Introduction. We start with explanations of vibrorheological effects observed in
the real engmering systems. Vibrortheological processes and effects appear under mutual
interaction of two bodies with rough contact surfaces and in relation of relative vibrational
motions one to other.

This paper was inspired by lectures and/or abstracts and papers written by the Russian
scientist Matrosov V.M. [8] and [9], Chernousko F. [2] and [3] and Blekhman I. [1]. Aim of
this paper 15 to show that basic effects and phenomena 1in the systems with vibrorheological
properties can be investigated by using free and forced vibrations of the heavy material
particle along line with Coulomb friction. Some classical problems of mechanical system
motion with no ideal constraints and friction as as well as an osillator with Coulomb friction
are presented in the books by Raskovié D., [10] and [11]. Series of papers and monograph
by Gorosko O.A. and Hednth (Stevanovi¢) K. founded a complete integral theory of the
analytical dynamics of the hereditary systems with rheological properties using knowledge
from known mechanics of the hereditary contimuum. Also, some series of published papers
by Hedrih (Stevanovié) K. - [5], [76] and [7], presented new reserch results regardiong
fractional order discrete system oscillators and their properties.

II. Free and forced vibrations of the heavy material particle along line with
frictions. This part of the papaer presents theory and models of the heavy material particle
motion along rough line with friction. Mathematical decription of the heavy material particle
motion along rough line with friction is presented in a natural coordinate system of the line.
Three cases of the material particle motion along rough line are consisdered. There special
cases are when rough line are: circle, cicloid line and parabola line. We use phase trajectory
lines as well as constant energy lines in the phase plane for these three cases which
correspond to the classical oscillator with Coulomb friction presented in Ref. [11]. For the
case of the heavy material particle motion along rough cicloid line differential equation is in
the following form:

( R @,
(1 N _for v=2Rcos—¢@=>0
m—ar‘f?e‘gﬂzuh Igfz,u |,,i=0< 2
W22 ST 2R | far 1-‘=23cos§qb<0

where s(@)=4R sing 15 lenght of cicloid line, g coefficient of the sliding friction and

equation of the phase trajectory is i the form:
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with integral constant depending on initial conditions. and changing from first branch of the
phase trajectory to the next in the series with alternations of the sign depending on the
material particle direction in the motion and corresponding alternation in the direction of the
Coulomb friction.

For all three cases of the rough line we can identify a member in the differential
equation proportional to the square of the generalized coordinate (or parameter) by which a
differential equation of the motion is expressed. This corresponds to the known case of
turbulent damping. Also. forced vibrations are considered. as well as vibrations of the line.

III. Direct and inverse task of the theory of vibrorheology. In this part we
considered two approaches to describing and solving problems in the vibrotheological
properties and how it is possible to use in the engineering practice.

IV. Smart structures are built by inclusions in the form of heavy material
particle vibrations along line with frictions. By inclusion in the continuum material some
elements such as heavy material particle vibration along rough line corresponding form can
be used to bulid new kinds of materials for engineering systems. Nonlinear phenomena and
alternations in the .,position of the stability depending on the coefficient of the sliding
friction g into continuum are sources of new consfruction possibilities and a new

continuum model for investigations as well as a new technology method.
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Relation Between Fractional Differential
Equations and Ordinary Differential Equations

V. Lakshmikantham=* and S. Leela**
*Florida Institute of Technology
Mathematical Sciences
Melbourne, FL 32901 USA
e-mail: lakshmik@fit.edu

**V/isitor, Professor Emerita
SUNY, Geneseo, NY 14454 USA

MS-24 Invited Lecture 30 minute
340

Control Methods in Vibroacoustics -
Active Noise and Vibration Suppression

Tamara Nestorovi¢*, Ulrich Gabbert¥

*Ruhr-Universitat Bochum

Mechanik adaptiver Systeme, Geb. 1A-01/128

Universitatsstr. 150, D-44801 Bochum, Germany

tamara.nestorovic@rub.de

‘TOtto-von-Guericke-Universitat Magdeburg

Institut fur Mechanik, Geb. 10, Raum 010
Universitatsplatz 2, D-39106 Magdeburg, Germany
ulrich.gabbert@mb.uni-magdeburg.de

MS-24 Invited Lecture 40 minute
237
On the stability of potential mechanical system with
tracking and dissipation forces

Alexander E. Baykovg, Pavel S. Krasilnikovy
aMoscow State Aviation Institute
Department of Differential Equations, Moscow Aviation Institute,
Volokolamskoe st. 4, Moscow, 125871, Russia
alexbaykov@mail.ru
yMoscow State Aviation Institute
Department of Differential Equations, Moscow Aviation Institute,
Volokolamskoe st. 4, Moscow, 125871, Russia
krasilnikov@ihome.ru
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MS-24 Invited Lecture 30 minute
422

Phase Trajectory of Aeroelastic Dynamic Systems
in an Expanded Phase Space

Viktorija E. Volkova*
* Dnepropetrovsk National University of the Railway Transport, Ukraine
Televizionnaya str.12 apt.48, Dnepropetrovsk, UA49005, Ukraine
drvev@mail.ru

MS-24 Invited Lecture 30 minute
291
Energy Transfer through the Double Circular Plate
Nonconservative System Dynamics

Katica (Stevanovi¢) Hedrih1, Julijana D.Simonovi¢2
1 Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosic¢a 3/22, 18000 Nis, Serbia

E-mail: katica@masfrak.ni.ac.yu, khedrih@eunet.yu

2 Faculty of Mechanical Engineering,
University of Ni§
ul. Bulevar Nikole Tesle 55/16, 18000 Nis, Serbia.
E-mail: bjulijana@masfak.ni.ac.yu

MS-24 Invited Lecture 30 minute
315

Transfer of energy of oscillations through
the double DNA chain helix

Katica (Stevanovi¢) Hedrihl, Andjelka N. Hedrih2
1 Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosic¢a 3/22, 18000 Ni$, Serbia
E-mail: katica@masfrak.ni.ac.yu,khedrih@eunet.yu

2 Faculty of f Technology, Belgrade, Serbia Grant ON142075
18 000 — Ni§, ul. Trg uéitelj Tase br. 3/9, Serbia
e-mail: sandjelka@bankerinter.net
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Katica (Stevanovi¢) Hedrih* , Srdjan Jovié
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ul. Vojvode Tankosic¢a 3/22, 18000 Nis, Serbia
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MS-24 Closing Lecture 40 minutes
348

Free and forced vibrations of the heavy material particle
along line with frictions: Direct and inverse task
of the theory of vibrorheology

Katica (Stevanovi¢) Hedrih
Faculty of Mechanical Engineering
University of Ni§, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosica 3/22, 18000 Ni§, Serbia
E-mail: katica@masfrak.ni.ac.yu,khedrih@eunet.yu
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Tomislav S. Igicl, Dragana T. Turnic2 and Natasa Z. Markovic2
1 Faculty of Civil Engineering and Architecture
A.Medvedeva 14

e-mail: tigic@gaf.ni.ac.rs
2 Faculty of Civil Engineering and Architecture
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A.Medvedeva 14
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RELATION BETWEEN FRACTIONAL AND ORDINARY
DIFFERENTIAL EQUATIONS

V. Lakshmikantham® and S. Leela®

'Florida Institute of Technology
Mathematical Sciences
Melbourne, FL 32901 USA
e-mail: lakshmik @ fit.edu

2 Visitor, Professor Emerita
SUNY, Geneseo, NY 14454 USA

Keywords: Fractional differential equations, nonlinear variation of parameters formula, com-
parison theorem.

Abstract. The relation between the solutions of fractional and ordinary differential equations is
investigated. This provides a framework to study the properties of solutions of fractional differ-
ential equations by knowing the corresponding properties for solutions of ordinary differential
equations and will pave the way for further work in this direction.

1 INTRODUCTION

Although the concept of fractional derivative goes back to the 17th century, its importance
in modeling a variety of real world problems was realized a few decades ago [1, 5]. Moreover,
only very recently, there has been a great surge in the theory of fractional differential equations
(FDE). A recent monograph provides a systematic study of the basic theory of FDE [4].

In this article, we shall investigate the relation between the solutions of FDE and ODE (ordi-
nary differential equations). This will provide a framework to study the properties of solutions
of FDE, knowing the corresponding properties of solutions of ODE. We hope this study will
pave the way for further work in this direction. We shall consider both Reimann-Liouville
type and Caputo type FDE. These require different methods, each having certain advantage in
the investigation and providing necessary tools. We shall discuss some theoretical results to
demeonstrate the idea behind these approaches.
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2 RIEMANN-LIOUVILLE TYPE FRACTIONAL DIFFERENTIAL EQUATIONS
Consider the IVP (initial value problem)
Dq:r = f(t:x): x(f)(f_fﬂ)l_ﬂz—to = xD, ‘]}

where f £ C([to, T], E"). D?x is the Riemann-Liouville fractional differential operator of order
g, 0 < g < 1 and the corresponding Volterra fractional integral equation

_f t{t —8)* 7 f(s, z(s))ds, t € [to, T, ()
[

0

z(t) = 2" (t)+

where z°(t) = ﬂ%ﬁ, ty = 0. A function x(t) is called a solution of IVP (1) if =(t) &
Coplte, T, B™), p = 1 — q. D%(t) exists and is continuous on [to, ), satisfyving (1). Here,

Cyl[to, TLR™) = {u € C((to, T), ") and (¢ — t,)Pu(t) € C([ta, T).B")}.

We shall assume the existence and uniqueness of solutions =(¢) = x(t, tp, z°) of (1). Em-
ploying the following relation of the fractional derivative D9x(¢) given by

ft(f - SJP_II:(S)EIS:) o] ‘3}
ty

we shall find a link between the solutions x(t) of (1) with the solutions of the resulting ODE so
that one can estimate the solutions of (1) by the solutions of ODE that is generated. This would
help in the investigation of the properties of solutions z(¢) by the solutions of corresponding
ODE that are comparatively easier to obtain due to its well developed theory. For this purpose,
we shall tentatively suppose the following equality

1 d

Dix(t) = ma (

w(t) = z(s) +olt,s), to<s<t=T, (4)

where the function ¢(t, s) needs some reasonable estimates later. Using (4) in (3), we have

Dt = 15 f;“ — 9 e(e) o6, 1k ),

which vields

1 d
7 = N — ) = ;
where L .
b= ——— —sPle t=T.
n(t,p. @) () & U;D(t s) q.(t,s)ds), to<t<T
Setting .
- RS -
u(t) = r{1+p}x(t)(t to) (5)
results in the following ODE
/ d .
v'(t) = Tu(t) = Fty(t) +nlt,p,¢), ylt) = 2", (6)

dt
where F(t, ) = f(¢, T(1 +p)ylt)it — to)~F). If () is any solution of [VP (1), we arrive at the
perturbed equation (6), treating
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v'(t) = F(t,u(t)), ylto) =2" (7)

as the unperturbed equation and we can utilize perturbation theory when needed to obtain the
estimates on |¢(t) |, and consequently, on |z(t]| in view of relation (5).
Let us first start with a simple linear estimate of F', namely,

|F(t, )| < k(H)]ul,
so that we get, setting m(t) = |y(#)|, m(ts) = |="|. the integral inequality

3

m(t) < mitq) +f k(s)m(s)ds, t& [te,T].

to

If we suppose that the perturbation term in (6) has the estimate
n(t.p. @)l < M(t— o)}, 0<A<1,

then, we have the Gronwall type inequality
13

m(t) < m(tg) +f [k(s)m(s) + M(s — to)*]ds. (8)
tp

Letting the right hand side of (8) equal to v(¢), we arrive at
o(t) = k(t)m(t) + Mt — to) < k(tho(t) + M(t —to),  vlta) = mito),

which vields the desired estimate on |y(t)|

£ £ i
lg(t)] < mita) exp (f k(s)ds) +f (e:{pf k'(cr)dtr) M(s —to)*ds,

t ¢ ¢
ly(t)] < =" exp (];3 k(s]ds) +£D (expl I;(cr)dcr) M(s — to)ds, t € [to, T).

We shall next prove nonlinear variation of parameters formula. For this purpose, suppose
that F, (¢, v) exists and is continuous on [y, T] > R™ Itis known [3] that the solution y{t, t;, =°)
of IVP (7) satisfies the following identity (Theorem 2.1.2 in [3])

i.e.,

d (] d o 0y —
@_fg (f:tﬂs €T )+ @y(t:f&-x )F(tﬂs €T ) = D.- ‘9}
where %y(f,tn, ), a—‘igy(t,tg,x”) are the solutions of the IVP of linear system

2= ‘F;J(f) y(t: to, 'IDJJ*Z:

with the initial conditions

z(te) = —F(to,x"), =z(ta) =1, identity matrix,
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respectively such that the identity (9) holds. Using this information, we can find the nonlinear
variation of parameters formula for the solutions of the IVP (6} as follows. Setting

p(s) = y(t, s, z(s)),
where z(t, to, z") is the solution of the IVP (6), i.e. the perturbed equation, we see that

d

a d .
Z3708) = w8, () + Gogu(t, s () s, 2(8) + n(s.p.6)]

which, in view of (9), reduces to

&
P(s) = V(s z(s))nis,p, ¢).

We therefore obtain, integrating from #, to £,

tg
o) = o)+ [ 5ozt s, 2(6)n(s, . s
to UT

which implies the following nonlinear variation of parameters formula

t 9
Z(t,!‘,g,.‘.‘to] = y(t:tﬂn ID}+/. a—oy(f,S,z(S]l]?I(S,p, @}dsa ”UJ‘
ty OT

on [ta, T7.
If f(t, ) in (1) is linear, that is, f(t,z) = A(#)x, where A(t) is a n x n continuous matrix,
then (7) reduces to

v = A(t)y (11

where A(t) = [(1 + p)A(t)(t —¢,)?. Then U(#) will be the matrix solution of (11) and (10)
reduces to

z(t,tg,x") = U(t)z" + ftU(t]U_l(s]*r}{s,p, @)ds. (12)
to

We therefore see that one can find several qualitative properties of FDE (1) from the corre-
sponding properties of ODE (&), by employing the relation (5).

3 CAPUTO TYPE FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we shall discuss the IVP for frctional differential equations of Caputo type,
namely,
‘Dix = _f(!‘,_.I:l_. x(fﬂ) = Ta, ‘]3)

for0 < g < 1. If = € C[t,, T),R") satisfies (13), it also satisfies the Volterra fractional
integral equation given by

x(t) = zp 4+ ﬁ /t:(f — ) f(s, 2(s))ds (14)

and vice versa [4]. If we suppose that the solutions x(¢, 5, zo) of ( 13) exist and are unique for
to =< t < T'. then one can utilize the following relation [4]

1 : d
D(t) = mjﬁ; {(t = s)"’ax(s)} ds

to connect the IVP (13) to a certain ODE to be obtained. Let us proceed and suppose that
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a'(t) = a'(s) + o(t, s, q), (15)

where the function &(t, s, ¢) will be chosen later in an appropriate manner depending on our
requirements. Then we get

1 : s
“Dratt) = gy [ ¢ I - sl
which reduces to
“Dz(t) = ﬁ («/(8)(t — t0)'™7) — n(t,to,q), (16)

where ,

1
nit,ta, q) = m/;o(t — &) p(t, 5, q)ds.

Using the IVP (13), we arrive at

#(t) = F(t,z) +ii(t, to,q), 2(to) = 70, an
where

F(t,z) = (2 — q) f(t, 2)(t — t5)3 } (18)

ﬁ(t:tUaQ) = r(2 _Q)?r(trtﬂaqj](f_fDJq_l‘ .

By imposing various suitable estimates on 7(t, to, ¢) and choosing f(¢, =) appropriately, we
can get bounds on z(t, ty, zy) by means of solutions of the corresponding ODE (17). As one
possible simple choice, let us suppose that

fl:f..lf:l = _)‘(f:fﬂ)xr ?ﬁ(frtﬂrq) E k(f_fDan ‘]9}

where A(t,ta) = 0is continuous and & = 0 is a constant. Then, using (16)-(18), we have a
differential inequality, component-wise,

k(t — to)

() < T2 —q) | =Mt to)a(t)(t — o)™ + 17—

; x(fu] = Tp-

Now we choose Ait, ty) = Aot — )79, Ay = 0, so that the corresponding comparison

1
T2—q)
system becomes

k(2 —
‘t-'!(t:l = —ADE-'—F .I»u(f — fg:l, l-‘l:tg) = Tn, .Iu'g = ﬁ,

whose solution is

o(t) = xq exp(—Ao(t — ta)) +f exp(—Ao(t — 8))kal(s — ta)ds, =t

to

Hence, by comparison theorem [2. 3], we have

z(t) <v(t), to<t<T.
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As in Section 2, if we suppose that F.(t, =) exists and is continuous, and proceed in the same
way, we arrive at the nonlinear variation of parameters formula, corresponding to ( 10), namely

3

x(t, to, x0) = y(t, to, o) +f w(t, s, x(s, to, w0 ) )7(s, to, g)ds

ta

o
where y(t, 5, z5) is th solution of

yf(ﬂ = F(fay(f]): g(fﬂ) = Tn,
and x(t, %o, xo) is the solution of (13). In a similar way, one can obtain the linear variation of
parameter formula corresponding to (12), given by the relation

t
2(t, to, 70) = Ult)zo + f U (s)i(s, o, g)ds.

to

Also, when one can find explicitly the solution of ODE (17), then the same function will be the
solution, in explicit form, of FDE (13). Several qualitative properties can be obtained from the
equation (13) and (17).
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so that L; corresponds to the state-space model of the controlled structure, and L; to the mod-
¢led additional dynamics, Block diagram of the optimal LQ control system with additional
dynamics is represented in Fig. 1.

......... Addiionsl dymemics | Jr

Porlk) i :

L el e O e nprakpen) |28
f oy g yIAI-Cxl4]
Levesesadescrcncscscscscnccnnns s

L SKJ=X1kI Ly ]-CRIRD) | X181
& X 1 =R Tulk)

Observer
J.L’L
j Sl 2y

Figure 1: Optimal LQ control system.

The role of the observer is to estimate the model state variables. which cannot be directly
measured. For the state estimation the Kalman filter can be used. Equations for the Kalman
filter design based on the current estumator assume the state-space equation of the plant in the
form (3) and the measurements depending on the state vanables and influenced by the meas-
urement noise y{&]=Cx{&]+ v[k]. The covanances of the process and measurement noise are

denoted as E(ww")=Q_ and E(w” ) =R, , respectively. Then the Kalman estimator is de-
fined by the following equations:

x(k]=x{k]+ L, [F](vk]-CX(K])

X[ | =Dk -1+ Tulk-1] (14)

with the Kalman gain matrix:

L_[¥]=P[AJC'R" (15)

and
P{k] = M, [k] - M, [£]CT (CM, [KICT +R,)"CM, [k] (16)
M, [k+1]=®PkD" +£Q " (17)

Matnices P and M, are deterimned by solving equations (16)-(17).

3 MODEL REFERENCE ADAPTIVE CONTROLLER

Aunother approach to the controller design suggested in this paper is model reference adap-
tive control. Controller design is based on the prescribed reference model. which defines the
desired behavior of the controlled structure. In this case the available structural model 1s used
for the mvestigation on the reference model prescription. Applied control technique 1s a direct
model reference adaptive controller [8.9], which includes the innovative integral term in the
adaptation law of the adaptive gains [10.11] to achieve robustness with respect to the bound-
ness of the system states and adaptive gains, with small tracking errors. The model reference
adaptive controller 1s designed as a discrete-time controller.
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Ob YCToﬁquO(rTH HOTEH]_IHAJILHOITIU
MEXAHUYECKOHW CHCTEMBI CO CJIEIANER H
JIMCCHIIATHBHON CUTAMHA

A. E. Baiikos, I1.C. KpacuibHuKOB

MocKoBCKHIT aBHAIHOHHBIH HHCTHTYT, Kadenpa «JudwpepeHIHATEHEIe YPaBHEHIA», MATL
Bonokonamckoe m. 4. Mocksa, 125871, Poccus

alexbaykov@mail.ru

MocKoBCcKHIT aBHAIHOHHBIH HHCTHTYT. Kadenpa «udpepeHIHATEHEIE YPaBHEHI», MAHL
BonoxkomaMckoe m1. 4, Mocksa, 125871, Poccug
krasilO6(@rambler.ru

KarwueBrble c1oBa: caeaqmmas ciila, CHIa BA3KOTO TPEHHA, 3‘(1](1]3]{T HHF,'Iepﬂ, CTa0HIH3AITHS

PaBHOBECHA

Annotamusi.  Pacemampueaemes  3pghexm  decmabunuzayuu - YOmoumuugozo
DABHOGECUA HEKOHCEPGamUGHOH clceMbl nod delicingiem CKomb VZOOHO Manoli
MuHetinoil cunel easxoco mpenus. Ilonyuenv: Heobxodumvie u OdocmamoyHvie
VCToBUS  VCMOUMHEOCIIU CUCIEMbl € HECKOTbKUMU CIMeneHIMU c80000bl O7s
CAVHAA MANO20 MPEeHUA U, KaK cledcmele, YCeIoeus CViecineosearis sggexma
decmabunuzayuu  (3¢ppexma Lluenepa). Paccwompen maxksce 6onpoc o
cmabumzayuu  pagHoeecus ¢ noMowpio bomvwiux cun mpenus. Iocmpoens
Kpumepuu Yemouuugoch PAgHOBeCUs CUCTneMbl ¢ 0GVMA cmeneHamil ceoboobl,
KO20a CUTBI  MPEHUs NPUHUMAIOM HPOU3eonvHble 3HAaYeHuA. Pe3ynomansi
UCCTEI0GAHUA NPUMEHEHB] K 3a0ade VCIOiHUEOC NI OGVX36EHHO20 MEXAHUIMA HA
niockocmu, nocmpoenst  obaacmu  yemonueocmu  u  oonacmu  Luziepa e
NPOCHIPAHCINGE NAPAMEMPOB 3aA0aUu.
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AXe)= A"+ e A (2.5
(=1

Koaddnmmert ¢, onpeensemsie ¢ momombo amropirima Jlesepee [8], npeacrasnsior

COGOH MOTHHOME! OT = ., IPHYeM
— i (2.2 L s
o =ay) +ae +..., o, =0y e+..., jJ=L...n

PaceMOTpHM BCIOMOTATEMBHBIC OIHHOMBI

A (@) = Aliw:0) = det(— T +C+P), A )= a® (~u)"
e

al
8,)=3 2n— a0 =1
J-

Tortka noxos ypassernit (1,5) yeroiiiusa B TOM 1 TOIBKO B TOM C/Iy4ae, KOI1a YpaBHeHHe
1 T
g / \
Y2 :
0 1/2 3 1

@ar. 1. 3oua [{Eryepa & napaserpax f. 0

gactorT A (w)=0 uMeer T0NpKO JeificrBaTenbHbe KOpHH. TIyerh w, >...>w >0 —

NPOCTHIE JIEHCTBITENBHEIE KOPHH ITOTO YPABHEHHS,

Crenyromas Teopema o0o0maer Teopemy | K ompenenser KpHIEPHH YCTOHTHBOCTH
CHCTEMBI € )] CTeneHAMH CBOOOIB! ¢ MATBIMH CHIAMH TPeHHS.

Teopema 2. [Tycts nommmom A, uMeeT 1 ICTBHTEILHBIX MOTOAHTETHHMX KOPHE W),

(I =1,....n). Ecou xoodipimment 1\, yIORTETBOPAET HePABEHCTBY

min A (o, ) <o, <maxA,w,), s=1..[n2] 9

to cymectsyer £, > 0 rakoe, uro pasHosecue ¢ — ¢ = 0 ypassennii (1.1) acuMmroTHycckn
yeroianso npu < € (0,4, ], rorma kax npu
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W= ysiMa, ¥V=~C0Sa
H Tepenmmey neparenctso (4.7) B name
cos’u —16/9

v(cosu + 2/3)cosu < 2 —cosu — u{cosu — 2/3)smu +
2 | cosu

(4.8)
Pacemotpuy dyarnmio f(1) = (cosu + 2/3)cosu 1 HaiiIeM MHOKECTBA, HA KOTOPHIX OHA
TIPATINMAET AnaverTis oyuroro amaka. 1lyern 0 < w < 27 'loraa
S @) >0 mpn u £[0,7¢2) U (o — arccos(2/3). 7 + arccos(2:3)) L (3772, 27,
S () <2 0 mpu w € (/2,0 —arecos(2/3) U (n +arceos(2/3),32/2)  (1.9)

OGo3Ha9HM NPABYIO TacTh HepaBeHcTBa (4.8) wepes g(u); Torma AmA Tex w, KOrila
SG) =0 (f(u) = 0), nepanericTro (4.8) tanumeres Kak v < g}/ f(w) (v = g@)/ f(1)):
Oouacts (4.8) usobpaxcena Ha $ur. 3.

@ur. 3. O67aCTH YCTOHIHEOCTH B OCPCMCHHEIX U, V

SATPHXOBAHEBIC YIACTKH COUTBCICIBYKOL TOUKAM HCYCTOMMHBOCIH, HC3AUITPHXOBAHHBIC
— VCTOHUHBOCTH, T.€. pemreHnsM HepaseHcrsa (4.8). Bugso. uro 061acts yeToRUHBOCTH
COCTOHT H3 CYETHOTO YHCA CRAIIRIX KOMITOTENT.

[epenceen 08uacts yeroirmsocy B uouocy (. ). sl 91010 CLPOMM KPUEBIC

2 -
»y 80 ox(u) — ——arclg—g(u) =

-y wiu) 2

TTapamerp » npoleraeT OaMH H3 HHTEPBAIOB, (PHIVPHPYIOMHX B (popMyiie (4.9), €O CABHIOM
aa 27k (K = 0,1,2...). OGbCAMHCHNC CHCIHOIO MG FTHN KDHBBIX SB/SCICH 1PaHHUCH
0OTACTH YCTOTYAROCTH B mapameTpax (~,a} {{ur, 1).

W) =
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ENERGY TRANSFER THROUGHT THE DOUBLE CIRCULAR PLATE
NONCONSERVATIVE SYSTEM DYNAMICS

Katica (Stevanovi¢) Hedrih', Julijana D.Simonovi¢*

! Faculty of Mechanical Engineering
University of Nig, Mathematical Institute SANU Belgrade
ul. Vojvode Tankosic¢a 3/22, 18000 Nis, Serbia
e-mail: katica@masfrak.ni.ac.sr. khedrih@eunet.yu

? Faculty of Mechanical Engineering,
University of Ni§
ul. Bulevar Nikole Tesle 55/16. 18000 Ni8, Serbia.
e-mail: bjulijana@masfak.ni.ac.sr

Keywords: Circular plate system, visco-elastic connection, energy transter, two (three)-
frequency regime, Lyapunov exponents.

Abstract. The study of the transfer energy between subsystems coupled in hybrid system is
very important for different applications. This paper presents analyvtical analysis of the trans-
Sfer energy between plates for free transversal vibrations of a visco-elastically connected dou-
ble circular plate system. The analvtical analysis showed that the visco-elastic connection
berween plates caused the appearance of two-frequency like regime of time function, which
corresponds to one eigen amplitude function of one mode, and also that time functions of dif-
Jferent vibration modes are uncoupled, but energy transfer between plates in one eigen mode
appears. It was shown for each shape of vibrations. Series of the two Lyapunov exponents
corresponding to the one eigen amplitude maode are expressed by using energy of the corre-
sponding eigen amplitude time component.

Using the analvtical solutions of the system of coupled partial differential equations,
which describe corresponding dyvnamical free and forced processes it was shown that one-
mode vibrations correspond two-frequency regime for free vibrations induced by initial con-
ditions and to three-frequency regime for forced vibrations induced by one-frequency external
excitation and corresponding initial conditions. This model of double plate system is suitable
Jor considering energy transfer between plates, by using derived partial differential equations
in the generalized form by introduction a visco-elastic laver between plates.

Also, by using energy analysis of the deformable bodies for the linear case, we can
conclude that transfer energy between eigen amplitude modes not appear, only there are two
Jfrequency component time processes in one mode and there are transfer energy between rwo
one frequency time components and between plates in one eigen amplitude mode.
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. 0.0)= 3 3 Wi . 0) T (1) =12 @

n=1 m=1
where the eigenamplitude functions v, (r.g), =12, mm=1234,.=c are the same, for both

plates in the system, as in the case with decoupled plates problem (see Refs. [8] and [19]).
Then after introducing the (2) into governing system of the coupled partial differential equa-
tions for free double plates oscillations in the form (1) and after multiplying first and second
equation with w,__(r g)drde and after integrating along the middle plate surface and taking

mto account olﬂlogouahty conditions and corresponding equal boundary conditions of the
plates, we obtain the »m-family of the systems containing coupled two ordinary differential
equations for determination of the unknown time functions 7, (r). i=12, nm=1234...» 1n the

following form:

Tl,'\m(I)Jr o (I]Jrz‘)mTl \wm( ) alz Tl‘mm( ) 28y, T’ nm( t)=0 n.m=1234...=

{1 jomm \llwm
. 5 X I ) 2
T jum (r)+ D jm Tlllnm(r)_ 2".‘23T|2'|m(")_ amy Tu':_\m( t)- 28y Tu m( f)=0 (3)

where ax,,, = k,..ch + afy and &}, characteristic numbers depending of the plates equal

(i Jam

boundary conditions. After eliminating the time function T, (:) from the previous mn -family

of the system of coupled second order ordinary differential equations, we obtain »m -family of
one four order ordinary differential equation with the corresponding mn -family characteristic
equations in the form of the polynomial four order equation with respect to unknown charac-
teristic eigen mumbers A nm=1234... s=12 and each of the sets with two conjugate

Yim(s) >

complex roots 4 nm=1234..=,s=12 in the form:

nm[::)l.Q 2

A =0, T B, M= 1,234, ,5

Tam(z )12 ol s )

1,

[¥]

where — ‘5;1)1;[5] real and @, ., imaginary patts of the corresponding pair of the roots of the

nmts
characteristic equation. We also take in consideration case when kinetic parameter satisfy
condition that roots are conjugate complex numbers with negative real parts. Late we can
consider other cases of the roots.

We can compose formally the system equation (3) by the following matrices of the inertia

A, . of the quazielastic coefficients c,, and of the damping force coefficients B, of the dy-
namical system corresponding to the mn -family, with two degrees of freedom:
(1 ()-| —Gﬁ\“ 25 _25.0% =
A = | S s S _ 29y < 5
and by using the solutions in the form of:
Il\mﬂ I) C| Jm€
Tapon 1) = Cljpme™ (6)
where 4, , n.m=1234.. are unknown own characteristic numbers, ¢, unknown ampli-
tude. Then characteristic equati(m of the mm -family 1s in the form of:
. 5 ) 2(3' o ) - 26 ‘/u —-a;
Funn) =2 + 4B, +Co| = s N (@)
- zr‘)\ZI’)‘nm —ap, Do + 284, + O,

109



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

110



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

111



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

112



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

113



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

114



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

115



Katica (Stevanovi¢) Hedrih', Julijana D Simonovié®

Ek_um:l y+ Ep 1) = Px_j’h ['T] Y (f}}! + (T H)‘]: w};i'w (4))
4 (L
2* Reduced values of the total energy of the second plate on the nm -mode:
By * it =22y O + 0 T () |- B * Epma e

‘\({\IEw‘w

3* Reduced value of the total energy of the both plates:

Enip1.02) = Et ity T Epomt) + Exmiz) + Ep mi2)

4* Reduced Rayleigh function of the dissipation § ,nm=1234,. .« of the coupled

(1.2 Jiaver

plates:

1y, T, | = Deaan &)
' : M

rn{1.2 Jayer
’ 2

®

(imsr

5* Reduced value of the total energy of the system caried by nm mode is:

0

wm=syst = Em(p1,p2) T E pun(t 20mer T E pam(1.2) (48)

For the case of the free own transversal oscillations of the plates in the double plate system
with pure elastic layer total energy on the corresponding mode is constant during the oscilla-
tions and equal to the system energy of the corresponding mode at initial moment. We can see
that energy depend of the two amplitudes correspond to nm - mode. Relation

(49)

is valid for every nm - mode form infinite sets.

On the base of the backward energy analyses of the given system we are now in posi-
tion to get the analyses of energy exchange in the nm mod of oscillation for special initial
condition options.

Example special case 1*: For the case that initial conditions give as the following the plate
time functions r, ;) and r, (ydepends of only one frequency:
f- T, f (50)

(2 ]rm

. _E o -
()= ConyRemee ™" c08,

‘min(1]

o R
Titpan(£) = Ry ™" 083,

(1

The energy interaction is equal to zero, and energy transfer between plates don't appear.
The figure 2. presents the times function 1 (r) and 1, (r) of the first mode of plates oscilla-

tion for referred case with corresponding reduced values of kinetic, potential and total en-

ergy for both plates.

c)

(¢) of the first mode of plates oscillations; b) corresponding

Tom
=

Figure 2: a) The times function 7 (y) and 1,

rechuced values of kinetic and potential energy of the first plate; ¢) corresponding reduced values of kinetic and
potential energy of the second plate: and d) total energy for both plates
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Keywords: Double DNA chain helix, Eigen main chains, Kinetic and potential energies,
transfer energy.

Abstract, Expressions for the kinetic and potential energy as well as energy interaction be-
tween chains in the double DNA chain helix are obtained and analyzed for a linearized model.
Corresponding expressions of the kinetic and potential energies of these uncoupled main
chains are also defined for the eigen main chains of the double DNA chain helix. By obtained
expressions we concluded that there is no energy interaction between eigen main chains of
the double DNA chain helix. Time expressions of the main coordinates of the two eigen main
chains are expressed by time, and eigen circular frequencies. Also generalized coordinates of
the double DNA chain helix are expressed by time and eigen circular frequencies. These data
contribute to better understanding of biomechanical events of DNA transcription that occur
parallel with biochemical processes. Considered as a linear mechanical system, DNA mole-
cule as a double helix has its eigen circular frequencies and that is its characteristic. Mathe-
matically it is possible to decouple it into two chains with their eigen circular frequencies
which are different. This may correspond to different chemical structure (the order of base
pairs) of the complementary chains of DNA. We are free to propose that every specific set of
base pair order has its eigen circular frequencies and its corresponding oscillatory energy
and it changes when DNA chains are coupled in the system of double helix. Oscillations of
hase pairs and corresponding oscillatory energy for specific set of base pairs may contribute
to conformational chances of DNA double helix, and its unzipping and folding.
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aress Of Serbian Society Of Mechanics-IConSSM 2009,M1-03, CD, pp. 1-15
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APPENDIX
NOMENCLATURE

DNA — Deoxyribonucleic acid (DNA)
@[ rad | - generalized coordinate — angles of the & -th base of the first chain of the double

DNA chain helix;

@, » [ rad ] - generalized coordinate — angles of the & -th base of the second chain of the dou-
ble DNA chain helix;

J., [kgm®1- is the axial moment of mass inertia of the & -th base of the first chain of the
double DNA chain helix;

J. o[ kgm*]- is the axial moment of mass inertia of the k -th base of the second chain of the

double DNA chain helix;
D [rads™] - angular velocity of the k -th base of the first chain of the he double DNA chain

helix;

Jo, =m g7, Jii= mﬁrj [kgm?*] - the base pair the axial moments of mass inertia ;

m,, [kg T- the value of the base mass

r, [m]- the length

J.,=m,r. [kgm"] - the corresponding axial moment of mass inertia for all possible base
pair authors accepted as in the Reference [17].

K,,, i=12 [KImol']- parameters characterize the energy of interaction of the & -th base
with the (& +1)-th one along
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Eatica K. (Stevanovic) Hedrh

1 INTRODUCTION

We start with explanations of vibrorheological effects observed in the real engineering
systems. Vibrorheological processes and effects appear under mutual interaction of two bod-
ies with rough contact surfaces and in relation of relative vibrational motions one to other.
This paper was inspired by lectures and/or abstracts and papers written by the Russian scien-
tist Matrosov V.M. [14] and [15]. Chernousko F. [2] and [3] and Blekhman I. [1]. Aim of this
paper is to show that basic effects and phenomena in the systems with vibrorheological prop-
erties can be investigated by using free and forced vibrations of the heavy material particle
along line with Coulomb friction. Some classical problems of mechanical system motion with
no ideal constraints and friction as as well as an osillator with Coulomb friction are presented
in the books by Raskovi¢ D.. [16] and [17]. Series of papers and monograph by Gorosko O.A.
and Hedrih (Stevanovi¢) K. founded a complete integral theory of the analytical dynamics of
the hereditary systems with rheological properties using knowledge from known mechanics of
the hereditary continuum [4].  Also, some series of published papers by Hedrih (Stevanovic)
K. - [5]-[15]. presented new reserch results regardiong fractional order discrete system
oscillators and their properties. as well as viscoelastic properties.

2  FREE VIBRATIONS OF THE HEAVZ MATERIAL PARTICLE ALONG ROGHT
CURVELINEAR LINE WITH COULOMB FRICTION

For beginning let us consider free vibrations of the heavy material particle along rough line
with Coulomb Friction (see Figure 1.). For the case that curvilinear line is in the vertical
plane Ovz , we can take fhat equation of the curve-linear line is: z=f(x), or

filx.z)=z= f(x)=0 and with the following properties f(—x)= f(x) and that coordinate
pole is in the zero point f (0): 0 in which line have minimum. Also. it is same for the case
that f(—x)= f(x). £(0)=0 and f(x)=0. f(-—x)=0 with minimum of the =__ = £(0).
Heavy material particle. mass m , moving along rough curvilinear line with Coulomb
sliding friction coefficient x . is loaded by proper weight mg . as an active conservative force

and by two components of non ideal constraint reactions, one F,, - normal ideal constrain
reaction and 7, tangential component of the non ideal constraint reaction induced by friction

and proportional to the normal component reaction Fy . F, =—ply sign v

o

Figure 1. Heavy material particle motion along rought curvelinear line with Coulomb friction

As the material particle is loaded by active conservative force G = mgk . and for the reason
that material particle constrained by non ideal constraint - rough curvilinear line as the
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8 CONCLUSIONS

For all three cases of rough line we can identify a member in the differential equation
proportional to the square of the generalized coordinate derivation with respect to time (or
parameter) by which a differential equation of the motion is expressed. This corresponds to
the known case of turbulent damping. Also, forced vibrations are considered, as well as
vibrations of the line.

Change of the friction force is a discontinuity expressed in the alternation of the friction
force direction. and in the double alternate equilibrium position as a consequence of the dis-
continuity of the friction force direction.

Bifurcation of the equilibrium position at zero point.x=0.0r @ =0, or s =0 appears un-
der the influence of the force of friction during the material particle motion along the no ideal.
rough curvelinear line, circle. as well as along cycloid, or Parabola line, with coefficient of
the Coulomb sliding friction u = tge, . One position of the stable equilibrium state disappear,
and. as a result of the bifurcation is caused by no ideal constraint of arbitrary type of rough
line. curvelinear line, circle line. cycloid, parabola line, e.g.. two new and alternate equilib-
rium positions. For circle ¢ ==a,. for cycloid s(@,)=s, = T4Rsine, . for parabola line

= isirgyo. e.g., appear as a set of the double equilibrium positions with property of the

P
alternation.

We can see that a special case of the trigger of the singularities appears with force of
slayding friction. A discontinuity is a special case of nonlinearity and alternations of the
sliding force direction with direction of the velocity. Jumps of the force friction ditrvtion is
present as a soft impact in the system.
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Prof., Dr., Eng., B.Sc. D/Iathematic’ian,
DANILO P. RASKOVIC,

full-professor at the Faculties of Mechanical Engineering
in Belgrade, Nis, Kragujevac and Mostar, and the Facul-
ties of Science in Belgrade and Novi Sad

Danilo Raskovié¢, a doctor of technical sciences and mathematician with a university degree,

was the founder of the first scientifically based courses of mechanics at the Faculty of Mechanical
Engineering in Belgrade. He also introduced courses on the subject of resistance of material, elas-
ticity theory, and oscillation theory all of which he taught, too. He was the author of many high-
circulation textbooks of high scientific level and good mathematical foundation. He introduced vec-
tor, matrix and tensor calculus in the studies of mechanics at the Faculty of Mechanical Engineer-
ing in Belgrade and, later on, did the same at the mechanical engineering faculties in Ni§,
Kragujevac and Mostar. He enabled the Faculty in Belgrade, and similar schools elsewhere, to pro-
duce highly qualified and educated engineers which was one his greatest contributions. He wrote
the first university textbook in Serbia on oscillation theory containing his original accomplishments
in the field. He achieved considerable scientific results in the fields of elasticity theory and oscilla-
tion theory. With a good human resource base at Ni§ Faculty, which he had set up, he started re-
search work into the field of nonlinear mechanics. His scientific work is important because in all of
his projects he succeeded in connecting theories of elasticity and oscillation, and engineering prac-
tice. He wrote 25 university textbooks which covered the entire field of mechanics and related areas.
Almost all of them had been reprinted several times, with some of them having 20 reprints. His ex-
cellent textbooks were in use on the territory of the entire former Yugoslavia, which was in tatters
under the powerful influence of fascism during the Second World War.
Thanks to Professor Danilo Raskovié¢, the faculties of mechanical engineering of Serbia, Bosnia
and Herzegovina, and all the other republics of the once unified Yugoslavia, which are now sepa-
rate states, produced excellent mechanical engineers. Raskovi¢ was a patriot and an honourable
man. He was the recipient of the October award of the city of Ni§ for his contributions to the devel-
opment of science at the city’s university.

This distinguished scientific figure of exquisite creative energy and inspired enthusiasm, a
scholar deeply attached to the Yugoslav and Serbian scientific and cultural heritage, and an exqui-
site pedagogue of high moral principles is in the living memory of many generations of students
whom he taught how to learn and love mechanics, as a basic scientific branch of mechanical engi-
neering either directly, through his lectures, or through his various and numerous textbooks and
compilation of problems. His disciples and colleagues are glad that he had the ability to pass onto
them his great enthusiasm permeated with his sincere devotion for mechanics and his exquisite sci-
entific eagerness.

Professor Danilo P. Raskovi¢ was born in 1910, in UZice. Upon completing elementary school
and six grades of high school, he graduated from the Military Academy in 1930. As an engineering
military officer he enrolled in the department of mechanical and electrical engineering at the Facul-
ty of Engineering in Belgrade, in 1933. Having graduated in 1938, he enrolled in the department
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of theoretical mathematics at the Faculty of Philosophy and graduated from it in 1941. As a gradu-
ate mechanical engineer he was appointed assistant section head of the Military Technical Institute
in Cagak. He remained in that position during 1941. In 1942 he was appointed assistant at the Fa-
culty of Engineering in Belgrade where he earned hid doctorate’s degree in the same year, upon
presenting his thesis entitled Tangential Strains of Normally Profiled Beams.

Professor Raskovi¢ lectured mechanics, strains of materials and oscillation theory at the facul-
ties of mechanical engineering in Belgrade, Ni§, Kragujevac, Novi Sad and Mostar, as well as at the
Faculty of Science in Belgrade, Faculty of Philosophy in Novi Sad, Faculty of Electronics in Ni§,
and at the Military Technical College in Belgrade. More details on the research work of Professor
Raskovi¢ can be found in the Belgrade University Bulletin no.75 of 1957, issued on the occasion of
his appointment as a full professor at the Faculty of Mechanical Engineering in Belgrade. During
his university career, he was twice elected Vice-Dean of the Faculty of Mechanical Engineering of
Belgrade University. In the mechanical engineering department at the Faculty of Engineering in Nis,
he lectured statistics, kinetics, kinematics, dynamics, oscillation theory, resistance of material,
theory of elasticity, as well as analytical mechanics, theory of nonlinear oscillations and continuum
mechanics at the postgraduate level. He was the first head of the department of mechanics and au-
tomatics at the Faculty of Mechanical Engineering in NiS. He was an extremely inspired professor,
scientist and practitioner much favoured among his students and respected by his colleagues both as
a professor and an engineer, because he knew how to relate engineering theory to practice.

Professor Raskovi¢ was a very fertile writer. While still in the military service he wrote five
professional papers. In the period before 1957, when he was appointed full professor, he published
26 scholarly papers. As a full professor he wrote 37 pieces of scientific work that were published in
scientific journals of the Serbian Academy of Sciences and Arts, Polish Academy of Science, Ger-
man Society of Mechanics ZAMM and some other foreign journals. He took part in a number of
scientific meetings in the country and abroad. He reviewed papers for four leading referral journals
in the world: Applied Mechanics Review (USA), Mathematical Review (USA), Zentralblatt fir Ma-
thematik (Germany) and Referativnii Zurnal (Moscow). Professor Raskovi¢ was a member
of several professional and scientific societies/association in the country and abroad, the GAMM
being one of them. He initiated the foundation of the Yugoslav Society of Mechanics during 1952.

He wrote a considerable number of university textbooks which ran through numerous editions.
Some of them still hold records as for the number of editions and copies printed within the group
they belong to. In addition, he wrote a series of textbooks on the subject of mechanics for second-
ary technical schools, as well as a number of chapters in professional technical handbooks, mimeo-
graphed course materials and textbooks for post-secondary schools of mechanical engineering. He
also wrote several textbooks for postgraduate studies.

Among the publications for postgraduate studies the following should be mentioned: Analyti-
cal Mechanics, Theory of Elasticity and Tensor Calculus.

Most of his university textbooks and publications were at the time of their first edition the only
professional literature on the subject, in the Serbian language. So, his publications played an impor-
tant part in spreading of the knowledge in the field of technical mechanics among students, and
mechanical and other kinds of engineers in Serbia and Yugoslavia. It is particularly worth mention-
ing that he has interpreted all the material by the most modern mathematical apparatus and has illu-
strated it by numerous examples from the engineering practice. Many of the cited university
publications are being reprinted even nowadays and are still used by both students of engineering
and engineers themselves.

Although it has been ten years since he left us, Professor Raskovi¢ is still present among new
generations of students, and engineers, through his renowned textbooks that bear the memory of his
merits and which have also left an indelible imprint on the development of mechanical engineering
science and practice, and on the formation of many a generation of university professors. His life
and work have set an example to future generations of students educated at the University of Nis§
and provided them with a creative impulse. He is an everlasting paradigm and a proof of how one’s
deeds can outlive one’s physical existence by far.
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In 1962 Professor Raskovi¢, as the head of mechanics department at the Institute of
Mathematics of the Serbian Academy of Sciences and Arts, organized research work in four dif-
ferent study groups, each one dealing with a particular subject, which were: Stability of motion -
Problems of anisotropic incompatible materials with finite strain - supervised by Dr Rastko Sto-
janovi¢ and Optimal problems of mechanics -supervised by Prof. Dr. Danilo Raskovi¢.

According to records from the mechanical engineering faculties in Belgrade and Nis, as well
as those from the Zentralblatt’s data base, he traveled abroad on several occasions in order to par-
ticipate in international scientific gatherings or to expend his knowledge. In 1957 he went to Berlin
to do his specialization studies with a piece of work which was published in the Proceedings of the
20th International Congress of Applied Mechanics. In September 1956, in Brussels, he participated
in the working of the said congress. He took part in international congresses of applied mathematics
and mechanics of the German society GAMM a few times: 1957 - in Hamburg and 1958 - in
Saarbriicken. Also, in 1959, 1961 and 1962 he was delegate of the Yugoslav Society of Mechanics.
In 1963, in Karlsruhe, he represented Mathematical Institute of the Serbian Academy of Sciences.
In 1966, in Darmstadt, he “produced a scientific statement in the field of oscillation theory” and in
1968 in Prague, Czechoslovakia, he had a paper entitled Second order acceleration (jerk) for the
relative motion of a body expressed by a matrix method.

He also participated, several times, in the working of the International Conference of Nonli-
near Oscillation (ICNO): 1962 in Warsaw, as a delegate of the Council of Science of the People’s
Republic of Serbia; 1969 in Kiev; 1972 in Krakow, at the *72 ICNO.

Between the 1963/64 and 1973/74 academic years he was Head of the mechanics section of
the mechanical engineering department at the Technical Faculty in Ni§, while giving lectures on all
subjects from the mechanics group. Simultaneously, he taught mechanics at technical faculties in
Kragujevac and Mostar and, for a while, also the subject of applied mathematics at Novi Sad Facul-
ty of Mathematics. He accepted the position in Nis after being acquitted of the duty as a lecturer at
the Faculty of Mechanical Engineering in Belgrade. The said acquittal was brought in by the Facul-
ty in Belgrade, and was registered under the no. 67/8, in January 1964. Comments on the contro-
versial decision are left to the others. For further reference readers should look into the book (*).

In 1974/75 he was arrested in Mostar, Bosnia-Herzegovina, and unjustly sentenced. Following
the experience, he worked on new editions of his high-circulation textbooks, out of which the 10th
edition of Mechanics | for university studies deserves a special mention as does the 15th edition of
his handbook containing tables from the strength of materials. Last months of his life he spent pre-
paring his textbook Elasticity Theory for publishing. It came out in 1985 but he did not live to see it.

He died, unexpectedly, on January 29, 1985 in Belgrade.
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