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642. SOME ESTIMATES OF L NORM ON THE SET OF
CONTINUOUSLY-DIFFERENTIABLE FUNCTIONS

Radosav Z. Dordevié, Gradimir V. Milovanovi¢ and Josip E. Pelarié

1. In [1] the following generalization of the Theorem of V. A. Zmorovi¢ ([2])
is proved:

Theorem A. Let the function f:[a—h, a+h]->R be twice continuously-differentiable
and p: [a—h, a+h—R* continuous.

Then
a+th
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Equality in (1) holds if and only if the function f is given by

y f(x—t)[h —~a+t

Af(x

where A,, A,, Ay are arbitrary constants.

dt+A2x+A3 (x<[a—h, a]),
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In this paper we will use standard operators D (differentiation operator),
8 (central difference operator), p. (averaging operator), which are defined by

pf)=h sr-f (x+ SEUES i) ,

2

2

0= ol D) osfe )

57



58 R. Z. Pordevié, G. V. Milovanovié¢ and J. E. Pefari¢

If we put
ath
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the inequality (1) can be written in the form

1l o2 513 @)].
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2. First we will give in this paper, one natural generalization of the last ine-
quality.

Theorem 1. Let f&C" [a— h, a+ h] and the function p: [a — h, a+ h}—>R+ is continuous.
Then
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where
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3) M, = 5 3 g} ani (n is even),
n-1
Dzi—l .
:;LS—ZI (—21_—1)—; (n is odd).

Equality in (2) holds if and only if the function f is given by
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140 K=o
where A, (k=0,1, ..., n) are arbitrary real constants.

Proof. Similarly as in the paper [1], we find out (for r>1)
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and

h
ﬁf(h— ty-tf®@—-t)+f®@+t)|de<a,(r) P,
0

where the left side of the inequality (5) is asigned with P.
Since

h
R,= f (h—=ty 1 (f™(a—1)+f" (a-+1))dt
0

=(n-1)(n—=2)R,_,—2(n—1) k=2 f"=D (a),

i.e.,
R Ch=Dt{F@eD=2/@-+f@-H=2'3 5 ro0 )
and
2k+1 (21()' {f(a—l h)—f(a h) 2 __ f(21 l)(a)}
i= 1(2 )
we have

=2m-1)!M,f(a),
where the operator M, is defined by (3).
On the basis of the above, we conclude that the inequality
I (g (=D

(m - . ,
(PARIPYE (r)zhl " ho,(r)

M, f@; (>0

holds, with equality if and only if f is given by (4).
For p(x)=1 we obtain the following result:
Theorem 2. If fcC[a—h, a+h] and r>1, then

-1

(n—l) (n:~1) M, f(@)].
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The last Theorem (for n=2) represents the generalization of a result from [1].

From the Theorem 1 immediately follows:

Theorem 3. Let functions f and p satisfy the conditions as in Theorem 1 and let r>1.

1° If n=2k and f@9(a)=0 (i=1,..., k1), then

ren ], =28 (“‘*"

Jf( +h)=2f(@+f(a-h)l;
2° If n=2k+1 andf(““”(a)zo (i=1,..., k), then

R ™

hoskes (D)

[f(@+h)~f(a-h)].
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(n—1)r r—1t
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3. Let nEN, r>1 and v,(r)= 2k f u{f“dt]
ash eyt

Theorem 4, Let f=C"[a—h, a-+-h), p&Cla, b], p(x)>0 (xEla, b]). Then
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with equality if and only if
1
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when n is odd,
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) sgn(t—a) (A<R),
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when n is even.
1

Proof. Let r>1 and g (¢)=p (t)T. According to HOLLDER’s inequality we have

at+h a+h r r—1
ey b oy} (L [t=al" "\=T g\ 7
e Sl Twoue e, Tl o
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where from it follows
ath
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) e, pg“’Y"(’)!Jh (t—ay =1 fo (1) de |
Since
ath et 1k
[ ¢earf@@d=(=1re-nr's SO @-h-(- 1D @+h)
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from (9) it follows (6).

Equality in (6) holds if and only if the function f satisfies the following con-
ditions

-1 [t—al"!
fO@ =] = (4ER)
p()
and
(f—-aytfme)=0 (or<0).

Hence, we obtain (7) and (8), which proves the Theorem.

From the Theorem 4 it follows:



Some estimates of L" norm on the set of continuously-differentiable functions

61

Theorem 5. Let fEC" [a—h, a+h] and

f®@—h=(—1D*f®@+h) k=1,...,n-1),
then

r—1

n—1) fnr—1\ r
(10) lre 2% (5 i@ -f@-h).
REMARK 1. For n=2 and r=2 k, this result reduces to the Theorem 264 from {3].

ReMark 2. If f&C! [a, b], according to Theorem 5 (for n=1), we have
b

1
[rwraz—siro-rar .

a

This result is a particulary case of the inequality (4.12) from [4].
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