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ABSTRACT. A series of theorems of mechanical energy change in dynamics of discrete fractional 
order system and of a multi-deformable body fractional order system are defined with corresponding 
proofs. Using structural, qualitative and mathematical analogies between mechanical chain system and 
electruical chain system the theorems of total mechanical energy change in mechanical fractional order 
system are presented as analogous with the theorems of total electrical energy change in electrical 
fractional order system. 

 Some of theorems for discrete fractional order system dynamics are: 
Theorem 1: For a class of fractional order no conservative system dynamic, with n  degrees of 

freedom, and defined by: matrix of inertia properties  ( ) nk
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Theorem 2: For a class of fractional order no conservative system dynamic, with n  degrees of 

freedom, and defined by: matrix of inertia properties  ( ) nk

njkja
,...,3,2,1

,...,3,2,1

=↓

=→
=A   , matrix of rigidity  properties 

( ) nk
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=↓
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=C   , matrix of viscoelastic creep fractional order   properties ( ) nk
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then rate of each system independent eigen main fractional order mode total mechanical energy 

spotskins ,, EEE +=   degradation is equal to negative sum of double Rayleigh function sΦ2  and matrix 

product between velocity sξ&  and first partial derivative 
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Hybrid system contains multi deformable bodies (beams, plates or membranes), same boundary 

conditions, coupled by discrete continuum layers. Discrete continuum layers are built by standard elastic 
and inertia properties and fractional order elements homogeneously distributed between each of two 
adjacent deformable bodies. During the dynamics of deformable bodies in transversal direction each of 
standard elastic, and inertia, and fractional order elements obtain extension or compression equal to 
difference  between two displacements of the corresponding  body points for which are coupled its ends: 

( ) ( ) ( )tyxwtyxwtyxw kkkk ,,,,,, 1,1 −=∆ ++
 for plates and membranes, and ( ) ( ) ( )txwtxwtxw kkkk ,,, 1,1 −=∆ ++

 for beams 

and belts. Energy analysis of dynamics of definrd multi-deformable body system with elastic, and 
translator ind rotator inertia properties, and fractional order discrete continuum layers is presented. Sries 
of theorems are defined and proofed. One of theorem is: 

 
 
 
 
 
 



 
 

 

Theorem 3. Generalized forces slojaelem
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energies   and known Rayleigh function of energy dissipation slojaelem−Φ  and generalized function of 
fractional order element energy dissipation in the form: 
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( )α−Γ 1  is Euler Gama function, ( )1, +kkcα  are rigidity coefficients expressing fractional order dissipation 

properties,  and α  a rational number between 0 and 1, 10 << α , expressing dissipation properties of 

standard fractional order element, for generalized coordinates ),,( tyxw
k

 and ),,(1 tyxw
k +  displacement of 

deformable bodies at the point of contacts with discrete continuum elastic, inertia and fractionaL order 
layer are in the following forms: 
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 expressed by energies and energy dissipation which posses discrete continuum layer. 
 Other theprems are related to the change: * of total mechanical energy of one eigen amplitude 
mode and generalized function of fractional order energy dissipation; * of a total mechanical energy of a 
eigen time mode of eihrn time function correspond to one eigen amplitude mode. Transiet of enegy 
between defrmable bodies in the hybrid system is analyzed.   

Ttheorem 4. Change of total mechanicale energy of the multy bory fractional order system 

dynamics is equal to the power of dissipative forces and fractional order dissipative forces work along 

corresponding system displacements:  
( ) ( )

( ) ( )[ ]( )
( ) ( )[ ]( ) ( ) ( )( )

( )

∑
=

=
+

+

+≤< −
−∂

−Φ∂
−Φ−=

=
+

+
+

3

0,,
1

1

1

110

,,,,

4

,,,,
,,,,

,,,,
2

tyxw
k

kk

kkt

kkt

layers

layerslayersbodiesbidies

tyxwtyxw
tyxwtyxw

tyxwtyxw

dt

d

dt

d

&&
α

α
α

D

D

pkpk EEEE

    (7) 

Where  

( )
( ) ( )[ ]( )

( ) ( )[ ]( ) ( ) ( )( )tyxwtyxw
tyxwtyxw

tyxwtyxw
kk

kkt

kkt
kk ,,,,

,,,,

,,,,
1

1

110
1,10

&& −
−∂

−Φ∂
= +

+

+≤<
+<< α

α
α

α
D

D
P         (8)

 power of fractional order dissipative forces of a discrete continuum layer between two deformable bodies 

(plates,, or membranes, or beams)  and along displacements of upper ( )tyxwk ,, and lower ( )tyxwk ,,1+  

body (plate or membrane); and  [ ]•α
t

D  is fractional order differential operator of the thα  derivative with 

respect to time t in the following form[4-11]: 
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Figure1. Qualitative and mathematical analogous fractional order chains: a* mechanical fractional order 
chain system and b* electrical fractional order chain syste as well as ; c* multi circular membrane  and d* 
multi rectangular membrane system on the fractional order discrete continuum fundation. 
 
 
Table 1. Qualitative and mathematical analogous fractional order system energies: a* mechanical 
fractional order system and b* electrical fractional order system 

 
 

( )α−Γ 1  is Euler Gama function, and ( )1,0 +kkc  and ( )1, +kkcα  are rigidity coefficients – momentary ( expressing 

ideal elastic properties) and prolonged one (expressing fractional order dissipation properties),  and α  a 
rational number between 0 and 1, 10 << α , expressing elastic and dissipation properties of standard 

fractional order element. 
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α
αα D generalized  function of fractional 

order  discrete continuum layer  energy dissipation  for 10 ≤< α . 
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IMPALA                                   BOOKING REF: YI4J62 

KUMODRASKA 10                            DATE:        28 JULY 2015 

BEOGRAD 

TELEPHONE: 381 11 2497 882               HEDRIH/KATICA MRS 

FAX:       381 11 309 6428 

EMAIL:     INFO@IMPALAYU.COM 

 

 

FLIGHT     JU 310 - AIR SERBIA                          SUN 06 SEPTEMBER 2015 

----------------------------------------------------------------------------- 

DEPARTURE: BELGRADE, RS (NIKOLA TESLA), TERMINAL 2               06 SEP 06:40 

ARRIVAL:   PARIS, FR (CHARLES DE GAULLE), TERMINAL 2D -          06 SEP 09:15 

           AEROGARE 2 TERMINAL D 

           FLIGHT BOOKING REF: JU/YI4J62            LAST CHECK IN TIME: 05:55 

           RESERVATION CONFIRMED, ECONOMY (L)                 DURATION: 02:35 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

           BAGGAGE ALLOWANCE:        1PC 

           SEAT:                     05B CONFIRMED FOR HEDRIH/KATICA MRS 

           MEAL:                     MEAL 

           WHEELCHAIR-FOR RAMP CONFIRMED 

NON STOP   BELGRADE TO PARIS 

           OPERATED BY:              AIR SERBIA, JU 

           EQUIPMENT:                AIRBUS INDUSTRIE A320-100/200 

 

FLIGHT     AF 272 - AIR FRANCE                          SUN 06 SEPTEMBER 2015 

----------------------------------------------------------------------------- 

DEPARTURE: PARIS, FR (CHARLES DE GAULLE), TERMINAL 2E -          06 SEP 11:05 

           AEROGARE 2 TERMINAL E 

ARRIVAL:   TOKYO, JP (TOKYO INTL HANEDA), TERMINAL I -           07 SEP 06:00 

           INTERNATIONAL TERMINAL 

           FLIGHT BOOKING REF: AF/YI4J62            LAST CHECK IN TIME: 10:05 

           RESERVATION CONFIRMED, ECONOMY (T)                 DURATION: 11:55 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

           BAGGAGE ALLOWANCE:        1PC 

           SEAT:                     38K CONFIRMED FOR HEDRIH/KATICA MRS 

           MEAL:                     SNACK/MEAL 

           WHEELCHAIR-FOR RAMP CONFIRMED 

NON STOP   PARIS TO TOKYO 

           OPERATED BY:              AIR FRANCE, AF 

           EQUIPMENT:                BOEING 777-200/200ER 

 

FLIGHT     AZ 787 - ALITALIA S.A.I. S.P.A.              SUN 20 SEPTEMBER 2015 

----------------------------------------------------------------------------- 

DEPARTURE: TOKYO, JP (NARITA INTL), TERMINAL 1                   20 SEP 13:00 

ARRIVAL:   MILAN, IT (MALPENSA), TERMINAL 1                      20 SEP 18:30 

           FLIGHT BOOKING REF: AZ/MXR7SR 

           RESERVATION CONFIRMED, ECONOMY (X)                 DURATION: 12:30 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

           BAGGAGE ALLOWANCE:        2PC 

           SEAT:                     23K CONFIRMED FOR HEDRIH/KATICA MRS 

           WHEELCHAIR-FOR RAMP CONFIRMED 

NON STOP   TOKYO TO MILAN 

           OPERATED BY:              ALITALIA S.A.I. S.P.A., AZ 

           EQUIPMENT:                BOEING 777-200/200ER 

 

 

 

 

 

FLIGHT     AZ 7076 - ALITALIA S.A.I. S.P.A.             SUN 20 SEPTEMBER 2015 

----------------------------------------------------------------------------- 

DEPARTURE: MILAN, IT (MALPENSA), TERMINAL 1                      20 SEP 20:55 

ARRIVAL:   BELGRADE, RS (NIKOLA TESLA)                           20 SEP 22:35 

           FLIGHT BOOKING REF: AZ/MXR7SR 

           RESERVATION CONFIRMED, ECONOMY (X)                 DURATION: 01:40 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

           BAGGAGE ALLOWANCE:        2PC 

           WHEELCHAIR-FOR RAMP CONFIRMED 



NON STOP   MILAN TO BELGRADE 

           OPERATED BY:              AIR SERBIA, JU 545 

           EQUIPMENT:                AIRBUS INDUSTRIE A319 

 

 

 

FLIGHT TICKET(S) 

----------------------------------------------------------------------------- 

TICKET: AF/ETKT 057 9340299346-47 FOR HEDRIH/KATICA MRS 

 

 

GENERAL INFORMATION 

----------------------------------------------------------------------------- 

 

CHECK YOUR TRIP ONLINE 

https://www.checkmytrip.com/CMTServlet?R=YI4J62&L=US&N=HEDRIH 

 

 

 

T. Kawaguchi<tensor-ns@nifty.ne.jp>; 
  

From: T. Kawaguchi  
Sent: Monday, August 31, 2015 11:50 PM 
To: Katica Hedrih  

Cc: T. Kawaguchi  
Subject: Re: Address in Japan 

  

Tsukuba, Sept. 1, 2015 

  

Dear Professors  Hedrih and Prvanovic, 

        Thank you for your kind message.  I and my wife Akemi are good health. 

In Tokyo, we have arranged that you with your grand daughter and Mrs. Prvanovic  

together will stay in my apartment at Tokyo: 

Komagome 1-3-5-302, Toshima-ku, Tokyo. 

Tel. 81- 03-3947-3910, Mobil Phone: 090-9150-4681 (Tomoaki), 090-8486-7413 (Akemi), 

81 means Japanese country code, 03 means Tokyo code. 

My apartment is not so large, but it is in center of Tokyo, and very near Komagome 

Station (JR rail way, Yamanote line). 

During conference, you can put big laggage etc. 

  

In Tsukuba, we also arranged Guest House of Univ. of Tsukuba,  

Room No. 407, for Mrs. Prvanovic, Tel. 029-853-8707 (direct),  

Room No. 408(twin), for you and Grand daughter, Tel. 029-853-8708 (direct) 

Room No. 406 (twin), for I and my brother, Tel. 029-853-8706 (direct). 
  

On 7th Sept., my wife Akemi will pick up you and Prof. Prvanovic at 

Tokyo Haneda airport, after then will go to my apartment. After some rest there, 

evening, Prof. H. Endo and Prof. T. Kashiwada will guide and accompany all member 

to Univ. of Tsukuba. 

    All member: Prof. Prvanovic, Prof. Hedrih and Miss Mihaela, Dr. Zerrin Senturk.  

  

Looking forward to seeing soon, Sincerely yours,  

                    Tomoaki KAWAGUCHI and Akemi KAWAGUCHI 

  

 

 

 

 



 



 



 


