
UNIV. BEOGRAD. PUDL. ELEKTROTEHN. FAK.
SeT. Mat. Fiz. No634 - No677 (1979), 57---{)1.

642. SOME ESTIMATES OF V NORM ON THE SET OF
CONTINUOUSLY-DIFFERENTIABLE FUNCTIONS

Radosav Z. Dordevic, Gradimir V. Mi/ovanovic and Josip E. Peearic

1. In [1] the following generalization of the Theorem of V. A. ZMOROVIC([2])
is proved:

Theorem A. Let the function f: [a - h, a + h]--R be twice continuously-differentiable
and p: [a-h, a+h]--R+ continuous.

Then

(1)
a+h

J p(x) If" (x) Irdx;;;;-~ I~ ir
q (rY~ 1

a-h
.

(r> 1),

where
h r 1 1

q (r) = f (h -- 1)'-1 (p(a - t)1-r + p (a + t) i-=r) dt
o

and
1

~= (J(a+h)-2f(a)+f(a-h).
112

Equality in (I) holds if and only if the function f is given by

x 1

J [

11-a+l
]

r-1
AJ (x- t) -~ dt+Azx+A3

p(t)
a

(xE [a - h, a]),

f(x) =
x 1

J [

11+a-l
]

r-I
AJ (x- t) dt+ Azx+A3p (I)

(l

(xE[a, a+h]),

where AI' Az, A3 are arbitrary constants.

In this paper we will use standard operators D (differentiation operator),
a (central difference operator), [J.(averaging operator), which are defined by

Df(x)=hd~~l, a.r(x)=f(x+ ~)-f(X- ~),

[J.f(x)= ~ (.r(x+ ~)+f(X- ~)).
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If we put

( 1 J
a+h

)1/r I

1I<l>llr,p=
2h

p(x)I<I>(x)lrdx, 1I<I>llr=II<I>llr,1

a-h

(r> 1),

h (n-l)r 1 1 r-I

(In (r)= (:h J (h -
t)~ (p (a - t)1-r + p (a + t)l-r) dt )',

o

the inequality (1) can be written in the form

Ilf" II
:2: ~- I~2f(a) I.i; r,p-2ha,(r)

2. First we will give in this paper, one natural generalization of the last ine-
quality.

Theorem 1. Let fECn [a- h, a+h] and the function p: [a - h, a+h]-+R+ is continuous.
Then

(2) Ilf (n)I I ~(n-l)! IM f (a )
1

"

; r, P h an (r)
n (r> 1),

where

(3) (n is even),

n-I
-f .D,,-I

= [L~ - 2: _H.~--
;=1 (2/-1)!

(n is odd).

Equality in (2) holds if and only if the function f is given by

(4)

x 1

An J(x - t)n-I
[

(h-a+ t)n-I

]

r=t dt + nf Ak (x - a)k (xE [a - h, a]),
pet) k~O

a
f(x) =

where Ak (k = 0, 1, . . . , n) are arbitrary real constants.

Proof. Similarly as in the paper [1], we find out (for r> 1)

(5)
a+h

-~ J p (x) if(n) (x) Ir dx
2h

a-h
h J I

~~ J(p (a - t)t=-r+ p (a + t{=--r)l-r Ipn) (a - t) + f(n) (a + t) [r dt
2h

o
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and
h

21h f (h - t)n-I IJ<n) (a - t) +J<n)(a + t) Idt;£ (fn (r) pljr,

o

where the left side of the inequality (5) is asigned with P.
Since

h

Rn = J(/z- t)"-I (J(II) (a - t) +J<")(a + t» dt
o

i. e.,

{

k-1 hZi

}
R2k = (2 k - I)! f(a + h) - 2f(a) -rf(a - h) - 2 L --:-_J(Zi) (a)

i~1 (2 I).

and

{

k hZi-1

}
R2k+1 =(2k)! f(a+h)-f(a-h)-2 L -~ ,/(2i-l) (a) ,

i~I (21-1).

we have
RII = 2 (n - I)! Mnf(a),

where the operator Mn is defined by (3).
On the basis of the above, we conclude that the inequality

(r> 1)

holds, with equality if and only if f is given by (4).
For p (x) = I we obtain the following result:

Theorem 2. If fECn [a-h, a+h] and r>l, then

r--I

iiJ<n) ilr;;;;
(n Jl! (1lI"'= !. )'-I Mllf(a) I.

hn r - 1

The last Theorem (for n=2) represents the generalization of a result from [1].
From the Theorem 1 immediately follows:

Theorem 3. Let functions f and p satisfy the conditions as in Theorem 1 and let r> 1.

1° If n=2k and J<2i)(a) = 0 (i= 1,
'"

, k-l), then

!1J<2k)II ;;;;
(2 k=-ll!-.[f(a + h) - 2f(a) + f(a - h) j', r,p

2hcrzk(r) "

2° Ifn=2k+1 andJ<Zi-I)(a)=O (i=I,..., k), t/Zen

Ilf(2k+ I)
IIr.

p;;;; ~~ If (a+ h)
-

f(a - h) I.
2hcrzk+t(r)
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(,,-I)r r-I

3. Let nEN, r> I and y" (r) =
[
fh

Jh II-a I~ dt
]

r.

h r-Ia - p (I)

Theorem 4. Let fEC"[a-h. a+h], pEC[a, b], p(x»O (xE[a, b]). Then

(6) Ilf(")llr,p~
(n-I)!

I

"il hk, (j(k)(a-h)-(-l)kf(k)(a+hn

\

,
2 h Yn (r) k~O k .

with equality if and only if

(7)

I

Pn) (t) = A ((t-a)n-I )r=T

P (I)
(AER)

when n is odd;

(8)

I

(II a In-l )
r~1

pn)(t)=A - . sgn(t-a)

P (t)
(AER),

when n is even.

Proof. Let r> I and g (t)=p (t)r. According to HOLLDER'Sinequality we have

a+h a+h r r-I

lif (n);1 =~ (~ J (g (t)'P"\ (t)IYdt )
l/r

(~ J (I/-aln-I )r-l dt )r, ilr,p
y,,(r) 2h

'
I 2h g(t)

a-h a-h

a+h

~2h~n(r) J It-a[n-llp")(t)ldt,

(J~-h

where from it follows

(9)
a+h

liP'" ilr, p ~
2h~,,(r) I J (t- a)n-I fen) (t) dt

I.
a-h

Since

from (9) it follows (6).
Equality in (6) holds if and only if the function f satisfies the following con-

ditions
If(n) (t) I

r-I = IA I'
t-a In-I

P (t)
(AER)

and
(t - a),,-I fen) (t) ~ 0 (or ~ 0).

Hence, we obtain (7) and (8), which proves the Theorem.
From the Theorem 4 it follows:
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Theorem 5. Let fECn [a-h, a+h] and
f(k) (a - h) = (- l)k f(k) (a + h) (k=I,..., n-l),

then

(10)

,-I

IIJ<n) II, ~ (n2~~! (:~11 )'-If(a + h) -j(a - h) I.

REMARK1. For n=2 and r=2 k, this result reduces to the Theorem 264 from [3].

REMARK2. If fECI [a, b], according to Theorem 5 (for n=I), we have

b

JIf' (x) I'dx~
1

ff(b)-f(a)
I'(b-a)'-I

a

(r> 1).

This result is a particulary case of the inequality (4.12) from [4].
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