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547. ON AN INEQUALITY OF IYENGAR*

Petar M. Vasi¢ and Gradimir V. Milovanovié

0. K. S. K. IYENGAR [1] has proved the following:
Theorem A. Let f be a differentiable function on [a, bl and |f'(x)|<M. Then

M(b a)

oy | f S ax—1 -0 (/@ +/B)]= L e -rar

Similar inequalities can be found in the book [2] by D. S. MITRINOVIC.
Inequality (0.1) can be written in the form

(0.2) \— [ f(x)dx———(f(a)+f(b>)] = MO (1- g0,
where

| fB—f@]
(0.3) = e

Remark. If in Theorem A we replace the condition | f/ (x) |=M by m<f’ (x)<M, we obtain
the following inequality

b (f(b)—f(a)_M+m)2
1 - - —
\b——ff(x)dx—--l—(f(a)+f(b))'gw 1\ b—a 2
—a 2 2 4 (M—m)?

In this paper we shall give some gensralizations of Theorem A.
1. We use the following notation

b
[rfeax
(1.1) A(f;p)="—;
fp(x)dx

Theorem 1. Let x> f(x) be a differentiable function defined on [a, b] and
|f"(x)|=M for every x&(a, b). If x+>p(x) is an integrable function on (a, b)
such that

O<c=p(x)=rc (A=1, xfa, b)),

* Presented June 29, 1976 by D. S. MITRINOVIC.
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the following inequality holds

. 1 M@G—a) A+q)(1—gH+2(0—1g
1.2 A(f; p)—— +f(b)] = . ,
(1.2) (3 )= (U @+f @) 700 ZDE e e

where A and q are defined by (1.1) and (0.3) respectively.
Proof. From |f'(x)|<M (¥ xE(a, b)) it follows
“-MGx-a)sf(x)—f(A)=M(x-a)

and
. ~MOb-x)<f(b)~-f(x)=M(b-x),
ie.,
g f@-M(x—a)sf(x)=f(x)+M(x—a)
an
F®)-Mp-—x)sf(X)=f(b)+M(b-x),
wherefrom

(1.3) max (f(a)~ M (x—a), f(b)—M (b-x))<f(x)
<min(f @)+ M (x—a), £(b)+M(b-x)).
Since, for every «, BER,

min («, B)=%(<x+{3—[ﬁ——oc]) and max (a, B)=%(a+[3+f@——a[),
inequalities (1.3) become

4 - ME--g) /@ -5 @+®)

<

S WM @E-a)-h ),
where

gX)=[MQ2x—a-b)+f()—f(@)| and h(x)=|MQ2x—a-b)—f(B)+f(a)!.
If p(x)=0, it follows from (1.4):

(1.5) —%(M(b—a) fbp (x) dx — f P ()¢ () dv)

b b
s [P@f@ax -G @+/®) [p(x)dx

s%(M(b—a)fbe)dx—fp(x)h(x)dx),

ie.,

L6 S ME-a-AE =4 P) - @+ (B)
s (M G—a) -4 p).

2%
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Since, x&[a, b], we have
(1.7 0sg(x)=sM®—-a)(l+¢g) and O<h(x)<M (b—a)(l+g).

Also,
1 f 1 p M(b—a)
—_ -1 L ) 2
(1.8) p= afg(x)dx p afh(x)dx 5 (1+4%.

J. KARAMATA in [3] has proved the following result (transposed to the
interval (a, b)):
If p and @ are integrable functions on [a, b] and

b
n=®(x)=<N, p:bLf@(t)dt, O<csp()sic Oz,
—a

then
b

[ro@@a
ln(N—y.)+N(y.—n)=a Sn(N—y.)+)\N(y.—n)
A (N—p) + (p—n) T (N—m+ A (p—n)

(1.9) >
[r@yar

Starting from this result and using (1.7) and (1.8) we get

M(b—a)
M@G—a)(1+9) a+49

(1.10)  A(gp)= Mo—a) =M®b-a)B(X\ 9)

AM@GB—a) (1+g)—(*~1) (d+4q%»
and
(1.11) Al p)=zM (b —-a)B(; q),
where
(112) B()\ q): A+ +4?)

231+ —Q—1D(A+¢)
Cembining (1.6), (1.10) and (1.11), we obtain (1.2).

ReMARK 1. The inequality (1.2) also holds if for f we suppose only that the LIPSCHITZ’s

condition:
[fO)—f ) |=M | y—x| (v x, yEla, b))
is satisfied.

REMARK 2. If p(x)=1 (= A=1), inequality (1.2) reduces to (0.2).

2. Now, we shall use the following result from theory of convex functions
(see [2, p. 18]:

Theorem B. 1° Function f is convex on [a, b] if and only if for every point
S—f(x)

X—X,

x,E[a, b] function x> is nondecreasing on [a, b].
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2° Differentiable function f is convex if and only if f' is a nondecreasing
Sfunction on [a, b].

3° Twice differentiable function f is convex on [a, b] if and only if ' (x)=0
Jor all x&(a, b).

First, we shall prove the following:

Lemma 1. Let x> F(x) be a differentiable function defined on [a, b]. The
inequalities

2.1 ~-M<F (x)sM (VxE(a, b))

hold if and only if

2.2) x> F(x)+ M (x—a) is a nondecreasing function on [a, b]
and

(2.3) X+>F(x)— M (x—a) is a nonincreasing function on [a, b).

Proof. (a) The conditions are necessary. Suppose that inequalities (2.1)
hold and let a=x<y<b. Then

~My-x)SF()-Fx)=M(y-x),
wherefrom ‘

Fx)+M(x—a)sF(y))+M(y—a) and F()-M(y—a)=F(x) - M (x—a).

(b) The conditions (2.2) and (2.3) are sufficient. Let the conditions (2.2)
and (2.3) be fulfilled. Then

F (x)+M=0 and F'(x)-~M=<0,
1.e.,
—-MsF (x)<M.
This completes the proof.
From this lemma it follows:
Lemma 2. Let x+> F(x) be a differentiable function defined on [a, b]. Inequa-
lities (2.1) hold if ond only if
X+>—F(x)—M(b—Xx) is a nondecreasing function on [a, b]
and
xt>—F(x)+ M (b—x) is a nonincreasing function on [a, b].
The Theorem 1 can be generalised as follows:

Theorem 2. Let x+>f(x) be a twice differentiable function defined on [a, b] and
let |f"(x)|=M for every x<(a, b) and f'(a)=f"(b). If x+>p(x) is an inte-
grable function on (a, b) such that
(2.4) O<c=sp(x)=hre Az1, x&la, b)),
the following inequality
1 1 , b)— b

@5) A5 D= G@+f B+ (1 @+ CTE) (72— p)|

cMb—ay (+9(U—4)+2(3—1g

o 8 2x(Q+g9)— =11 +g?»
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holds, where A is defined by (1.1), and

2 | fo—f@ —f'(@)].

1= M—a| b_a

Proof. Let

(2.6) /(x| sM (Y xE(a, b)).
Then
X f(xX)+ A?l (x—a)? is a convex function on [a, b]
and
X f(x)— %[ (x—a)* is a concave function on [a, b],

from where, with regard to Theorem B, it follows that

2.7 f (x) f (a) (x a), is a nondecreasing function on [a, b]

and

(2.8) x »M—%{(x—a), is a nonincreasing function on [a, b].
xX—a

Using (2.7), (2.8) and Lemma 1, we conclude that function F defined

on [a, b] by
fx)—f(a) (x#a)
F(x)= {

X—a
f@  (x=a),
satisfies the conditions of Theorem 1, with |F’ (x)]g%/[ (V x&(a, b)).

Substituting F in (1.5), i.e. in

(2.9) —%(%l(b_a)fbp(x)dx—j]'P(x)g(x)dx)

b b
gf P(x)F(x) dx—%(F(a) +F(b))fP(x) dx

_L S a)fP(x)dx fP(x)h(x)dx)

2

where
g(x)=‘%’(2x—a—b)+F(b)—F(a)

and
h<x>=}";’(2x—a—b)—F(b)+F<a) ,
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and P(x)=(x—a)p(x) (p(x)>0), we obtain

(2.10) —%(Af(b—a)A(x—a; p)—A(g,,;p))

sA(L DS @ (1 @OTD) - a p)

g—lz—(%/[(b—a)A(x—a; p)—A(ha;p)),

where g, (X)=(x—a)g(x) and h,(x)=(x—a) h(x).
Similarly, it follows from (2.6) that

x »&Z—ﬂ@ - %l (b—x) is a nondecreasing function on [a, b]
—X

and

o J O/ ()

b—x

x +?(b—x) is a nonincreasing function on [a, 0],

whence, in respect of Lemma 2, we conclude that function G is given by

G(x)=

b—x
—f(®)  (x=b),
which also satisfies the conditions of Theorem 1, with |G’ (x)]g%l(v xE(a, b)).

Since f'(a)=f"(b), we have

G®B)—G@_FB)—F@ _ 2 (f(b)—f(a)_ . (a))_

A—;(b—-a) A—;(b—a) M(b—a) b—a

If, we replace F(x) and P(x) by G(x) and (b—x)p(x) respectively, in
(2.9), we obtain -

@1 o (Te-a 4% p)+ 4 p)
=ALD) SO~ (I @+ 0T 45 )
é%(%l(b—a)A(b%; )+ A (hy; p))-

Since

A(CLf1+C, f3 ) =C  A(f1; p)+C,A(f;; p) and 4(C; p)=C,
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where C,, C,, C are arbitrary real constants, we find by adding (2.10) and (2.11)

(2.12) _%(%’(b—a)z—(b—a)A(g; p))

=4 P~ T @+ )+ (1 @+ (T2 p)

gi(ﬂ(b—a)z—(b—a)A(h;p)).
4\2

With respect to (2.4), and applying (1.9), we have
213)  A@GpzLG-aB0iq) and Az (-aBX; 9,

where B is defined by (1.12).

Finally, using (2.12) and (2.13), we obtain (2.5), which proves the The-
orem 2.

From Theorem 2, we directly get the following theorem.

Theorem 3. Let functions x> f(x) satisfy the conditions as in Theorem 2 and let

At e 5D

Then
A p)——;—(f(a) +£ (b)) ]g

M@p—a) (+g)1—-¢)+20—1)q
8 2A0+)——1)(1+¢)

where q is given by
2

1= M(b—a)

b)— ,
1079 1 @],
b—a

A corollary of this theorem is:

Corollary. Let x> f(x) be a twice differentiable function defined on [a, b] and
such that |f' (x)| <M for every x<(a, b) and f' (a)=f"(b). Then

16 4 M b—a

b
oo [T @er )| sHOT - L (OTO @),

This result is a natural extension of Theorem A.
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