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Abstract

Ionized gas flow for different forms of the law of its electroconduc-
tivity variation is studied in this paper. At first, it was consid-
ered that the gas electroconductivity was determined by the law
0 = o(x). Then, under the influence of MHD, it is accepted that
the electroconductivity variation law is determined by the expres-
sion 0 = 0o(1 — u/ue). At the end, ionized gas flow is studied
in the case when the electroconductivity of the gas is a function
of the longitudinal velocity gradient. For all these cases boundary
layer equations are, by means of suitable transformations, brought
to a generalized form. The obtained universal equations are nu-
merically solved in the so-called three parametric approximation.
Based on the obtained solutions, behaviour of physical values and
boundary layer characteristics are graphically presented. Con-
clusions are drawn about the influence of certain parameters on
distribution of physical values in the boundary layer.

1 Introductory studies, starting equations

In MHD boundary layer theory, different problems of a body within
conductive, incompressible fluid are studied in details (by application
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of the general similarity method). In the studies considering this field,
[1, 2, 7], flow problems in the cases when the external magnetic field
is perpendicular to the contour of the body are solved. Here, the fluid
electroconductivity is either constant or different forms of the electro-
conductivity variation law [7] are used. In these mentioned (and other)
studies, the importance of electroconductivity variation for practical
usage, as well as for theory and methodology, is stressed.

In that sense, this paper studies ionized gas flow in the boundary
layer at the body of any shape for several different possible forms of
the law of its electroconductivity variation. Since we do not know
the exact form of the electroconductivity variation law of the gas, by
analogy with the electroconductive liquid, different electroconductivity
variation laws of the ionized gas are suggested in this paper. They have
the form of the following expressions:

(@)  o=o(x),

(b) o=o(l —u/u,), (1)
0
(¢) o= 002—28—3, (00, v9 = const).

As it is seen in the given presumed laws, the ionized gas electro-
conductivity is: a function only of the longitudinal coordinate x (the
expression la), a function of the velocities ratio (the case 1b), or a
function of the longitudinal velocity gradient (1c). Based on the laws
(1b) and (1c¢), it is concluded that in these cases the ionized gas elec-
troconductivity disappears at the outer edge of the boundary layer (for
which v = w.(x) and Ou/0y = 0), that is, 0 = g. = 0 at this boundary.

Due to ionizations, under the influence of the outer magnetic field
By, = Bp(x), an electric stream appears in the gas. Because of this,
Lorentz force and Joule’s heat appear. Due to these two effects new
terms [4] appear in the corresponding boundary layer equations, which
is not the case with the homogenous gas.

If, by the usual procedure we exclude the pressure from the start-
ing boundary layer equations [4], the equations of the steady plane
laminar boundary layer, for small values of magnetic Reynolds number
and under the conditions of the so-called balanced ionization, have the
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following form:

0 0
%(PU) + a—y(f)v) =0.

@_‘_ %— %_‘_3 @ —oB?
PUor pv(‘?y — Pty oy M@y 0 m Y,

Yy — 00 : u — ue(x), h — he(x).

In these equations as well as in the corresponding boundary condi-
tions, symbols common in the boundary layer theory have been used
for certain physical values. So, we have the following symbols: u(x,y)
- longitudinal projection of velocity in the boundary layer, v(z,y) -
transversal projection, p - density, p - pressure, h(z,y) - ionized gas
enthalpy, i - dynamic viscosity and Pr - Prandtl number. The indices
represent: e - conditions at the outer edge of the boundary layer, w -
values at the wall of the body within fluid and o - constant physical
values.

Here, the term o B2 u represents already mentioned Lorentz force,
and the term oB2u? represents Joule’s heat. Since the ionized gas
electroconductivity o appears only in these terms, they are different for
different forms of the electroconductivity variation law (1). Therefore,
these terms are underlined in the equations (2). The boundary layer
equations (2) correspond to the electroconductivity variation laws (1
b) and (1 ¢). In the case when o = o(z), the underlined terms have
these forms in the dynamic and energy equation:

(a) +0 B2, (ue — u), +oB;, (u* — uu.). (27)
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2 Transformations of the variables

For solving the differential equation systems (2) and (2’), the general
similarity method [6] has been used.

Unlike other methods [8], parametric methods of solution of bound-
ary layer equations, of compressible as well as of incompressible fluid,
are based on the introduction of the corresponding sets of parameters.
These parameters, as it is known, represent so-called, similarity para-
meters and play a role of new independent variables. Depending on
the flow problem, these parameters may be dynamic, thermodynamic
or diffusional or magnetic. However, the introduction of the similarity
parameters is based on the application of the momentum equation. In
order for the momentum equation of the considered ionized gas flow
problem, to have the simplest form, new purposeful variables s, z and
the stream function (s, z) are introduced in the form of these rela-
tions:

1 T 1 [Y
S($) = pwﬂwd$7 Z(l’,y) = _/ pdy7
Polo Jo PoJo
(3)
o ~ _ Polo 0z p\ _ O
‘= 5’2’ °- Py uax—’_q}po B 88.

They are also introduced with similar flow problems [5].
By means of newly introduced transformations (3), the boundary
layer equation system (2) comes down to:

0O WP _p. due O (Qa%) _ Pt 9B, 09

0z 00z  0s 022 ;ue ds | 9z \ 52 Pl P 02’

0z 0s 0s 0z puedsa

o oh O oh du, O 9%\ 2
boh _0woh _ p. “w+vo@(a—f)+

0 (QOhY  popo 9By (90’
+UO@Z (Pr@z) +pw,uw p \0z)’ 4)
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z2=0: wza—¢:0, h = hy,
0z
Z— 00: g—fﬁue(s), h — he(s).

In the obtained equations (4) the non-dimensional function ¢ and
Prandtl number Pr are determined by the expressions:

P . _ HS

“ poie X ®)
The obtained equations (4) are applied in the cases of ionized gas
electroconductivity variation (1 b) and (1 ¢). If the electroconductivity
variation law is determined by the relatively more generalized expres-
sion (1 a), then, after the introduction of the transformations (3), we
obtain equations which differ from the obtained only for the underlined

terms. Then these terms are:

_’_pOIUJO 0B, <Ue (%D);

Puwlte P 0z
a (4")
poto 0B | (0UN* Oy
+ — 5= ) —uem— |-
Pwltew P 0z 0z

Using the variables (3), by the usual procedure of integration of the
dynamic equation with respect to the transversal coordinate within
the boundary layer, the corresponding momentum equation can be
easily derived. This equation has the same form for all three forms of
electroconductivity variation law (1) of the ionized gas, and it is:

Az Fy,
= (6)

ds Up

However, in each of these cases the characteristic boundary layer
universal function F;, has a different form:

(@) Fo=2[C—(2+H)f] - 2Hyg
(b)  Fn=2[(— (24 H)f]+2Hyg (7)

(€ Fn=20C-Q2+H)f]+g
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In obtaining the momentum equation, in further studies we intro-
duce: the parameter of the form f, the magnetic parameter g, the non-
dimensional friction function ¢ , the conditional displacement thick-
ness A*, the conditional momentum loss thickness A**, the conditional
thicknesses A} and Aj*, as well as other physical and characteristic
values of the boundary layer. They are denoted in the usual way and
they are:

O(u/ue) A*

A**Q R
I (CETE AN O R P

Vo

Z**

A7 N. — Polo UB?n

= > o= ) g(S) :NGZ**a
A Pwkty  Pe

A** B2
() H ==, N,=LL02m - N,z
A Pwltw  Pe

ok

B2
(C) NG’ - MUO_m g(S) = No‘ — uglNavé/QZ**l/Q,

Publ  Po Ue

For further studies of the ionized gas problem, another transforma-
tion of variables is used. It is also used with electroconductive liquid.
As a matter of fact, new variables, like Saljnikov’s, are introduced in
the form of:
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U(s, z) - h(s, z)

¢(s,m) = TR h(s,n) = : 9)

s 1/2 U2
K(s) = (avO/ ug_1d8> , hy = ?e + he = const.;
0

in which ¢(s,n) represents the newly introduced stream function, h
stands for the non-dimensional enthalpy, while a and b are arbitrary
constants. Using the newly introduced transformations (9), some char-
acteristic values (8) of the boundary layer can be written in the form:

> d¢ tols) d¢
A:/ (&——>d, B:/ —(1——)d,
0 p On 1 o On on 7
3 /mpe( 0¢)
@) Hi==, A =[] Z(1-=an,
@ =g A U

Ay [T00 (99 pe
0 H=g A= [T (1-5) 2y

(10)

3 (Generalized equations of ionized gas
boundary layer

Using the newly introduced transformations (9), the equation system
(4) i.e. (4’) can be, after complicated transformation, brought to a
new form in which there will still be the outer velocity u.(s) and the
magnetic field power B,,(s). In order for the equation system to be
explicitly independent from these values, which characterize each con-
crete problem, it is necessary, just like with MHD, to introduce two
sets of parameters.
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As with ionized gas flow problems, it has been proven that the sets
of dynamic and magnetic parameters should have the following form:

k= fo=u2/2hi, fr= ub 1P zxk,
(a,b)
gy = ulecleék—l)Z**k’
(11)

K = fO = ug/2h1, fk = Ulec_l’l,Lg(gk)Z**k,
gr = u/;szék*l)vé/QZ**kq/z,

(k=1,2,3,..).

The first parameters (11) represent the already (8) introduced pa-
rameter of the form f and the magnetic parameter g, i.e. f; = f(s)
and g; = ¢(s) ; while k represents the so-called local compressibility
parameter. This parameter satisfies the simple differential equation

Ue . AR
u_;fld_s = 2kf1 = bo, (12)

and it represents a function of the coordinate s, which is set in
advance.

Using the momentum equation of the considered problem, it is rela-
tively easily found, by differentiation of the parameters, that the intro-
duced parameters satisfy recurrent simple differential equations. For
all three cases of electroconductivity variation law, these equations are:

%flf,; = [(k = D fi + kEnlfi + firr = O,
@

Ue ,
gflglc = [(k = 1) f1 + kEFu]gr + grr = Vi

e

%flf,g = [(k = 1) fi + kFl fx + frrn = Ok,

Ue
Jflg;c = [(k = 1) fi + kFn]gr + ges1 = Vi
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— fife = (k= D) fi + EF] fr + ferr = Ok,
(c)

(k=1,2,3,..)

where, as before, the prim stands for a derivation with respect to s.

If, from the very beginning, we introduce two sets of parameters
(together with the compressibility parameter), equations of ionized gas
boundary layer in so-called general similarity variables will be obtained.
Because of that, instead of the variables (9) we use the similarity trans-
formations in the following form:

s=s, n(sz)= AB;EZ)z,
0(s,9) = Lol (1), () (1)

h<5777) :hl '71[77; K, (fk)?(gkz)]? (k: 172737"')'

With the new transformations, as it is seen, the function ¢ and
the non-dimensional enthalpy h are not directly dependent on the lon-
gitudinal variable s but indirectly through the parameters x, f; and

9k-
By means of the variables (14) the basic equation system (4) is

brought to this form:
Pe _ (%)2
p on

> op ¢ 0P 8¢ > op 0% I 0%
;(”“ (a_n mofi  ofi an2> "2 (a_n Indgi a_gka_nQ)] ’

k=1

G109 02¢ _

76,

o ([ 0%\ aB2+(2-b)fi
(Q )+ ¢3n2 B?

an \ " on? 2B?

1
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n=20: ¢=g—;§=0, h = h,, = const.,
0 o0 %_u, heho=1—r.

Since the distribution of the outer velocity u.(s) appears neither in
the equation system (15) nor in the corresponding boundary conditions,
the equation system (15) is in that sense universal, i.e. generalized.
Also, the magnetic field power B,,(s) does not appear explicitly in the
obtained system, but indirectly through magnetic parameters.

It is clear that the generalized equation system (15) differs in certain
(underlined) terms for different given forms of the ionized gas electro-
conductivity variation law (1). The equation system (15), written here,
is suitable in the case when the electroconductivity ¢ changes accord-
ing to the law (1 ¢). For the law forms (1 a) and (1 b), the underlined
terms in the dynamic and energy equations are:

g1 Pe dp 2691 p. 09 ¢ :
(@ 45 (1 - a_n> B o (1 - a_n) (15’
g1 p. 0 0¢ 2691 p (09 0¢
0 3 0-5) G (05)
(157)

respectively.
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4 Solutions of the obtained equations

Solution of the obtained equation system (15), i.e., (15’) or (15”) is
practically possible only when there is only a small number of similarity
parameters (n-parametric approximation). If it is presumed that all the
parameters, starting from the second one equal zero, and if the deriva-
tions with respect to compressibility and magnetic parameters are ne-
glected, the system is remarkably simplified. In the so-called three-
parametric twice-localized approximation (0/0k =0, 0/0g; = 0) the
equation system (15) reduces to:

pe _ (%)2

p on

o [ 0%\ aB®+(2-0b)fi
7 (@58) +
 Fufi <a¢ 29 9 a%)
= _ 0050\

O ondf,  Of o

¢ fi
on? + B?

g1 09 32¢ _

B 0n on?

¢

T T 2
0 (Q@) LaB @ =Df Ok 2fip.06 o (a%) N

on \ Pron 2B on B2 pon an?
+2/€g1 9 2@ _Fuh @8_71 _ %8_}_1 - (16)
B on) on? B2 ondfy 0Ofion)’
n=0: ¢:%:0, B:Bw:const,
on
0¢p - =
n— a—n—>1, h—>he—1—/‘€

For electroconductivity variation laws (1 a) and (1 b), the under-
lined terms change and have a form as with (15’) i.e. (15”). Under
these conditions, the expression for the characteristic function F,, is
also remarkably simplified. In our studies, while solving the equation
system (16), the exact expression (7) has been used; of course according
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to the corresponding form of the electroconductivity variation law. By
analogy with dissociated gas [3], the following approximate formulae
are used for the non-dimensional function () and for the densities ratio

Pe/P

while the usual values are accepted for Prandtl number Pr = 0.712
(air), and the constants a and b are: a = 0.4408; b = 5.7140.

The parametric equation system (16) has been numerically solved
using the finite differences method.

The system is, according to the written program in FORTRAN
language [6], solved for several different values of the parameters x and
g1, given in advance, as well as for the enthalpy h,,. Out of many obtain
results in a form of tables, only some, in a form of the corresponding
diagrams (Fig. 1. - Fig. 6.) are given here, and those are for the
presumed ionized gas electroconductivity laws.

1.0
u
u,
1
08
2 .
1. f,=-0.14
06 2. /,=0.00
3 3. £,=0.10
g,=0.20
04 £,=0.60
h,=0.0152
02
n
0.0

0 2 4 6 8 0 12 14 16 18 20

Fig. 1. (a) Distribution of the non-dimensional velocity
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Fig. 2. (a) Distribution of the non-dimensional enthalpy for different
values of the parameter fj
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Fig. 4. (b) The characteristic of the boundary layer
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Fig. 5. (c) Distribution of the non-dimensional enthalpy
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Fig. 6. (c) The non-dimensional function of the friction

5 Conclusions

Based on the given and other diagrams, the following has been con-
cluded:

e The non-dimensional velocity u/u. converges very fast towards
one for all the values of the compressibility parameter and differ-
ent values of the form parameter and the magnetic parameter.

e Here the compressibility parameter x has a negligible influence
on distribution of the non-dimensional velocity in the boundary
layer.

e This parameter has a great influence on distribution of the en-
thalpy in the boundary layer.

It is pointed out that the given conclusions are in total agreement
with the conclusions which are valid for similar compressible fluid flow
problems (dissociated gas). These conclusions are valid for all three
forms of the ionized gas electroconductivity variation law.

It can be stated, with certainty, that distributions of physical values
at the boundary layer for other possible forms of electroconductivity
variation law will be identical with the ones obtained in this paper.
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Strujanje jonizovanog gasa u grani¢nom sloju za razlicite
oblike zakona promene elektroprovodnosti

UDK 533.95; 537.56

U radu se istrazuje strujanje jonizovanog gasa za razliCite oblike
zakona promene njegove elektroprovodnosti. Najpre je smatrano da
je elektroprovodnost gasa odredena zakonom o = o(z). Zatim je,
pod uticajem MHD, usvojeno da je zakon promene elektroprovod-
nosti odreden izrazom o = o¢(1l — u/up). Na kraju je razmatrano
strujanje jonizovanog gasa i za slucaj kada je elektroprovodnost gasa
funkcija gradijenta poduzne brzine. Za sve navedene slucajeve jed-
nacine grani¢nog sloja su pogodnim transformacijama dovedene na
odgovarajuci uopsteni oblik. Dobijene univerzalne jednacine su numer-
icki resavane u tzv. troparametarskom priblizenju. Na bazi dobijenih
reSenja graficki je prikazano ponasanje fizickih veli¢ina i karakteristika
grani¢nog sloja. Izvedeni su zakljucci o uticaju pojedinih parametara
na raspodele fizickih veli¢ina u grani¢cnom sloju.



