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518. ON SOME INTEGRAL INEQUALITIES*
Gradimir V. Milovanovié¢

A. Ostrowskl ([1]) has proved the following theorem:

Theorem A. Let f be a differentiable function on (a, b) and let, on (a, b),
|f'(x) | M. Then, for every x & (a,b),
a+b\?
—3)

b
) !f(x)——l;é; ff(x)dx.g %+_(T_a_)2_ b -a) M.

Remark. If f:R—R is a differentiable function defined on [a,5] and such that |f'(x)|
=M (Vv x E (a, b)), then the inequality (1) holds for every x € [a, b] (see[2]).

G. W. MACKEY in [3] has given the following result.

Theorem B. Let f be a differentiable real-valued function defined on [0, 1] and
such that
Iff ()M for 0<x<1.
Then

|/ 1 k } M
fdx—- 3 F(E) =M,
) 'of (x) dx—— ()

k=1 nj| n

These results are presented in the monograph [4, p. 297].
In this paper we shall give some generalisations of these results.

Theorem 1. Let f:R->R be a differentiable function defined on [0, 1] and
such that
lf (x) | =M for 0<x<I.
Then
1 n ) n

! M

3) [ r@ x-S s | 273 () -3,
[
where
O=q,<a,<a,<---<a,=1
and
Me=ap—ar_,, a_ =x=a.(k=1, ..., n).

ar
Proof. Let E(f; k) :f(x")*%k ff(x) dx.
A1

* Presented February 6, 1975 by P. M. Vasié.
119



120 G. V. Milovanovi¢

According to Theorem A and the Remark, we have

ay _+ a8
Xfe—

\E(f; ) ts[% ) J(ak—ak_l)M,

2
. (ak_ak—l)z
1. €.
© M| E (30|57 (o= a2+ (@ = 502).

Since

= 2 M| E(f;B)],
k=1

1‘ n n 1 3
| [ s 5w =|k§1xk(f<xk>—;k [ECLY
0 ap,

k

according to the inequality (4), we obtain (3).
Thus the theorem is proved.

Corollary 1. If x,=a, or x,=a,_,, from (3) it follows

n
M
== > M2
2 k=1

1 n

[ f@)dx = 3 0 fx)
0 k=1
Corollary 2. If xk=% (ar—, +ay), from (3) we obtain

n
ggéf :2 }k;
4 k=1

1 n
[rxdx =2 nf(x)
0 k=1

Corollary 3. If =% (k=0,1,...,n), from (3) it follows

n
1 B} .
2
) [reya-L 3 e =2 3 2(xk-—’i)+zn(xk_£) }.
b n k=1 2n k=1 {n n n
If xk=0k=—k‘ or X, =ak_1=k—'—1, from (5) we have
n n
1
S 1 < M
1 [r@ar-L 3 reyls.
N n k=1 2n
This inequality is stronger than the inequality (2).
If xk=%(ak_1+ak)=2k_1 , from (5) we obtain
! n
1 M
©) [re@ac—t 3 oo s
0 n k=1 4n
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Inequality (6) is given in [5, p. 151].

Now let D={(x,,..., x,) | @;<x;<b;(i=1,...,m)} and let D be the
closure of D.

We now propose the following generalisation of Theorem A.

Theorem 2. Let f:R™—> R be a differentiable function defined on D and let

ifl =M, (M;>0; i=1,...,m) in D. Then, for every X=(x1,...,x,',',)€]j,
Xi
bl
1
D e[ [ 100 dr e,
i

H (bi—ap) 4 U

a;+b;\?
[}_ﬂL——(xi— 2 )](b,-—a,-)M..

4 iy ‘

IIA
It

i

Proof. Let X=(x,,...,x,) and Y=(y,,...,»,) (XC D, YC D). Accor-
ding to TAaYLOR’s formula, we have

® F@O -1 =2 -,

where C=(y,+0(x;—¥,)s -+, Y+ 0 (x,,—y,)) (0<OLT).
Integrating (8), we obtain

®)  f(mesD- f [ramar- f [ 2Oy ar,

where dY=dy,- - -dy,, and mesD——H (6;—
i=1

From (7) it follows

f(X)mesD—f-~-ff(Y)dY1§lzl
R -

f...[af(Q(xl_yl)dyt
o ()x,-
D
ol
and

(10) ‘f(X) meSD“f”'ff(Y)dY‘§§:l MiL/"”fIxi_yildY,
D D

. . . o
respectively, owing to the assumption a—f
Xi

9 f(C)
dxi

A
Mz

'Ixi_yildY,

1l

i

<M, M>0; i=1,...,m).

Since

b
f] X =¥l d)"i=i (b; “ai)z“f’(xi_w)z,
4 2
aj
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we have

b;
[ [1xmmnlar=222 [{x—y|dy,
b,-—a,~
D a;
( a,-+b,~2
1 (""_ 2 )
- D)(h—a)l e\l 2 7|
(mes D) (b-a) |+

Since mes D >0, inequality (10) becomes

4 a;+b;
lf(X)— I,_,,I _)f ff(Y)d % zgl( ((b——:,)z)](bi—ai)Mi'

Thus the proof is finished.
The Theorem 2 can be generalised as follows.

Theorem 3. Let f:R™— R be a differentiable function defined on D and let
of =M; (M;>0; i=1,...,m) in D. Furthermore, let function X+>p (X) be

t)x,-

defined, integrable and p (X)>0 for every X D. Then, for every X = D,

Mf fp @) x,—y; | dY

[IWZE

fl')'-fp(Y)f(Y) dy
=
f"'er(Y)dY f"'fP(Y)dY
D

D

f&X) -

This Theorem can be prove similarly to Theorem 2.
We use the following notations:

m,n;, &N (i=1,..., m)
0=a,~o<a,-1<-v~-<ain,-=1(i=1,...,m);

@y Xy, Sy Mg =@y, — @ (k=1..... %5 i=1,...,m);
k=(ky,.... k), X=(x,...,%,), Xg=1x, ..., Xmky);
D={X|0<x;<l; i=1,...,m}

D (ky={Xp|a; p,_ <xp, <y, (k;=1,...,n5i=1,...,m}
dX=dx,- . -dx,;

E(f ) =f (X ~— f f F(X)dx.
H 1

i=1
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Theorem 4. Let f:R"—>R be a differentiable functzon defined on D and let

i:f <M, (M;>0; i=1,...,m) in D.
Xy
Then
(11) ]f FXAX— 2 - 2 Mgy Mok S (X2
D k=1  km=1

s%é M, ( 5, H(x,k,k))

where
H(t k)= (t—a; 4, P+ (a, — 1)

Proof. According to Theorem 2, we have

(12) GRS 3 0 H G k).

l

Since | ) - Cj D (ky=D, we have

k=1  km=1

’f ff(X)dX z 'k2:7\1k1---7\mkmf(Xk)

k=1

ny

Z Z ISTRARY N E(f’ k) I

k=1 km=1

ny

Z My Ak | E(f3 K) .

k1=1 km=1

Using (12), the last inequality becomes

ky=1  km=1

lf fX)dx - Z Z iy Mt S (X
D

1M ™M,

=13 z A+ Ak (z ~H(x,~k,-;ki))
2021 km2t =1 Miki

~1ls M,.( S H(xik,.;k,.)).
2 i=1 ki=1

The proof is finished.

Corollary 1. If Xikg =y, OF Xik;=Qi,ki—15 from (9) it follows

1 ri
=3 M,.< > x,-,j).
=1

ki=1

f F(X)dx— % nf My - Moie (X))

b k=1 km=1
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Furthermore, if 7\,-,(,~i holds
n;

ny nm 1 m M-
f ff(X)dX———— DR N {CAIES S e
o mZl k=1 =1 M
Corollary 2. If x,-k,.=?(a,~,k,._1+a,-k,-), holds
i ny nm 1 m ni 2
if FEOAX= S S At Dk (X g_zM,.( S x,-k,.),
1 b Kol kel 45 kiz1

, 1
Furthermore, if A= o we have

f [ roax-—t 5 % ra

:l km=1

1 m
:Z
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