Inverses

4. Inverses

rd Brualdi, Drago¥ Cvetkovié A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 1/10



Deﬁmtlon 5.3.1 (p. 103)

Let D be a digraph with vertices 1,2,...,n. Let
1 and j be vertices of D. A 1-connection of vertex 17
to vertex j is a spanning subdigraph D[i — j] of D
with the following properties:
1° If i # j, then

(i) exactly one edge leaves, but no edge enters,
vertex 1;

(ii) exactly one edge enters, but no edge leaves,
vertex j;

(iii) for each vertex k # i, j, exactly one edge en-
ters, and exactly one edge leaves, vertex k;
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Definition 5.3.1 (p. 103)

Let D be a digraph with vertices 1,2,...,n. Let
¢ and j be vertices of D. A I1-connection of vertex i
to vertex j is a spanning subdigraph D[i — j] of D
with the following properties:

2° If i =7, then
(i) no edges enter or leave vertex i;

(ii) for each vertex k # i, exactly one edge enters,
and exactly one edge leaves, vertex k;
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1° I i
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1-connection D*[i — j]
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Inverses

Cofactors and 1-connections
1° If i#

slide 4.1
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1-connection D*[i — j]

o(L) =e(D7li = j]) +1
w(L) =

T e .
agj - w(D*[i — j])
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20 If =3

1-connection D*[i — i
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Cofactors and 1-connections

Inverses

20 If =3
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1-connection D*[i — 4]

c(L) =c(D*i —i]) +1
w(L) = ai; - w(D*[i — 1))
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Example (p. 104)

Find all 1-connections of digraph D.
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1 < 2 1 < 2
3 4 3 4

1. 2.

D[1 — 1]
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3.

D[1 — 2]

d Brualdi, Drago¥ Cvetkovié A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 6 /10



Inverses Cofactors and 1-connections slide 4.1

4.

D[1 — 3]
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5.

D[1 — 4]

d Brualdi, Drago¥ Cvetkovié A Combinatorial Approach to Matrix Theory (slides by Vladimir Balti¢) 6 /10



Inverses Cofactors and 1-connections slide 4.1

1 < 2 1 < 2
3 4 3 4

6. 7.

D[2 — 1]
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1 < 2 1 < 2
3 4 3 4

8. 9.

D[2 — 2]
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10. 11.

D[2 — 3]
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12. 13.

D[2 — 4]
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14. 15.

D[3 — 1]
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16.

D[3 — 2]
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17.

D[3 — 3]
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18.

D[3 — 4]
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19. 20.

D[4 — 1]
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21.

D[4 — 2]
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22.

D[4 — 3]
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1 2 1 2 1 2
3 4 3 4 3 4
23. 24. 25.

D[4 — 4]
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There are 25 1-connections of digraph D.

D
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Theorem 5.3.2. (p. 105)

Let A = [a;;] be an invertible matrix of order n,
and let A~' = [a/;]. Then

Z (_1)C(D*[@—’]])+1w(D*[Z — ]])

> () Du(L)

LEL(A)
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Example 5.3.3. (p. 106)

Let
[ 0 1 0 0 0

e
e
—_
e
e

0 0 0 0 e 1
__a'n —Qp—1 —Qp—2 —Qn-3 e —ax

Find A~1.
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0 1 0 0 - 0 1

0 0 1 0 0

0 0 0 1 0

A=

0 0 0 0 1

L—an —Qpn—1 —anp_—2 —Qn—3 R —aq |
Coates’ digraph D*(A)
—a,

O
11 2 1 3 i 1i+1 n—11
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—an

@ U O .“.‘
112 1 3 i 1+l n—1 1

The Digraph D*(A) has only 1 linear subdigraph
with 1 cycle, and we get

det(A) = (=1)"(=1)'(—a,) = (=1)"ay,.

All nominators in formula in Theorem 5.3.2. are

1 —
equal to  (—=1)'(—a,) = a,.
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—an

11 2 1 3 i 1i+1 n—11

1-connection D*(A)[1 — 1] with (=1)*™w = —a,,_;

—0p 1 e ] ~—%n -3 L —aj —1

1 0 0 e 00

A-1—]| o 1 0 .00
0 0 0 1 0
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—an

1 1 2 1 3 i 1i+1 n—11

1-connection D*(A)[2 — 1] with (=1)*Tlw = —a,, -

—%n—1 —an—2 ~—%n -3 . —aj -1

1 0 0 e 00

A-1—]| o 1 0 .00
0 0 0 1 0
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—an

o
112 1 3 i 1+l n—11
1-connection D*(A)[n—1—1] with (—=1)*"lw = —a;
“%n—1 —%n—2 —an-3 —aq —1
1 0 o - 0 0
A-1—1] o 1 0 .00
0 0 0 T 0
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—an

1 1 2 1 3 i 1i+1 n—11

1-connection D*(A)[n — 1] with (—=1)“*lw = —1

—%n—1 —An—2 ~—%n -3 —aj -1

1 0 0 e 00

A1 — 0 1 0 ) 0
0 0 0 1 0
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—an

i 1 74+1 n—11
1-connection D*(A)[1 — 2] with (—1)“tlw =
“fn—1  Z%n-2  Z%-3 . 9l
— i T T
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—an

i 1 74+1 n—11
1-connection D*(A)[2 — 3] with (—1)“tlw =
“fn—1  Z%n-2  Z%-3 . 9l
i 0 ¢ ... T T
A1 = 0 e 0 0 0
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—an

1 1 2 1 3 i 1i+1 n—11

1-connection D*(A)[n—1 — n| with (=1)*"w = a,

—an—1 —an—2 —an -3 —aq -1

1 0 0 0o 0

A-l_| o 1 0 0 0
0 0 0 Z—Z 0
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