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Abstract. We examine the conditions for synchronization of landslide sto-
chastic chain model with delayed coupling. Firstly, a new chain model for
landslide dynamics is proposed, with the included effect of delayed coupling
and background noise. The model is of the microscopic type, where the state
of each block in the chain is influenced by the previous state of the same block
and its neighbors as well as by noise. Secondly, we examine the stochastic
synchronization of such a system of stochastic delay-differential equations. A
sufficient condition for the exponential mean square stability of the synchro-
nization is obtained. The sufficient condition indicates that the uni-directional
asymmetric coupling induces the synchronization much more efficiently than
the bi-directionally symmetric one. From the practical viewpoint, the results
obtained confirm that different parts of the large unstable slope could exhibit
synchronized activity under certain conditions, which indicates their possible
larger influence on the structures (and generation of corresponding deforma-
tion) compared to the individual effect of unsynchronized activities.

1. Introduction

Slow-moving, the so-called creeping landslides are usually represented as large
earth masses moving permanently and slowly down the slope, with variable rate
of movement, depending on the influence of precipitation, groundwater, oscillation
of surface water levels and impact of river flow and dynamic conditions [1]. In
Serbia, creeping landslides are abundant in the Neogene silty-clay sedimentary for-
mations, like Mramor, Ražanj, Begaljičko brdo, Umka, Duboko, etc., whose impact
on the urban environment and infrastructure is at high financial rate, requiring
complex and expensive mitigation and remediation measures [2], some of which
include cutting-edge early warning methods [3] or anti-sliding piles [4]. However,
as a rule, if applied, these measures do not secure the absolute stability of the un-
stable slope, since, besides the influence of constant moving of the large creeping
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landslide on the occurrence of structural deformation, there is a significant impact
of many shallow landslides which are commonly activated within the same unstable
slope (large creep landslide) and which exhibit more frequent activity with more
rapid movement compared to the activity of the whole unstable slope. Activi-
ties of these “isolated” landslides are usually not correlated. However, it would be
of great practical significance to provide the conditions for their synchronization,
since synchronized activity of many smaller landslides within the same unstable
slope indicates the conditions for the activity of the whole large landslide, thus,
presenting greater threat to the nearby structures. From the viewpoint of non-
linear dynamics, the problem of synchronization has been in the focus for many
decades. Although synchronization in natural systems could lead to unwanted
states, including neurological diseases, involuntary muscle contraction, or networks
of routers to pedestrians on the Millenium bridge, in some cases, synchronization
represents a favorable state of a dynamical system. In particular, in the case of
synchronization many connected (or isolated) units start to behave in the same
way, which makes the system controllable and easily described. Therefore, there
is a great interest in the analysis of conditions necessary for the synchronization
to occur. For instance, Xie et al. [5] confirmed the conditions for finite-time syn-
chronization in complex delayed networks with Markovian jumping parameters and
stochastic perturbations. Liu et al. [6] designed an adaptive controller for clus-
ter synchronization in complex network models, influenced by coupling delays and
perturbed by noise, also by applying Ito’s formula, as in the present case. Cong et
al. [7] used the Lyapunov stability theory and the Ito formula in order to obtain
new sufficient conditions for the synchronization of two chaotic systems, with in-
cluded influence of stochastic noise and time-varying delay. In our previous papers,
we investigated the conditions for synchronization of noisy excitable systems with
coupling and internal delays [8]. For the pair of interacting units, it is shown that
the external/internal character of noise primarily influences frequency synchroniza-
tion and the competition between the noise-induced and delay-driven oscillatory
modes, while coherence of firing and phase synchronization substantially depend
on internal delay. Ren et al. [9] examined the synchronization stability of sto-
chastic linearly coupled differential equation systems, with signal-dependent noise
perturbation. In order to examine the possible conditions for synchronization of
activity of different slope parts, one needs to represent the landslide activity in a
form of convenient dynamical system. Such model for landslides has been initially
suggested by Davis [10], who proposed a spring-block model (composed of two
blocks connected with damped spring) as a dynamical system of an accumulation
slide, where two blocks represent feeder and accumulation part of the slope. Soon
afterwards, Chau [11] also suggested a spring-block model as a convenient dynam-
ical system for dynamics of a creeping land-slide. Helmestter et al. [12] examined
landslide as a slider-block model, under the assumption of state and velocity de-
pendent friction law. They established four different dynamical regimes, two of
which are ascribed to the Vaiont landslide (velocity weakening unstable regime)
and the La Clapiere (velocity strengthening stable regime). In our previous paper
[13], we examined the dynamics of the model initially suggested by Chau [11], with
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included delay coupling. Morales et al. [14] examined the landslide dynamics by
studying dynamics of a mechanical block-spring slider model with three different
friction laws.

To the best of our knowledge, although we previously examined the synchro-
nization of neurons [15], there were no previous attempts in defining the conditions
of synchronization for any of the previously suggested landslide mechanical mod-
els. Moreover, previously suggested landslide spring-block models have not taken
into account the delayed coupling, as suggested by Davis [10], nor did they con-
sider the influence of the background noise. Concerning the important impact of
time delay on the generation of complex dynamics and possibly significant effect of
noise, especially in the case where the dynamical system under study is near the
transition between different dynamical regimes, or in the case where the system ex-
hibits excitable behavior (which could be the case for landslide dynamics), we feel
that the new model proposed in this paper addresses the landslide dynamics prop-
erly and enables revealing the background mechanism of complex displacements of
unstable slope.

One should note that two properties of delay-differential systems make the
study of the influence of noise on such systems nontrivial. Firstly, a deterministic
delay-differential system has a nonzero memory, i.e., it does not satisfy the Markov
property. Consequently, some of the well-established methods to study stochastic
systems which are valid for Markov processes, like Fokker-Planck equations, can-
not be used [16]. Secondly, a single nonlinear scalar deterministic delay-differential
equation with a single fixed time-lag 𝜏 gives an infinite dimensional dynamical sys-
tem on the phase space 𝐶(−𝜏, 0) of continuous functions on the interval (−𝜏, 0)
[17]. Large 𝜏 usually implies high-dimensional chaotic attractor, first studied in
[18]. Apart from hyperchaos, an important effect of large delay is also the multi-
stability of periodic attractors, see e.g. the classical reference [19].

In this paper we firstly suggest a new landslide mechanical model, with delayed
coupling and background noise. Such model could be considered as microscopic
because the structure of the landslide flow is considered discrete with the main
ingredients being the individual blocks (several landslides within the same slope or
parts of the same unstable slope). Secondly, we provide a sufficient condition for
synchronization of a land-slide chain model, with different time lags and background
random noise.

Paper is structured as follows. In Section 2 we provide a brief description of
the examined model. In Section 3 we postulate the theorem, which is proved in
Section 4. Conclusions are provided in the final section, together with the directions
for further research.

2. Model Description

We shall examine the general open chain model of spring-block elements as
the phenomenological model for landslide dynamics, expressed by scalar delay-
differential equations (DDE) of the following form:

(2.1) �̇� = 𝛾𝑔[𝑥(𝑡− 𝜏1)]− {𝛼𝑥(𝑡)− 𝛽𝑓 [𝑥(𝑡)]}.
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This model describes the local dynamics of units. One should note that 𝑓 and 𝑔
are quite general nonlinear functions, which satisfy Lipschitz conditions, as given
further in the text, Eq. (2.3), and 𝛼, 𝛽, 𝛾 are parameters. Parameters 𝛼 and 𝛽
represent general friction parameters, qualitatively the same as parameters 𝑎 and 𝑏
in Dieterich-Ruina friction law. In particular, parameters 𝑎 and 𝑏 represent material
properties, e.g. the direct velocity effect and evolutionary friction effect, which
depend on the temperature and size of the normal stress [20]. Hence, the whole
term 𝛼𝑥(𝑡)−𝛽𝑓 [𝑥(𝑡)] represents a general expression for the nonlinear friction term.
On the other hand, parameter 𝛾 denotes the strength of the effect of the delayed
term. The delayed self-feedback 𝜏1 qualitatively describes the effect of the state of
the sliding surface on the dynamics of the landslide model (”memory effect”).

We consider 𝑁 dynamical systems (2.1) with bi-directional coupling between
the neighboring units of the form 𝑐1(𝑥𝑖−𝑥𝑖−1)+𝑐2(𝑥𝑖−𝑥𝑖+1). In real applications,
the influence of the neighboring systems on the system 𝑥𝑖(𝑡) involves a nonzero
time-lag.

In this specific landslide model, the state (velocity) 𝑥𝑖(𝑡) depends on the dif-
ferences between the states (velocities) 𝑥𝑖(𝑡 − 𝜏1) and 𝑥𝑖+1(𝑡 − 𝜏1) and the states
(velocities) 𝑥𝑖(𝑡 − 𝜏2) and 𝑥𝑖−1(𝑡 − 𝜏2). In other words, the previous coupling be-
comes 𝑐1[𝑥𝑖(𝑡 − 𝜏2) − 𝑥𝑖−1(𝑡 − 𝜏2)] + 𝑐2[𝑥𝑖(𝑡 − 𝜏2) − 𝑥𝑖−1(𝑡 − 𝜏2)]. Feedback and
transmission time lags 𝜏1 and 𝜏2 are not related in general.

It is also natural to assume that many features of real systems have been
neglected in making the model, but that they can be retaken into consideration as
different types of random perturbations of the deterministic model.

We thus arrive at the systems of Ito stochastic delay-differential equations
(SDDEs) of the following form:

d𝑥𝑖(𝑡) = {−𝛼𝑥𝑖(𝑡) + 𝛽𝑓 [𝑥𝑖(𝑡)] + 𝛾𝑔[𝑥𝑖(𝑡− 𝜏1)]}d𝑡(2.2)
− {𝑐1[𝑥𝑖(𝑡− 𝜏2)− 𝑥𝑖−1(𝑡− 𝜏2)] + 𝑐2[𝑥𝑖(𝑡− 𝜏2)− 𝑥𝑖+1(𝑡− 𝜏2)]}d𝑡

+ 𝑥𝑖(𝑡)
√
2𝐷 d𝑊, where 𝑖 = 2, 3, . . . , 𝑁 − 1.

In further analysis we shall consider an open chain of spring-block elements
with moving boundaries, i.e., the system (2.2).

We shall always assume that d𝑊 , formally written as d𝑊 = 𝜉(𝑡)d𝑡, is the
stochastic increment of the Wiener process 𝜉(𝑡) for which:

𝐸(𝜉) = 0, 𝐸[𝜉(𝑡)𝜉(𝑡
′
)] = 𝛿(𝑡− 𝑡

′
),

where 𝐸(· ) denotes the mean with respect to the stochastic process. The increments
satisfy:

𝐸(d𝑊 ) = 0, d𝑊d𝑊 = d𝑡.

We repeat that 𝑓(𝑥) and 𝑔(𝑥) are piece-wise continuous functions, 𝛼, 𝛽, 𝛾, 𝑐1
and 𝑐2 are parameters, and 𝜏1 and 𝜏2 are the feedback and transmission time-lags,
respectively.

In order to ensure the existence of solutions for (2.2), we shall require that the
functions 𝑓 and 𝑔 satisfy the usual uniform Lipschitz condition, i.e.

|𝛽𝑓 [𝑥𝑖(𝑡)] + 𝛾𝑔[𝑥𝑖(𝑡− 𝜏1)]− 𝛽𝑓 [𝑥𝑗(𝑡)]− 𝛾𝑔[𝑥𝑗(𝑡− 𝜏1)]|(2.3)
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⩽ 𝑘[|𝑥𝑖(𝑡)− 𝑥𝑗(𝑡)|+ |𝑥𝑖(𝑡− 𝜏1)− 𝑥𝑗(𝑡− 𝜏1)|].

The Lipschitz condition (2.3) will prove to be crucial in obtaining the conditions
that guarantee the global stability of the exact synchronization in systems of the
form (2.2). Let

Δ𝑖(𝑡) = 𝑥𝑖(𝑡)− 𝑥𝑖−1(𝑡), 𝑖 = 2, 3, . . . , 𝑁.

denote the difference (synchronization error) between the solution 𝑥𝑖(𝑡) and the
nearest neighbor solution 𝑥𝑖−1(𝑡), where 𝑖 = 2, 3, . . . , 𝑁 . Then, dΔ𝑖(𝑡) can be
estimated using the Lipschitz condition (2.3) as follows:

dΔ𝑖(𝑡) ⩽ [−𝛼Δ𝑖(𝑡) + 𝑘|Δ𝑖(𝑡)|+ 𝑘|Δ𝑖(𝑡− 𝜏1)|(2.4)
− (𝑐1 + 𝑐2)Δ𝑖(𝑡− 𝜏2) + 𝑐2Δ𝑖+1(𝑡− 𝜏2)

+ 𝑐1Δ𝑖−1(𝑡− 𝜏2)]d𝑡+Δ𝑖(𝑡)
√
2𝐷 d𝑊,

where Δ𝑖(𝑡 − 𝜏) = 𝑥𝑖(𝑡 − 𝜏) − 𝑥𝑖−1(𝑡 − 𝜏) and 𝑖 = 3, 4, . . . , 𝑁 − 1. For 𝑖 = 2 we
obtain:

dΔ2(𝑡) ⩽ [− 𝛼Δ2(𝑡) + 𝑘|Δ2(𝑡)|+ 𝑘|Δ2(𝑡− 𝜏1)|(2.5)

− (𝑐1 + 𝑐2)Δ2(𝑡− 𝜏2) + 𝑐2Δ3(𝑡− 𝜏2)]d𝑡+Δ2(𝑡)
√
2𝐷 d𝑊,

and for 𝑖 = 𝑁 :

dΔ𝑁 (𝑡) ⩽ [− 𝛼Δ𝑁 (𝑡) + 𝑘|Δ𝑁 (𝑡)|+ 𝑘|Δ𝑁 (𝑡− 𝜏1)|−(2.6)

− (𝑐1 + 𝑐2)Δ𝑁 (𝑡− 𝜏2) + 𝑐2Δ𝑁−1(𝑡− 𝜏2)]d𝑡+Δ𝑁 (𝑡)
√
2𝐷 d𝑊.

In the case of deterministic DDE global asymptotic stability of Σ𝑁𝑖=2Δ
2
𝑖 (𝑡) = 0

which implies that the global attractor of the deterministic part of (2.2) satisfies
𝑥1 = · · · = 𝑥𝑁 and, in that case, sufficient condition for the global asymptotic
stability of Σ𝑁𝑖=2Δ

2
𝑖 (𝑡) = 0 could be found by applying a generalization of the

Lyapunov first method.
In the case of stochastic DDEs, the global exponential stability is replaced by

the analogous stability in the mean value with respect to the distribution given by
the stochastic process. The stability in the mean value for the given model (2.2) is
given by the Theorem in Section 3.

3. Theorem

If constants 𝛼, 𝑘, 𝑐1, 𝑐2 and 𝐷 (where 𝑘, 𝑐1, 𝑐2, 𝛼, 𝐷 are real numbers, and 𝑘,
𝑐1, 𝑐2, 𝛼, 𝐷 ⩾ 0) satisfy:

(3.1) 2𝑘 + 2𝑐1 + 2𝑐2 +𝐷 − 𝛼 < 0,

then the system (2.4), (2.5), (2.6) is exponentially stable in the mean value of
𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡),

i.e., exponentially stable in mean square.
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Explicitly, if (3.1) is satisfied then the following inequality holds:

𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
⩽ 𝐶𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

]︂
𝑒−𝜆𝑡, 𝑡 ⩾ 0,

where 𝜆 > 0 is a constant and 𝐶 is independent of 𝑡 but might depend on 𝑐1, 𝑐2,
𝑘, 𝛼, 𝜏 , 𝐷 and 𝜆.

4. Generalized Ito formula

Suppose that d𝑋𝑖 = 𝐹 𝑖d𝑡 + 𝐺𝑖d𝑊 , with 𝐹 𝑖 ∈ L1(0, 𝑇 ), 𝐺𝑖 ∈ L2(0, 𝑇 ),
for 𝑖 = 1, . . . , 𝑛. If 𝑢 : 𝑅𝑛 × [0, 𝑇 ] → 𝑅 is continuous, with continuous par-
tial derivatives [21]: 𝜕𝑢

𝜕𝑡 ,
𝜕𝑢
𝜕𝑥𝑖

, 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

, (𝑖, 𝑗 = 1, . . . , 𝑛), then d[𝑢(𝑋1, . . . , 𝑋𝑛, 𝑡)] =

𝜕𝑢
𝜕𝑡 d𝑡 +

∑︀𝑁
𝑖=1

𝜕𝑢
𝜕𝑥𝑖

d𝑋𝑖 + 1
2

∑︀𝑁
𝑖,𝑗=1

𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

𝐺𝑖𝐺𝑗d𝑡, where we denote by L2(0, 𝑇 ) the
space of all real-valued progressively measurable stochastic processes 𝐺(· ) such that
𝐸
(︀ ∫︀ 𝑇

0
𝐺2 d𝑡

)︀
< ∞. Likewise, L1(0, 𝑇 ) is the space of all real-valued progressively

measurable processes 𝐹 (· ) such that 𝐸
(︀ ∫︀ 𝑇

0
|𝐹 |d𝑡

)︀
<∞.

5. Proof of the theorem

Applying the Ito formula to
∑︀𝑁
𝑖=2 Δ

2
𝑖 (𝑡), we obtain:

(5.1) d

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
= 2

𝑁∑︁
𝑖=2

Δ𝑖(𝑡)dΔ𝑖(𝑡) +

𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)2𝐷 d𝑡,

and

(5.2) 2

𝑁∑︁
𝑖=2

Δ𝑖(𝑡)dΔ𝑖(𝑡) +

𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)2𝐷 d𝑡

⩽ 2Δ2(𝑡){[−𝛼Δ2(𝑡) + 𝑘|Δ2(𝑡)|+ 𝑘|Δ2(𝑡− 𝜏1)|

− (𝑐1 + 𝑐2)Δ2(𝑡− 𝜏2) + 𝑐2Δ3(𝑡− 𝜏2)]d𝑡+Δ2(𝑡)
√
2𝐷 d𝑊}

+ 2

𝑁−1∑︁
𝑖=3

Δ𝑖(𝑡){[−𝛼Δ𝑖(𝑡) + 𝑘|Δ𝑖(𝑡)|+ 𝑘|Δ𝑖(𝑡− 𝜏1)|

− (𝑐1 + 𝑐2)Δ𝑖(𝑡− 𝜏2) + 𝑐2Δ𝑖+1(𝑡− 𝜏2) + 𝑐1Δ𝑖−1(𝑡− 𝜏2)]d𝑡

+Δ𝑖(𝑡)
√
2𝐷 d𝑊}+ 2Δ𝑁 (𝑡){[−𝛼Δ𝑁 (𝑡)

+ 𝑘|Δ𝑁 (𝑡)|+ 𝑘|Δ𝑁 (𝑡− 𝜏1)| − (𝑐1 + 𝑐2)Δ𝑁 (𝑡− 𝜏2)

+ 𝑐1Δ𝑁−1(𝑡− 𝜏2)]d𝑡+Δ𝑁 (𝑡)
√
2𝐷 d𝑊}+

𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)2𝐷 d𝑡,

i.e., after some rearrangements, (5.1) and (5.2) become:

d

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
⩽

𝑁∑︁
𝑖=2

{[−2𝛼Δ2
𝑖 (𝑡) + 2𝑘Δ𝑖(𝑡)|Δ𝑖(𝑡)|+ 2𝑘Δ𝑖(𝑡)|Δ𝑖(𝑡− 𝜏1)|
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− 2(𝑐1 + 𝑐2)Δ𝑖(𝑡)Δ𝑖(𝑡− 𝜏2)]d𝑡+ 2Δ2
𝑖 (𝑡)

√
2𝐷 d𝑊}

+

𝑁∑︁
𝑖=3

2𝑐1Δ𝑖(𝑡)Δ𝑖−1(𝑡− 𝜏2)d𝑡+

𝑁−1∑︁
𝑖=2

2𝑐2Δ𝑖(𝑡)Δ𝑖+1(𝑡− 𝜏2)d𝑡+

𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)2𝐷 d𝑡,

where 𝑘, 𝑐1, 𝑐2, 𝛼, 𝐷 ⩾ 0.
Let us introduce the new variable 𝑈 :

𝑈(Δ2
2(𝑠), . . . ,Δ

2
𝑁 (𝑠), 𝑠) =

𝑁∑︁
𝑖=2

𝑒−2𝛼(𝑡−𝑠)Δ2
𝑖 (𝑠)

and, integrating with respect to 𝑠, we get:

(5.3)
∫︁ 𝑡

0

d[𝑒−2𝛼(𝑡−𝑠)Δ2
𝑖 (𝑠)] =

∫︁ 𝑡

0

𝑁∑︁
𝑖=2

[︁𝜕𝑈
𝜕𝑠

d𝑠+
𝜕𝑈

𝜕𝑥𝑖
d𝑋𝑖 +

1

2

𝜕2𝑈

𝜕𝑥2𝑖
𝐺2
𝑖d𝑠

]︁
,

where 𝑋𝑖 = Δ𝑖(𝑠) and d𝑋𝑖 = dΔ𝑖(𝑠) = 𝐹𝑖d𝑠+𝐺𝑖d𝑊 (𝑠).
After the integration in (5.3), one gets:

𝑒−2𝛼(𝑡−𝑡)
𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)− 𝑒−2𝛼(𝑡−0)

𝑁∑︁
𝑖=2

Δ2
𝑖 (0) ⩽

∫︁ 𝑡

0

2𝛼𝑒−2𝛼(𝑡−𝑠)
𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑠)d𝑠

+

∫︁ 𝑡

0

𝑒−2𝛼(𝑡−𝑠)
{︂ 𝑁∑︁
𝑖=2

{[−2𝛼Δ2
𝑖 (𝑠) + 2𝑘Δ𝑖(𝑠)|Δ𝑖(𝑠)|+ 2𝑘Δ𝑖(𝑠)|Δ𝑖(𝑠− 𝜏1)|

− 2(𝑐1 + 𝑐2)Δ𝑖(𝑠)Δ𝑖(𝑠− 𝜏2)]d𝑠+ 2Δ2
𝑖 (𝑠)

√
2𝐷 d𝑊 (𝑠) + Δ2

𝑖 (𝑠)2𝐷 d𝑠}

+

𝑁∑︁
𝑖=3

2𝑐1Δ𝑖(𝑠)Δ𝑖−1(𝑠− 𝜏2)d𝑠+

𝑁−1∑︁
𝑖=2

2𝑐2Δ𝑖(𝑠)Δ𝑖+1(𝑠− 𝜏2)d𝑠

}︂
.

From the preceding expression, after some rearrangements, we obtain:

(5.4)
𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡) ⩽ 𝑒−2𝛼𝑡

𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

+

∫︁ 𝑡

0

𝑒−2𝛼(𝑡−𝑠)
{︂ 𝑁∑︁
𝑖=2

{[2𝑘Δ2
𝑖 (𝑠) + 2𝑘|Δ𝑖(𝑠)||Δ𝑖(𝑠− 𝜏1)|

+ 2(𝑐1 + 𝑐2)|Δ𝑖(𝑠)||Δ𝑖(𝑠− 𝜏2)|]d𝑠+ 2
√
2𝐷Δ2

𝑖 (𝑠)d𝑊 (𝑠) + 2𝐷Δ2
𝑖 (𝑠)d𝑠}

+

𝑁∑︁
𝑖=3

2𝑐1|Δ𝑖(𝑠)||Δ𝑖−1(𝑠− 𝜏2)|d𝑠+
𝑁−1∑︁
𝑖=2

2𝑐2|Δ𝑖(𝑠)||Δ𝑖+1(𝑠− 𝜏2)|d𝑠
}︂
.

From (3.1) there exists some sufficiently small positive constant 𝜆, 𝛼 > 𝜆 > 0,
such that:

(5.5) 𝛼− 𝜆− 𝑘 − 𝑘𝑒𝜆𝜏 − 2(𝑐1 + 𝑐2)𝑒
𝜆𝜏 −𝐷 > 0,

where 𝜏 = max(𝜏1, 𝜏2).
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Considering (5.4) and (5.5) and since the following holds:

𝐸

[︂ ∫︁ 𝑡

0

𝑒[2𝜆𝑡−2𝛼(𝑡−𝑠)]2
√
2𝐷

𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑠)d𝑊

]︂
= 0,

one obtains:

𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
𝑒2𝜆𝑡 ⩽ 𝑒(2𝜆−2𝛼)𝑡𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

]︂
(5.6)

+

∫︁ 𝑡

0

𝑒(2𝜆−2𝛼)(𝑡−𝑠)
{︂
2𝑘

𝑁∑︁
𝑖=2

𝐸[Δ2
𝑖 (𝑠)]𝑒

2𝜆𝑠

+ 2𝑘𝑒𝜆𝜏1
𝑁∑︁
𝑖=2

𝐸[|Δ𝑖(𝑠)||Δ𝑖(𝑠− 𝜏1)|]𝑒𝜆𝑠𝑒𝜆(𝑠−𝜏1)

+ 2(𝑐1 + 𝑐2)𝑒
𝜆𝜏2

𝑁∑︁
𝑖=2

𝐸[|Δ𝑖(𝑠)||Δ𝑖(𝑠− 𝜏2)|]𝑒𝜆𝑠𝑒𝜆(𝑠−𝜏2)

+ 2𝐷

𝑁∑︁
𝑖=2

𝐸[Δ2
𝑖 (𝑠)]𝑒

2𝜆𝑠

+ 2𝑐1𝑒
𝜆𝜏2

𝑁∑︁
𝑖=3

𝐸[|Δ𝑖(𝑠)||Δ𝑖−1(𝑠− 𝜏2)|]𝑒𝜆𝑠𝑒𝜆(𝑠−𝜏2)

+ 2𝑐2𝑒
𝜆𝜏2

𝑁−1∑︁
𝑖=2

𝐸[|Δ𝑖(𝑠)||Δ𝑖+1(𝑠− 𝜏2)|]𝑒𝜆𝑠𝑒𝜆(𝑠−𝜏2)
}︂
d𝑠.

Let us denote by:

(5.7) 𝐺(𝑡) = sup
−𝜏⩽𝜃⩽𝑡
−𝜏⩽𝜓⩽𝑡
2⩽𝑖,𝑗⩽𝑁

𝐸[|Δ𝑖(𝜃)||Δ𝑗(𝜓)|]𝑒𝜆𝜃𝑒𝜆𝜓.

Then, considering (5.6), we obtain:

𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
𝑒2𝜆𝑡 ⩽ 𝑒[2𝜆−2𝛼]𝑡𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

]︂
+

∫︁ 𝑡

0

𝑒[2𝜆−2𝛼](𝑡−𝑠)d𝑠[2𝑘(𝑁 − 1)𝐺(𝑡) + 2𝑘𝑒𝜆𝜏 (𝑁 − 1)𝐺(𝑡)

+ 2(𝑐1 + 𝑐2)𝑒
𝜆𝜏 (𝑁 − 1)𝐺(𝑡) + 2𝐷(𝑁 − 1)𝐺(𝑡)

+ 2𝑐1𝑒
𝜆𝜏 (𝑁 − 2)𝐺(𝑡) + 2𝑐2𝑒

𝜆𝜏 (𝑁 − 2)𝐺(𝑡)],

and after the integration in (5.7), one obtains:

(5.8) 𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
𝑒2𝜆𝑡 ⩽ 𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

]︂
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+
1

(2𝛼− 2𝜆)
{[2𝑘 + 2𝑘𝑒𝜆𝜏 + 2(𝑐1 + 𝑐2)𝑒

𝜆𝜏 + 2𝐷](𝑁 − 1)𝐺(𝑡)

+ 2(𝑐1 + 𝑐2)𝑒
𝜆𝜏 (𝑁 − 2)𝐺(𝑡)}.

Considering (5.7), it follows from (5.8):

(2𝛼− 2𝜆)(𝑁 − 1)𝐺(𝑡) ⩽ (2𝛼− 2𝜆)𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (0)

]︂
+ {[2𝑘 + 2𝑘𝑒𝜆𝜏 + 2(𝑐1 + 𝑐2)𝑒

𝜆𝜏 + 2𝐷](𝑁 − 1)𝐺(𝑡)

+ 2(𝑐1 + 𝑐2)𝑒
𝜆𝜏 (𝑁 − 1)𝐺(𝑡)}.

and, after some rearrangements:

[2𝛼− 2𝜆− 2𝑘− 2𝑘𝑒𝜆𝜏 − 4(𝑐1 + 𝑐2)𝑒
𝜆𝜏 − 2𝐷](𝑁 − 1)𝐺(𝑡) ⩽ (2𝛼− 2𝜆)𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑡 (0)

]︂
.

Further, we can write

[2𝛼− 2𝜆− 2𝑘 − 2𝑘𝑒𝜆𝜏 − 4(𝑐1 + 𝑐2)𝑒
𝜆𝜏 − 2𝐷]𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
𝑒2𝜆𝑡

⩽ [2𝛼− 2𝜆− 2𝑘 − 2𝑘𝑒𝜆𝜏 − 4(𝑐1 + 𝑐2)𝑒
𝜆𝜏 − 2𝐷](𝑁 − 1)𝐺(𝑡)

⩽ (2𝛼− 2𝜆)𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑡 (0)

]︂
⩽ 2𝛼𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑡 (0)

]︂
,

which finally gives:

𝐸

[︂ 𝑁∑︁
𝑖=2

Δ2
𝑖 (𝑡)

]︂
⩽

2𝛼𝐸
[︀∑︀𝑁

𝑖=2 Δ
2
𝑖 (0)

]︀
𝑒−2𝜆𝑡

[2𝛼− 2𝜆− 2𝑘 − 2𝑘𝑒𝜆𝜏 − 4(𝑐1 + 𝑐2)𝑒𝜆𝜏 − 2𝐷]

The proof is completed.

6. Example

We show that our theorem is valid for the stochastic landslide chain model
with delayed coupling of the general form (2.2), composed of 96 units, where func-
tions 𝑓(𝑣) and 𝑔(𝑣) are of the following general forms: 𝑓(𝑣) = arctan 𝑣(𝑡) and
𝑔(𝑣) = sin 𝑣(𝑡), respectively. Inverse trigonometric function could be considered
as a qualitative representation of the plastic soil behavior, commonly referred to
normally consolidated clays. Both functions satisfy Lipschitz conditions (𝑘 = 1).
For the sake of numerical simulation, we adopted the following parameters: 𝛽 = 1,
𝜏 = 1, 𝑐1 = 1, 𝑐2 = 1, 𝐷 = 0.1, 𝜏1 = 0.23, 𝜏2 = 0.42. In the case when condi-
tions of the theorem are not satisfied, we adopted the value of 𝛼 = 1 (according
to our theorem, parameter 𝛼 needs to be higher than 6.1 to satisfy the theorem
conditions). This case is shown in Figure 1a. In Figure 1b we show the results of
the computation when theorem conditions are satisfied (𝛼 = 6.2). Evidently, one
observes synchronization of units when theorem conditions are satisfied.
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Figure 1. Temporal evolution of the velocity difference between
the two randomly chosen units 27 and 72 in the array of 96 units of
the stochastic landslide chain model with delayed coupling of the
general form (2): (a) 𝛼 = 1 (theorem condition is not satisfied),
(b) 𝛼 = 6.2 (theorem condition is satisfied). Other parameters of
the model are set as follows: 𝛽 = 1, 𝛾 = 1, 𝑐1 = 1, 𝑐2 = 1, 𝐷 = 0.1,
𝜏1 = 0.23, 𝜏2 = 0.42.

7. Conclusions

We have studied the stochastic stability of exact synchronization in a novel
model of one-dimensional landslide dynamics. The model is formulated in terms
of the block’s velocities so that the acceleration of each block is determined by the
block’s velocity and the difference of the velocities of the nearest neighbors in front
and behind. The model explicitly considers the effect of noise and different types of
feedback delays. Quite a general form of nonlinear feedback is considered, and the
number of units in the chain is arbitrary. Mathematically, the system is described
by a set of 𝑁 scalar nonlinear stochastic DDEs. The nonlinear functions charac-
terizing each unit in the chain are piece-wise continuous and satisfy the uniform
Lipschitz condition but are otherwise arbitrary. Thus, the dynamics of each unit
when decoupled from the chain can be quite complex depending on the internal
parameters and the feedback delay. We have proved that exact synchronization
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in the mean square can be achieved if an explicit sufficient condition is satisfied.
The sufficient condition for the global asymptotic in the mean square of the exact
synchronization involves the coupling constants 𝑐2, 𝑐1 and the Lipschitz constant 𝑘.
The latter can be estimated in terms of the internal parameters and the feedback
delay 𝜏1. The sufficient condition does not depend at all on 𝑁 and coupling delay
𝜏2. The sufficient condition indicates that the uni-directional asymmetric coupling
induces the synchronization much more efficiently than the bi-directionally sym-
metric one. It means that by setting 𝑐1 = 0 or 𝑐2 = 0, there is a larger range of
noise intensities where the synchronized solution is stable with other parameters
fixed. Also, the mean-square stability of the synchronized solution is independent
of the system size.

Acknowledgments. We devote this paper to the late professor Nikola Burić
whose original ideas in the study of synchronization in different dynamical systems
still inspire us.

References

1. M.G. Angeli, E. Bromhead, P. Gasparetto, F. Marabini, F. Pontoni, Stop-start landslides and
the creep phenomena, In: S. Aversa, I. Cascini, L. Picarelli, C. Scavia (eds.), Landslides and
Engineered Slopes. Experience, Theory and Practice, 325–332, CRC press, 2016.
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УСЛОВИ СИНХРОНИЗАЦИJЕ У ЛАНЧАНОМ МОДЕЛУ
КЛИЗИШТА СА ШУМОМ И КАШЊЕЊЕМ У ВЕЗИ

Резиме. У раду испитуjемо услове за синхронизациjу ланачног модела клизи-
шта са шумом и кашњењем у вези. Као прво, предлаже се нови ланчани модел
динамике клизишта, са укљученим ефектом кашњења у вези и позадинског
шума. Модел jе микроскопског типа, где на стање сваког блока у ланцу утиче
претходно стање истог блока, као и и суседних блокова, укључуjући и утицаj
шума. Као друго, испитуjемо стохастичку синхронизациjу таквог система сто-
хастичких диференциjалних jедначина са кашњењем. Као резултат, добиjа се
довољан услов за експоненциjалну средње квадратну стабилност синхрониза-
циjе, коjи указуjе на то да jедносмерно асиметрично повезивање блокова доводи
до синхронизациjе много ефикасниjе од двосмерно симетричног. Са практичне
тачке гледишта, добиjени резултати потврђуjу да би различити делови велике
нестабилне падине могли да испољаваjу синхронизовану активност под одре-
ђеним условима, што указуjе на њихов могући већи утицаj на конструкциjе
(и генерисање одговараjућих деформациjа) у односу на индивидуални ефекат
несинхронизованих активности различитих делова падине.
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