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514. ON A MALET-HAMMOND'S FUNCTIONAL EQUATION*

Radosav Z. Dordevic and Gradimir V. Milovanovic

1. J. C. MALET (see [1]) has stated a problem:

Prove that the function f(x) = bx - aX statisfies the functional equation

(a+b)f(x)=abf(x-I)+f(x+ I)

Solving this problem, J. HAMMOND[1] has proved a more general result.
Function f, defined by
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satisfies the equation

(2) " "(L ak)f(xp ..., x,,)=( TI ak)f(xj -I, ..., x,,-I)
k=O k~O

"

In this paper we will consider the functional equation (2), where f: R"-+ R,
aj>O (i=O, I,...,n), ai<aj8i<j.

Function f, defined by (1), is a particular solution of equation (2).
It is easy to show that the function
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where IXO;(i = 0, I, . . . , n) are arbitrary real constants, is also a solution of
equation (2).

Let us introduce the following notations:
Fa(X) FI (X) ...

F"
(X) .

" "A = L aj,
;=0
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Using the Lemma 1. the last equation becomes

A~(X; Go' Gn)=~(X-ll; aoGo. ..., anGn)

+A ~ (X + 1; Go. ... , Gn)- ~ (X + 1; aoGo. anGn);

hence, it follows

A(X+ 1; AGo, ..., AGn)-~(X + 1; aoGo, ..., anGn)

-~(X; AGo,..., AGn)+~(X-ll; aoGo, ..., anGn)=0,

~(X+1;(A-ao)Go' ..., (A-an)GJ-~(X;AGo' ...,AGn)

1.e.,
~(X; Ho, ..., Hn)=O.

Thus, Theorem is proved.
The continuous solutions of equation (3) are (see [2])

(6)

where H is an arbitrary continuous function with values in R, if ao, aI, .. . , an
make a geometric progression, where ai = qiao, or

Hi(X)=O (i=O,l,...,n),

if ao, al' . . . , an do not make a geometric progression.
Basing on that it may be concluded that for defining functions Gi, as

solutions of equations (5), one should recognize these two cases. We are about
to show that there is no need for that, i.e., that it is enough to take only
Hi(X)=O (i=0, 1, ..., n).

Namely, equations (5), that is equations

(A -ai) Gi (X +n+ 1) -AGi (X +n) + aiGi (X) =Hi (X +n) (i = 0, 1, .. . , n),

to which, using the operator E, one may give a concise form

(7)
where

(/Ji (E) Gi (X) = Hi (X + n) (i=0, 1, ..., n),

(/Ji (E) = (A - a;) En+ 1- AEn + ai

have general solutions given by

(i=O, 1, ...,n),

(i = 0, 1, . . . , n),

where gi are particular solutions of equations (7) and gi general solutions of
the corresponding homogeneous equations

(/Ji (E) Gi (X) = 0 (i=0, 1, ...,n).

Then
f(x!, . . . , xn) = ~ (X; go' . . . , gn) + ~ (X; go' . . . , gn).

We are going to show that ~(X;io' ..., gn)=O.
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Lemma 2. If ~ (X; Ho, ..., Hn) = 0 and if go' . . . , gn are the particular solutions
of equations (7)" then

(8)

Proof. If Hi (X) = 0 (i = 0, 1, . . . , n), the claim is correct, since equations
(7) are reduced to the homogeneous ones.

Let now functions Hi be defined by (6). Then ai = qiao (i = 0, 1, . . . , n),
so equations (7) become

(9)

(10)

(11)

l/Jo(E) Go(X) = H (X + n),

l/Ji(E) Gi(X) =0 (i=I, ...,n-l),

l/Jn(E) Gn(X) = (- l)n-l qX+nH(X + n).

From (10) it immediately follows gj (X) = 0 (i = 1, . . . , n - 1).

As (A-an)q=A-ao' one has

so
l/Jn(E) Gn eX) = l/Jn(E) (qXq-X Gn (X))

= qX l/Jn(qE) (q-X Gn (X))

= qX+n l/Jo(E) (q-X Gn eX)).

If go is a particular solution of equation (9), follows that equation
(11) has a particular solution gn defined by

gn(X) = ( - 1)n-l qXgo (X).

As for the system of functions

go(X), gi(X)(=0) (i=1,2,...,n-l),

equality (8) holds true (see [2]), the Lemma is proved.

Theorem 2. If rJ'.OieX) and rJ'.ki(X) are arbitrary periodic constants and Aki(k = 1,
2, .. . , n) roots of equations

A-aj An_. An-l- . . . - A'- 1= 0
ai

(i = 0, 1, ..., n),

the general solution of the form (4) of equation (2) is

f(x!, ..., xn)=~(X; Go' ..., Gn),

where functions Gj are defined by

n

Gi (X) = rJ'.Oi(X) + 2: rJ'.ki(X) Ak/
k~!

(i = 0, I,
"

. , n).
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Proof. Based on Theorem 1 and Lemma 2 each function Gi satisfies the
equation

(12) (A-aJGi(X+n+ 1)-AGi(X+n)+aiGi(X)=O.

Its characteristic equation is
(A - aJ "An

+ 1 - A "An+ ai = 0,
i. e.

where

Pi ("A)=
"!-ai "An-An-l- ... -A--l.

a.I

If Aki(k = 1, . . . , n) denote the roots of equations Pi (A)= 0 (i = 0, 1, .. ., n),
the general solution of equation (12) is defined by

n

Gi (X) = ao;(X) + L aki (X) Ak/
k~l

(i=0, 1, ..., n),

where aOi(X) and aki (X) are arbitrary periodic constants.

Theorem 2 is thus proved.

EXAMPLE. Let f:Rz--+R and let a, b, c be mutually different positive numbers. General solution
of the form (3) of the functional equation

(a+ b + c)f(x, y) =abcf(x-1, y-1) + f(x+ 1, y) + f(x, y+ 1)
is

Gj (x+ y) Gz (x+ y) G, (x+ y)

f(x, y) = aX bx

where functions Gi (i = 1, 2, 3), with values in R, are given by

(vaz+4Q(b+C) + a)
X

(vla2 + 4a (b + c)-a )
X

Gj(x)~OCj(x)+~j(x)
2(b+c)

+Yj(x)
2(b+c) COS7tX,

(VbZ+ 4b(c+a)+b )
X

(Vb2+ 4b(c+a)-b )
X

Gz(x)=ocz(x)+~z(x) 2(c+a) +Yz(x) 2(c+a)
COS7tX,

(VC2+ 4C(a+b)+c )
X

(VC2+ 4C(a+b)-c )
X

G,(x)~oc,(x)+~,(x)
2 (a+b) .

+y,(x)
2(a+b) COS7tX

and oci' ~;, Yi (i = 1, 2, 3) are real periodic constants.

3, Now we are going to point out to some generalizations.

If aER, m, rEN, O<ai<aj(i<j), Am=aom+a1m+ . . . +anm

and if function I: Rn--+ R, for functional equations

(13)
n

al(x!, ..., xn)=( n ak)/(xl-l, ..., xn- 1)
k=O

n

+ LI(x!, ..., Xk-!' xk+m, Xk+!' ..., xn)
k~l
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and

(14)
n

af(xl' ..., xn)=( TIak)' f(xl-r, ..., xn-r)
k~O

n

+ 2: f(xl' ..., Xk-l' xk+m, Xk+1' ..., xn),
k=1

the following results hold.

Theorem 3. If aki (X) are the arbitrary periodic constants and Aki roots of equations

(i=0, 1, ..., n),

the general solution of equation (13) is

f(xl' ..., xn)=~(X; Go, ..., Gn),

where functions Gi are defined by

n+m

Gi (X) = 2: aki (X) Ak/
k=1

(i = 0, 1, . . ., n).

Theorem 4. If functions Hi (i = 0, 1, . . . , n) are general continuous solutions of
~quation

~ (X; Ho, . . . , Hn) = 0,

junctional equation (14) has the general solution given by

f(xI' ..., xn)=~(X; Go, ..., Gn),

if and only if the functions Gi satisfy equations

(Am - aim)Gi (X + m) - aGi (X) + a{ Gi (X - nr) = Hi (X).

Since the proofs of these theorems are similar to those of Theorem 1
.and 2, they will not be given here.
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