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Space of A.D.Alexandrov's functions

Definition

Let set X C IR"™ be convex. Then f: X — IR is a d.c. function on X, when
dg,h € Conv (X): fx)=g(z) — h(z) ze€X.

DC(X) is a linear space of d.c. functions on X.
Conv (X) is a convex cone of convex functions on X.

1) DC(X) = lin (Conv (X)).

Conv (X) C K(X) C DC(X),
K(X) - K(X)=DC(X).

2) C*(Q) C DC(R), where Q is a open convex set.
3) c(DC(X)) =C(X), if X is a convex compact.
4) DC(X) is a closed w.r.t. the following operations:

S Afi@)r maxfi@); winfil@) f@) ]
J* @) = max {0, f()}; S~ (&) = min {0, f(2)}.

{ K(X) is a convex cone of functions

[yamE
=
&
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Problem Formulation

fo(z) = go(z) — ho(z) |} min, z € S,

filz) = gi(x) — hi(x) <0, iel={1,..,m}.

(P)

gi,hi € CONVEX(R"), i€ {0,1,...m},

S C IR"™ is a closed convex set.
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Principles of Nonconvex Optimization

@ Linearization of basic nonconvexities of the problem under scrutiny and,
consequently, reduction of the problem to a family of (partially) linearized
problems.

© Application of convex optimization methods for solving linearized problems
and, as a consequence, “within” special local search methods.

@ Construction of “good” approximations (resolving sets) of level
surfaces/epigraph boundaries of convex functions.

global
maximum
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Practical Rules for Solving
Nonconvex Optimization Problems

@ Never apply convex optimization methods DIRECTLY.

(]

Exact classification of the problem under scrutiny.

© Application of special (for the class of problem under scrutiny) local
search (LS) methods, or (problem) specific methods.

Q Application of global search strategies specialized for the class of
nonconvex problems.

@ Construction of pertinent approximations of level surfaces with the
aid of the experience obtained during solving similar nonconvex
problems.

@ Application of convex optimization methods for solving linearized

problems and within the framework of special LS methods.
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Global Search Theory

@ Special local search methods. Convergence theorems.
@ Global Optimality Conditions (GOC).

@ Global search algorithms.

@ Convergence theorems of global search algorithms.

@ Testing.

A.S. Strekalovsky, Elements of Nonconvex Optimization (Nauka,
Novosibirsk, 2003) [in Russian]. J
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Example 1. Incorrect application of Newton's method

Problem Formulation

f(z) £ In(1 + z1) + In(1 +x%) lmin, z €Il C R
IT = { (z1,22) | -3 <z <3}

It's obvious that the point z = (—4,—3)" is the solution to this problem.
Consider the point z* = (0,0)7,

1 1
14z’ 1420

2 _ (1+z1)2 2 ky __
o= (T )= (3 5),

Auxiliary problem of Newton's method

Vi) = T, V@) = (1,107,
( )

¢(d):d1+d27d%*d§¢min, deD:(Dka),

has the solution d = (3,3)”, which is a direction to the worst feasible point
z=(3,3)7.
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Special Cases of Nonconvex Problems

Mycts f,9,h € CONVEX(IR"™).

g(x) — h(z) | min, z € D. (DC)
D.C. constrained problem

f(x) l min, x €S,
g(z) — h(z) 0. } (DCC)

v

Note:

i) If g=0in (DC), then (DC) is convex maximization problem;
i) If g=0in (DCC), then (DCC) is reverse-convex problem.
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Convex Maximization Problem |
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Convex Maximization Problem

Problem formulation

h(z) t max, z € D. (P)

Theorem 1. (Global optimality Conditions)

Let z € D be a global maximum to problem (P) (z € Sol(P)).

Then,
Vy: h(y) = h(z), Yz € D (1)
(Vh(y),z —y) < 0.
If, in addition, the following regularity condition holds
(H): FveR": —oo < h(v) < h(z). (2)

then condition (1) urns out to be sufficient for the point z being a global
solution to Problem ().

A.S.Strekalovsky (Russia, ISDCT SB RAS) Global optimality conditions and methods for nonconvex MP



Proof of Theorem 1

1) If z € Sol(P), then by the convexity h(-) the following condition holds:
Yy h(y) =h(z), Yz eD: 03 h(z)—h(z) = h(z)=h(y) > (Vh(y),z—y).

2) Now suppose there exists a vector uw € D : h(u) > h(z). Consider the
Lebesgue set of function h(-)

S(h,z) ={z € R" | h(z) < h(z)}.

The set S(h, z) is a convex and closed. Besides, v € int S(h, z). Then there ir
a projection the point u on set S(h, z), i.e.

Jy € S(h,z): h(y) = h(z),

1 1
3 |\y7u\|2:inf{§ ||;c7u\|2: mES(h,z)}.

Since u & S(h, z), then
[y —ul>0. 3)
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Proof of Theorem 1
Continuation

By KKT-theorem the projection y satisfying the following condition:

Xo(y —u) + AVh(y) =0, Ao, A =0, } (4)
Ao+ A>0, Ah(y) — h(z)) = 0.

If Ao =0, then XA > 0and Vh(y) = 0. By the convexity of h(-), it means that
y € Argmin(h, IR"™). But this contradicts assumption (2), because

h(y) = h(2).
Now if A =0, then Ao > 0, and y = u follows from (4). It is impossible in view
of (3). Further, dividing the (4) by A, we get
Ao(y —u) + Vh(y) =0, Xo >0.
Hence (3) implies the following inequality

(Vh(y),u—y) =Xo ||y —u[I*>0,

which contradicts (1).
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Relations with Classical Optimality Conditions

a) From the Global Optimality Condition (1) with y = z it follows necessary
condition of local optimality for problem (P):

(Vh(z),z — 2z) <0 Vz € D, (5)
b) Let the feasible set D is defined by the differentiable functions, as follows,
D={zxeR"|gi(z)<0,i=1,...,m}. (6)

Then, it is easy to show that the KKT-condition follows from (5), because (5)
implies that z is a solution to problem:

(Vh(z),z) T max, ¢i(z) <0, i=1,...,m.
Y- f(y):f(z) H(Ao,)\h...,)\m)#():
=X Vh(y) + >, MiVgi(z(y)) =0, } @)
Ai 20, Nigi(z(y)) =0, i=1,...,m.

For all y : h(y) = h(z) there exists Lagrange multipliers vector
Aly) = (Mo = Ao(y), Ai = Xi(y)).
Additionally, along with conditions (7) it is necessary to check the following
inequality
(Vh(y),z(y) —y) <0, i=1,...,m,
where z(y) € D is a solution to linearized problem:

(Vh(y),z) t max, g:(x) <0, i=1,...,m. @
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Properties of Global Optimality Conditions

c) It can be shown that the Rockafellar condition

Oh(z) C N(z|D) (8)
follows from GOC with y = z.
d) The Global Optimality Conditions (1) has the algorithmic property.

Suppose that y, h(y) = h(z) and u € D are such that (Vh(y),u —y) > 0,
then in view of the convexity of h(-) we get h(u) > h(y) = h(z).

e) Verification of the Global optimality Conditions is reduced to solving family
of linearized problems (for all y: h(y) = h(2)):
(Vh(y),z) T max, z€ D, (PL(y))
and verification of inequality:
(Vh(y), z(y) —y) <0, (9)
where z(y) € Sol(PL(y)).
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Example 2

Consider the following problem

h(z) = (23 — x2) T max, = € D C IR?, (10)
D = D1 U Da,
Dy ={z=(z1,22) |0 < 21 <1, z2 >0}, (11)
D2={$C=(£E1,CC2)| —1<$1‘<0, i:l,?}.

It is easy to see that the point z = (1,0)7 satisfies to the classical optimality
condition (Vh(z) = (2,-1)T)

(Vh(z),z —2) <0 Vzx €D,

in spite of nonconvexity of the feasible set D. On the other hand, for
y=(-1,00T, h(y) =1=h(2), y € Da C D, condition (1) is violated with
u=(~1,-05)€ Dy C D :
1
(Vh(y),u —y) = 5 > 0.

Therefore, z = (0,1)7 is not a global solution to problem (10)—(11).
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Example 3. Convex Maximization Problem

llz||? + max, z € 1I,
x

M={zeR"|-2<z; <1, i=12,...,n}.

T

2™ is a number of local maxima
(3" — 1) is a number of points satisfying
Karush-Kuhn-Tucker conditions.

T

UNIQUE global maximum!!!
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D.C. Minimization Problem ]
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Local Search

D.C. Minimization Problem. Problem Formulation

g(z) — h(z) { min, =z € D. (DC)

The basic element of the local search method is solving the (linearized at a
current feasible point 2° € D) convex problem

where b, = h'(z°) € Oh(x®).

Next point 2°71 € D is constructed as an approximate solution of the problem
(PLs).
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Local Search

Theorem 2

Let F = g — h be a bounded below function on D and function h(:) be convex
on D.
Then the sequence {z°}, generated by the rule

g(@* ™) = (W' (z°),a" ") <inf{g(z) — (W' (z*),2) |z € D} + 65,  (12)
satisfies the following condition:

lim [V(PLs) — Ja(z*)] = 0. (13)

5—00

At the same time any accumulation point z. of sequence {z°} is a solution of
the problem

J.() = g(x) = (W (2.),) d min, = € D, (PL(z.))

where h'(z.) € Oh(zx).
If h(-) is strongly convex, then z° — z. € D. Besides,

wﬂwﬁﬂﬁ<§wwﬂ—Fm”U+&»

where 1 > 0 is a strong convexity constant of function A(-). ()
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Example 1. Special local search method for d.c. minimization problems

Problem Formulation
(P): f(z) 2In(1+z1) +In(1+z2) | min, z eIl C R?

1
IT = { (z1,z2) | -3 <z <3}

Vf(z) = —Vh(z) = 1131: 1,2, n> Tl
(PLs): (Vf(a:o),a:) = —(Vh(z°),z) { min, =z eIl

)
Z -x; ) | min N n
pot 1+$ 7 ) 2\ T ) - R ] .

Therefore,
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Global Search

General procedure of global search consists of the two parts:

a) local search;

b) procedure of escaping from a critical point, which is based on the global
optimality conditions (GOC), with the following inclusion of the local search.

g(z) — h(z) { min, =z € D. (DC)

Theorem 3. (Global Optimality Conditions)

Let a feasible point z € D be a global solution to Problem (DC)
(z € Sol(DC)). Then

(€): 9(y) < ; sup(g, D), (14)

where h'(y) € Oh(y).

If, in addition, the following regularity condition holds
(H): FveD: g)—h@) >, (15)

then conditions (€) turns out to be sufficient for the point z being a global @
solution to Problem (DC).
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Algorithmic Property of the Global optimality conditions

Suppose, the 3-tuple (3, 3, §:) such that (4, 8): h(§) = B — ¢, ¢ := f(z) and
Z € D, violates the GOC (&), i
g(@

) < B+ (W (@).2 - 9),
Then from convexity of h(-) it follows that
f(@) = 9(2) = h(2) <h(§) +¢—h(@) = f(2)

or f(&) < f(z). Therefore, & € D is ,better" than z.
And so, overhauling ,, perturbation parameters® (y, ) in (£) and solving
linearized problems (see GOC)

g(z) — (h'(y),z) | min, z € D, (16)

we obtain a family of initial points z(y, ) for the local search methods.

A.S.Strekalovsky (Russia, ISDCT SB RAS) Global optimality conditions and methods for nonconvex MP



Basic stages of global search

g(z) — h(z) { min, =z € D. (DC)

1) Find a critical point z with special local search algorithm, ¢ £ g(z) — h(z). J

2) Choose number g8 € [8—, (4], pB— =inf(g,D), B+ =sup(g,D). J

3) Construct an approximation
AB) = {v',...,o" | h(@)=B-¢ i=1,..,N, N=N(B)},

of level surface of function h(-).

4) Beginning from each point v* of the approximation A(f) find a point u’ by
means of a special local search algorithm.

5) Verify the inequality from GOC:

g(u’) =B > (W (), u' —v") Vi=1,2,...,N.

(w' — v")
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Example 4

la 1o >0
5 .

(€): g(y) < B <

V(y,B): yeD, B- h(y)(ZC)ég( z) — h(z), }
,D
(VI): g(x) — B = (Vh(y),z —
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How is efficient a local search method?

s=0
xo = 100, Vh(zo) = zo = 100

(PLo):  wo(z) =g(z) — (Vh(zo),z) = im‘l — 100z | mzin, z € IR, J

Vo(z) =2® —100 =0, 4* =64, 5° =125, =z, ~4,5

(PL1):  o1(z) = ix‘l — 4,5z | min, z € R, J
s=1 ]
Voi(z) =2® —45=0= zy = 1,7,
1, .
(PL2):  wa2(x) = Vi 1,7z | min, =z € IR, J
§=2

Vea(zr) =2 —1,7=0= 23 =1,2
zs — 1 € Sol(P).
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Example 4. Global Search Algorithm

Step 1. 2° =100 — 2! =1, ¢; = f(2}) = —3.

Step 2. Bo = g(zF) = g(z") =qu(1) =1 -1
Step 3. Construct the approximation

A ={y1,y2, -y~ | Myi) = Bo — C1 = i - <—1) = 1}-

1 1
i=1 hi(y) = 52/% =5 yi =1y =1 (rk y1 > 0).
Step 4 g(z) — (Vh(y:),a) L min, @€ R (PL:)
1 1 .
p1(2) = ot = (Vh(y),z) = Jz" —1-2 | min,
Voi(z) =2 —1=0, & =1.
Step 5. (Verification of VI). g(Z1) — Bo = (Vh(y1), T1 — v1),
if? — i = % -1 0> (1,1—1)=0. VI is not violated! Go to step 3.
i=2 ha(y) =y’ =1 y<0 2= =2
Step 4. 1 1
p2(x) = 9(2) — (Vha(ya), @) = Lo* — (2p,3) = Lo* — V2w Lmin,  (PLy)
1
2 3
V@g(m):2m3+\/§:0, igz—(?) . @
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Example 4. Global Search Algorithm

Step 5. (Verification of VI). Vha(z) = 2z

92(%2) — Bo = (Vha(y2), T2 — y2)

1 1
572 =7 > (22,32 — )
4 1
L/V2\? 1 V2 V2 V2\F V2
(X2 > (= I Il vy _yZ
2(2) 4/<\/§’(2) 2> <\/§’(2) 2>>0
4 1
1| /vV2\* 1 V2\? 2
= 2= (XE) - X5,
2[(2) 2] <‘[<2> 3
There is no violation of VI! Change 5.
Step 2. =2
Step 3. Construct the approximation
12 >0 3 1
h(y)z{ 22?/7 Yy =z 7}:ﬁ1_C1:4_(—4>:1_
¥y, y<0
1
izl.ayle,y%ZQ,ylz\/i.
i=2.=11=-1<0, @
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Example 4. Global Search Algorithm

Step 4. (Solving (PLs)). y2 = —1 < 0.
9(x) = (Vh(yi), z) = pi(2) { min, z € R (PL:)
1 4 1 4 .
p2(x) = 3% — 2(—-lx = 5 + 2z | min
Vo (z) =22 +2=2(z> +1) =0, =1, Ty = —1.
Step 5. (Verification of VI). o = —1.
92(T2) — B1 = (Vha(y2), T2 — y2)

S = 1> (Vha(ya), 1~ (~1)) =0

1
—1=-=<0.
2<

N | =

VI is violated! Go to point Zo2 = —1,

Z2 € Argmin(f, IR) = Sol(P).
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Example 4. Global Optimality Condition

epig C epi (A(-) +¢) (€) ]

yu y — g(l’)
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Example 5

http://www.mat.univie.ac.at/neum/glopt/coconut/Benchmark/
Library2 new v1.html

“errinros-problem” (n = 50)

F(m)zZ(m,l—IGOzml +Z ; imln

i=2

Fyiop = 39.904.

D.C. decomposition

g(z) = Z[az?,l +2560227 + 7 —2957;+1+8(1+xi_1)4+16x?+8(x,2—|—x?,1)2],

=2

2) =) 8z} + (1 +=i-1)")" +2i4].

=2
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[[Xg1ob — X°| | F(x0) St | PL | [Ixgiob — x| | F(x:) | Time (cek)
1.032 40.504 2 4 1.37-10"10 | 39.904 451
3.174 67.943 8 32 4.02-107° | 39.907 27.05
17.904 370.531 | 42 | 398 | 8.04-10"9 | 39.906 63.92
59.32 23-10° | 79 | 674 [ 9.012-10 13| 39.909 191.83
9.812 94.7 49 | 206 | 2.04-10~7 | 39.905 49.86
931.7 12-10%° | 107 | 2948 | 3.07-10"% | 39.911 416.76
34.91 77-10° | 12 82 5.38-10~7 { 39.906 82.97
107.23 92.10% | 27 | 380 | 4.28-10°% [ 39.906 158.04

313 95982 18 | 138 | 6.38-10°% | 39.905 73.53
97.21 44.10% | 32 | 222 2.94.10~% | 39.907 127.52
27.912 36654 12 | 72 2.83-10°8 | 39.906 4475

Fyiop = 39.904.
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How to solve nonconvex problem?

Minimization of Rosenbrock’s function

n—1

(P): Fl@)=Y_ [(m —1)® + N(ziz1 — mf)Q] lmin, z¢€R"

=t

Rosenbrack

logl(F)

-

A.S.Strekalovsky (Russia, ISDCT SB RAS) Global optimality conditions and methods for nonconvex MP




D.C. decomposition

F(z) = G(z) — H(z), (19)
n—1
N 3N
G(z) = Z[(l‘l —1)%+ 5(1 +aip1)' + 79?? + Nzfali, + Nai + Naiyy],
i=1
N n—1
_ N2, 2\2
H(x) =~ ;((1 + i)’ +27)%

G(QZ) = ig(mi,xi+1)y H(LE) = ih(mi,mi+1). (20)

The functions G(-) and H(-) are convex.
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Local search testing for the problem of Rosenbrock’s function minimization

Special Local Search Method

BFGS Method

n || Nz — o] F(z) [It]|Time| Nz — o« F(z) It [Time
5 1.12 0.64 [46] 1.25 2.01 3.93 75 | 0.04
5 1.12 0.64 44| 1.25 2.01 3.93 65 | 0.04
5 1.12 0.64 |44]| 1.35 2.01 3.93 90 | 0.06
5 [11.3-1072|5.7-107°|56| 1.30(/3.1-107°| 5.2-107° | 61 | 0.02
10 1.22 0.81 [45] 1.30 1.99 3.98 67| 0.55
10 1.22 0.81 |44]| 1.30 1.99 3.98 75 | 0.55
10 [[4.1-107*[85-107°[49| 1.40 1.99 3.98 71| 0.50
10 0.024 0.0045 |59| 1.60( 1.4-107°(3.33-107°2]129| 0.81
50 1.31 0.76 46| 7.20 1.87 4.20 85 [ 2.85
50 1.31 0.76 |48]| 7.35 1.87 4.20 93 | 2.90
50 | 0.0035 |1.2-107°|48| 7.40 1.87 4.20 88 | 2.85
50 [/1.8-107%4|3.1-107%|57| 825(1.3-107%|2.6-10"°|136| 3.15
100 1.46 456 |51]14.20 1.73 0.83 1121 10.00
100 1.46 456 |50/ 13.90 1.73 0.83 120 | 10.30
100 0.0012 |4.5-107°|53| 15.25 1.73 0.83 115 10.00
100/13.8-107%|5.5-10"7 |61 | 17.10 | 1.8- 1077 [ 8.2-10* [ 145 | 12.00
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Global search testing for Rosenbrock’s function minimization

n F(z9) IV F(0) ||z — x| F(z) PL Time
5 1.2-10° 408815 1.1-10° 1.6 -10~9 41 4.21
5 458810 196853 1.2-1075% | 7.5.-10"10 36 4.11
5 2.5-106 617951 1.2-107° 1.7-1079 38 4.15
10 38084 24647 3.2-107° 2.0-1077 85 9.60
10 7940 8543 3.1-107° 1.8-1079 82 9.55
10 11101 11388 1.5-107° 1.8-107Y 76 9.43
50 | 8.1-107 2.9.10° 3.4.107° 2.5-1079 410 45.25
50 686176 256999 1.7-107° 3.7-109° 386 45.01
50 102509 32805.5 2.1-107° 421079 431 46.60
100 181996 44044.5 1.6-10=° 2.5-10~9 753 | 1:14.00
100 | 2.1-107 4.8-106 2.2.107° 2.6-109 781 1:15.00
100 152183 41207 2.4-10% | 6.8-10710 812 | 1:17.00
125 | 4,4-107 5,7-10% 3.10°° 1,5-10~7 1044 | 1:50.10
125 | 7,8-107 4,1-108 6,7-1076 | 6,3-107° | 1012 | 1:49.00
125 | 3,6-107 7,4 106 4,6-107% | 2,1-10710 | 1101 | 1:51.00
151 | 3.0-108 7,2-107 2,2-10° [ 5,1-1079 | 1361 | 2:26.10
151 | 5,8-108 8,6-107 3,8-1075 | 3,1-10719 | 1355 | 2:25.20
151 | 8,8-108 8,1-107 2,2-1075 | 5,1-1072 | 1394 | 2:28.00

IVF(2)| < 1073

For all dimensions the number of iteration of global search equals It = 2.
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Local Search for D.C. Constrained Problem

Problem Formulation

. fo() L min, €S8,
(BT { F(z) = g(z) — h(z) < 0.

Procedure 1 constructs z(y) € S from a predetermined point
y €S, Fy) =g(y) — h(y) <0

F(z(y)) =0, fo(z(y)) < foly).

Procedure 2 consists in sequential solving of the linearized problems
(LQ(u,8)):  g(x) = (Vh(u),z) L min, z €S, folr)<E (21)

(Ho): eSS, g —h)>0: folv)<fs = V(P). (22)
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Local Search for D.C. Constrained Problem

Theorem 4

Let fo(-) and S be convex. Furthermore, Fo = {z € S|fo(z) < fo(zo)} is
bounded and (Hp) holds. Hence, the Special Local Search Method (SLSM)
writes:

i) after a finite number of iterations, we receive a point y~ € S, F(y") =0,
which is e y-solution of problem (LQ(yn,&n)), where N is the number of the
stop-iteration;

i) otherwise, for {z°} and {y°}:

z° €S, F(z°)=0, y°€ S, F(y°) >0,
£s+1 = f0(338+1) < fO(yS) < SS = fo(xs)7

€= lim & = lim fo(y"),
§—» 00 S§— 00

the following condition is satisfied: 0 = F'(z®) = lim F(y°),
S—r00

z, = lim z° = lim y*, for some z, € R", F(z.)=0.

§—>00 S—>00

Furthermore, x. is a solution of the linearized problem (LQ(x«,&«)) and the
normal stationary point for the dual problem (Q(&.)).
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Global optimality conditions for d.c. constrained problem
D.C. constrained problem

fo J min, €s,
ol (PIc)

v

Theorem 5. (Necessary GOC)

Let the following assumption (#1) be fulfilled:

FJveS: Flv) >0, folv)<V(DCC)= igf{fg(x) | z €S, F(z) < 0}.
If 2 € Sol(DCC), then (K’ (y) € Oh(y)):

v(?hﬂ): h(y):57 yGS, } (5)
9(@) — B> (K (y),z—y) Yz €S fo(z) < fol2). !

y
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Global optimality conditions for d.c. constrained problem

D.C. constrained problem

fo(z) { min, z € S, } (DCC)

g(z) — h(z) < 0.

Theorem 6. (Sufficient GOC)

Let the following regularity conditions hold:

JveS: F(v) >0, (23)
VyeS: F(y) =0 (g(y) = h(y)) } #)
Ip=py)eS: glp) —9(y) <HY),p—y).

If z€ S, F(z) =0 and, in addition, the condition

V(y,B8): h(y) =B, y€S, ﬂwsﬁst%ﬁy}
g(x) = B> (W' (y),z—y) YreS: folz)< fol2),

is satisfied, then z € Sol(DCC).

(&o)
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Example 6

Consider the following problem (z € IR)

2
f@) = (z—1)% L min, F(z)=|z|— % >0. (24)J
22
Suppose g(z) = |z|, h(z) = - It is ease to see z =0 (F(z) =0) is a
critical point in the sense of the classical definition of optimality

{V£(2)} N {cone{dy(2)} — {Vh(2)}} # 2.

Let 8 =2, y=-2, g(y) =2, Vg(y) = —1. Let us consider also the point
u = —1.5, that is a feasible point in the linearized problem

h(z) — (Vg(y),z) L min, f(z) < f(z).

Then .
h(u) — B8 —{(Vg(y),u —y) = 52.25 —1.5<0.

Therefore, the point z is not global solution of problem (24).
Now we prove that z = —2 is a global solution.

fz)=-212p, F(z)=0. ()
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Example 6
Continuation

Consider linearized problem for all pair (y, 3) such that g(y) £ |y| = 8,
y" € 99(y):
h(z) — (y*,z) J min, f(z) < p=—2T. (25)

We recall that

*

{ L if y>0 (y—p=0),

ael[-1,1], if y=0 (8=0).
It is easy to see that the point & = —2 is a unique solution of problem (25) for

all y* e [-1,1].

Further we verify the condition (&) in all cases.

a)y* =1 (y>0,y— B =0). By inequality 8 > h(y), we consider only y < 2.
hi)—B—(y",d—y)=4-B+y=4>0.
hz)—B—(y" -y =2-F—-2-y=0
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Example 6
Continuation

Therefore, the basic inequality (&) holds in all cases. Nevertheless, it is not clear
that z = —2 is global solution, because not all of the assumptions of the Theorem 5
are verified. It is easy to prove that (12) holds, for instance, with v = 3.

To verify the hypothesis (H), we consider the problem without restrictions:

h(z) — (y*,z) | min, z € IR, (26)

2
y* € dg(y) for all y such that F(y) =0, i.e. LA ly|. Hence, it suffices to verify

the inequality h(z(y)) — h(y) — (¥", 2(y) —y) <0 with y1 =2, y» = -2, y3 =0,
where z(y) is a solution of (26), corresponding y;, and y* € 9g(y:), i =1,2,3. It
can be proved that z(y) = y*.

If the last inequality holds, then () is fulfilled with p(y) = z(y).

We get three cases:

~1

Dy =2, yi =1 =21 2 a(y), h(z1) — h(y1) — (yi,a1 —y1) = - <
. i |

2) y2=—2, ys=—1 =22 = 2(y2), h(x2) — h(y2) — (43,72 — y2) =5 <0

3)ys =0, y" € dglys) = [~1,1). 23 = 2(ys) = y5 = @ € [-1,1], and if a £ 0,
2

then h(zs) = h(ys) = (y§,@3 —ys) = —5— <0.
Therefore, the inequality in () is fulfilled Vo # 0, while it is sufficient that this
inequality for one «. The assumptions () and (12) hold. Thus z = —2 is_a global

e o 2
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Example 7

{ f(@) = (21 — 4 + (22 +2)? | min, @7
F(x)

(2 4+ 1) — (z1 — 1)* > 0.

HI\D\H

It is easy to see that the point z = 3 ?2 (F(z) = 0) is stationary, i.e.
VI(z) ~ AVEF(z) =0, AF(2) =
npn A = 4. Let g(z) = (z2 + 1), h(z) = (xl —1)%

Further, we prove that z is not a global solution of (27). Applying the condition
(E)—(??) with 8 =4, y = (o, —3), where a € IR, we receive

9(y) = B, Va(y) = (0,—4), h(y) = (@~ 1)* < 4.

Moreover, consider the point

u=(1-2-22) =2 - s
W3

Then h(u) — 8 — (Vg(y),u—y)=5+4- (1—— <0.

Therefore, according to the Theorem 4, the point z is not a global solution of
(27). For global search it is necessary to implement a local search from the

feasible point u = (4 -2 — 4\Tf> , such that F(u) = (—3.3094)% —9 > 0. G
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THANK YOU!
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