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ABSTRACT:

In this paper we gave generalizations and improvements of integral ine-
qualities from (11 and (21, In the proof we used the well-knowm re-
sult for the error of Hermite’s interpolation polynomial. Some similar

results are also given.

0 JEDNOJ PRIMENI HERMITEOVOG INTERPOLACIONOG POLINOMA I NEKIM
SRODNIM REZULTATIMA, U radu su date generalizacije i poboljdanja in—
tegralnih nejednakosti <z [11 < [21. U dokazu je koridden poznati rez-
ultat za gresku Hermiteovog interpolacionog polinoma. Neki slidni reaul-
tati su takodje dati.

1. INTRODUCTION

In the Journal Amer, Math. Monthly the following two
problems ([1],[2]) are posed:

1° Suppose f£(x) has a continuous (2m/)-th derivative
on ad x%1b, that lf(zm)(x),élw, and that f(r)(a)e f(r)(b)
= 0 for r=0,1,00s4m~1s Show that |

< } (m! )2M_ (b—a)2m+l

(1)
(2m)t (Pm+1)!

b
Sf(x)dx
a

2° Iet £:[a,b] 2R be a continuous function which is

twice differentiable in (a,b) and satisfies f(a)= £(b) =0,

Prove that
b
. A
(2) Sle(elax € X M(b-a)?,
a 12

where M= suplf”(x)llfor xe&(a,b).
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The solution of first problem is given in [5].

The inequalities (1) and (2) are,related to IYENGAR‘s
inequality [%, pp. 297-298]%).

In this paper we shall prove some inequalities which
generalize (1) and (2) in many senses.,

Let us define the two-parameter clas of polynomials

Pém’k) (0Ofmfk<ng mk,n €N) by means of

(M) (y) = P (y50,0) =

X
= Cgm"k)(aab) (Xua)m é(x_a)k“m(x_b)n—k-ldx

where a and b are real parametars and

Cgm’k)(a,b) = (Ql)nmk(n'm)g (b-a)t™ 1,
n! (k-m)! (n-k-1)}

For this polynomials the following relations hold:

i
Q—TPgm’k)(x) =& (1=0,1,..0,k; &, is the CRONECKER
d% x=8 . symbol),
i _
Q;ngm’k)(x) =0 (i=0,1,e00,n-k-1),
dx x=b

( ( ) Je—m i

mek) _ myk b—-a)" k-m m =11
P () = 6{™¥) (a,b) 2_; o-8) (kM) (-8)"(5-b)

b
SPém’k)(x)dx _ (n-my! k+1)(b—a)m+1,

n—m)!(
a (n+1)! m+1
If the values of derivatives of funetion £ in x=a and

x=b are known, using polynomials fém,k)’ HERMITE’s interpo-

lation polynomial can be represented in the following form:

k-1
8y k(%) = ZE;Pgﬁik'l’(x;a,b)f(m)(a) +
n= n—k-1
w2 pmn=lel) i 0y e(m) ()
m=0

1) On some generalizafions IYENGAR®s inequality see [5—7],



-~ MAIN RESULT

We use the following notation

b
Spx) Je(x) | Fax b

= (£5p) = |2 B »  8(x)= T(x) =8, (2D

Sp(x)dx
&

THEOREM 1. Tet x=f(x) ne a n-~times differentiable funciion
such that If(n)(x)l M (¥x€e(a,b)). If xsp(x) is an inte-
rrable function on (a,b) such that

O<c = p(x) & Ne (AE 1, x¢ [a,b]),

she following inequality

1/r .
(r>0)

n
3) MLt (gyp) ¢ MO(o2)( AB(wksl,r(nck)sl)
Ct+(A-1)B(rk+1,2(n-k/+1)

unolds, where B is beta function and C = kk(n»k)n“k/nn,

Proof. Since |f(n)(x)| & M, the inequality
\f(x) - Sn,k(X)‘ & %%l(x—a)k(xmb)n“k‘

is valid, wherefrom (for r>0)

1/x
Sp(x)(Xma)rk(bmx)r(n”k)dx
(u) ut (gip) = J1| 2 .
?p(X)dx
- & ‘
According to J. KARAMATA’s inequality [8] (see also [5]) we
have
b .
Sp(x)(x»a)rk(b-X)r(n“k)dx Mip
g 5 4
N+ (h=1)
Sp(x)dx ( F
Y
where

- ‘
N = C¥(b-s) and fxg(b—a)an(rk+l,r(nak)+1),

-~ which combined with (4) gives (3).
From Theorem 1, we directly get the following result:s
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(7]

COROLLARY 1. Let xt» f(x) be a n-times differentiable functi-
on such that If(n)(x)l £ M (¥xe(a,b)) and let f<i)(a)==o
(1=0,1,000,k-1) and £32(b)=0 (i=0,1,000,n-k-1). Then

b 1/v
0
) (55 5|f(x>|rdx) € Mbeo) plricit, e(n-1+1)% (230,
a !
For n=2my, k=m, r=1, inequality (5, reduces to
' b
&) 1) fax € HC=a) ™™ Tt )
a (2m)r(2m+1)1}

which generalize (2), and which is evidently stronger than
the inequality (1).

COROLLARY 2. Let function xw f(x) satisfy the conditions as
in Corollaxry 1. If x+»p(x) is arbitrary nonnegative function,

then
k n-k
7) Mtrj(f;p) Y Mﬁ:%“(b—a)n (rv0).

nln
REMARK 1. Corollary 2 can be formally obtained from Theorem
1 putting A+ +po. Using N.ESTUND s result ([9)), the ine-
quality (7) can be substituted by a somewhat simpler but we-
aker inequality

ul(rip) ¢ B@)L(p-a)® (2>0).

3. SOME SIMILAR RESULTS

According to the results from the previous section and
b

Sh(x)dx
8

b
the inequality £ 5|h(x)|dx, we obtain the following
&

inequality

b m
daGrwx=d_ LB (o) (2N (2)- (-1 e o))
: -

(8
¢ M(m! )2 (pg)?m+l
(2m)1 (2m+1)!

REMARK 2, ITf f(k—l)(a) = (-l)kf(k—l)(b) (k=1,000.,m), inequa=
lity (8) reduces to (1).
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THEOREM 2. Let Inf={0,l,.oa,n} and let {Pﬁkkel be a har-
onic sequence of polynomials on [0,1] (Pp(x) =P _1(x)) If
xwf(x) is n-times differentiable function such that

if(n)(x)g £ M (¥xe(a,bi), then

n
Poii%x)dxa;«-ukw—a)‘{(Pk<o),f<k‘“<a)-1>k<1)f<k-1)(b))

(9) L
£ M(peayttl S[P-(t)ldt,
¢ "
b
Proof. If h(%) = f(a+t(b-a)) we have saf(x)dx=

1
= (b—a)soh(t)dt, wherefrom, applying integration by parts on

the last integral, we obtain

1 1
(10) Sh(t)dt = h(l) - S"bh‘(t)dt0
0 C

Since Pl(t) = Pot+-Pl(O) (Po(t)==Po), equality (10J

may be represented in the form

1 1
p_ Sn(t)at = Py(L/h(1)-P (0)R(0) - IPL(EIn"(L)db,
0 0

1
By succesive integration by parts of soPé(t)h’(t)dt

(n-1)-times, we obtain
¢ : ( (
o Ky rey (k=1) k-1)
P, éh(t)dt - ggg(al) (e 0)-p M,
1
+(-1)" 52 (e (5 at,
O

from where (©) follows.
COROLLARY 3. Let function xe»f(x) satisfy the conditions as

in Theorem 2 and let f(k>(b)==(-l)k_1f(k)(a) (k=04 0004n=1).
Then



b

n+l
(11) Sf(x)dx §‘ﬂ§2:§lf~_'
& 2n(n+1)!

ﬁ% (t-1/2)", in Theore: .

]

To prove this, btake Pn(t}
REMARK 3. 7z inequality (11) is obtained in [6] with some-

vhat stricter conditions for f.
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