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Abstract

We give some remarks to results presented in Marinkewél. (J. Comput. Appl. Math. 163 (2004) 119). Namely,
these results are direct consequences from Milovanetval. (J. Comput. Appl. Math. 99 (1998) 299) and some of
them are equivalent up to bilinear mappings.
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1. Introduction

Let M;‘f : C— C(«, B,7, 6 € R) be a nonsingular bilinear transformation

oz + p
72+’

ML () = A=0d—95#0, zeC.

Itis known that a composition of bilinear transformations is also a bilinear transformation, as well as that
nonsingular bilinear transformations, with the composition of functions as an operation, form a group
which is isomorphic with the multiplicative group of nonsingular matrices of type2(cf. [4, p. 135).
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As in [3], for an arbitrary sequence of complex numbgrs,cy,, With the propertyja,| <1, we
consider the sequence of rational functions (Malmquist—Takenaka basis)

T'Za(s — ay)
[Th_o(s — 1/a,)’

which is orthogonal with respect to the inner product defined by

wp(s) = n € No, (1.2)

1 —d 1 /" i
(u,v) = —ff u(s)v(s)—s = — u(@v(d?) do (1.2)
27l Is]=1 S 2n J_,
(cf. [5, sections 9.1 and 10.1B], or the survey papd2]). Note that on the circles| =1 we haves =1/5
as well as(wy, wi) = 1wy |128n,m, wherellw, 1> = lagaz - - an |/ (1 — |ay ).
For different complex numbets, v € No, such thata,x, — a(o, +2,) —b >0, v, u € No, in [1] the
authors considered the system of rational functions

M5z — (@3 +b)/(c% —a) _ [TiZg ~ ME2, @)

W, (z) = — (2.3)
! [Ti—o(z — ) [T25G — )
and proved its orthogonality with respect to
1 az+b\ dz
Wy, Wp)=— @ W, (2 Winingmny | — , 1.4
( ) 2n|7§p maxim,n} (2) Wmingm, }(Cz_a)cz_a (1.4)

where the contouF is given byc|z|2 — a(z +2) — b =0, a, b, ¢ € R, a® + be > 0. This inner product
is defined only on the set” = {W,|v € Ng} and not on the linear span of that set. Note that it cannot be
extendedto alinear spanuf overC because that would require for examPl&g, uWo)=/u(Wo, Wo)=
Au(Wo, Wo), which can only be true if, i € R.

Thus, inner product (1.4) can be extended on the linear span of the setly if the linear span is
taken over the reals. Denote that spandy# ). In that case we can computg, q), p,q € L (W),
only by knowing the expansions @f =), px Wy andqg = >, qx Wi, in which case we can compute
(p.q) = Zn,mPan(Wn» Win).

If we drop max and min in definition (1.4), the inner product becomes well defined and equivalent to
the inner product defined in (1.2) up to a bilinear transformation which is determinedby. Namely,
then for such an inner product

dz

1 _
. V) = —.f UVE) (1.5)
2mi r

cZ—a

whereI'={z € C:czz —a(z+72) —b=0,a,b,c € R, a? + be > 0}, its value remains the same on
(W) as for (1.4), but it can be extended (uniquely) on the linear spaf ofrer C, without having the
unnatural property that expansions of elements should be known in order to compute inner product of
two elements from the span. Note that (az + b)/(cz — a) whenz € T'.
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2. Orthogonality of rational functions (1.3)

Puttings = M ﬁ(z) wherex andy are chosen such that, # « andy/a, # «, in (1.1), we get

-1
, Pz + 0 — - M, P )
Va(@) = wa (M F (@) = A — I1 Sl (2.1)
_M (1/al’l) v=0 Z_ —y a(l/ V
where
1 nl ya, — o 1
Ap = — — = —wy (/).
%= y/an vll P/ay—o oy

Takingao, = Mf’;f(l/a‘,), which givesu, = M;f’g(&v), the functionV,, (z) can be rewritten in the following
form: ’

70— ozﬂ& R
yz4+0 [ 2~ Mp 26 ()
Va(@) = Ay I1 SR Az 4 ) Wa(2), (2.2)
Z — Op V=0 Z — Oy
where we put
a=7y5—oaf, b=06°—p>, c=0%—y (2.3)

so thatW,,(z) is given by (1.3). Note that by this bilinear transformatios M“’ﬁ(z) the unit circle is
mapped to the curvg : («® — 2)zz + (aff — 90)(z +2) + 2 — 6° =0}, i.e., T, according to (2.3).
Now, bys = Mﬂj‘y’f(z) and starting from (1.1) and (1.2), we have

1 —  ds
||wn||25n,m—T7§ wn ()
7l Is]=1

_ 1 (6 — By) dz
- %V(Z) ) G+ 0)

_AnAm(océ—ﬂ/) —2+z
= ﬁ Wy (2) Wi (2) p— dz,

where we used (2.1) and (2.2). Singé + d)/(az + f) = 4/(cz — a), whenz € I'(4 =ad — yf3), we get

dz Jlw,ll?
cz—a  |A,242"

1 -
— f W, (2) Wi (2)
2mi r

i.e., functions (1.3) are orthogonal with respect to the inner product (1.5).

Note that we choose only nonsingular bilinear transformations, heénge0. Also, A, # 0 can be
assured since our bilinear transformation is chosen suchdhat «. Note that the conditiofu,| < 1 is
equivalent to the condition that poinisandM"”fa (z,) lie on different sides of” and have the property
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cloy|? — 2a Re(a,) — b > 0. Thus, it is clear that we do not requir¢,a, — a (o, +%,) —b >0, v, u € Ng
asin[1].t

For arbitrarya, b, ¢ € R, a®+bc > 0, we can find nonsingular real bilinear transformaiMSiﬁ(5 , Which
coefficients satisfy (2.3). Far£ 0 andb # 0, the solution can be found in the following parameterlzed
form:

a=+/c coshd, B=+/bsinhp, y=+/csinhd, =+/bcoshe,

a =+/bc sinh0 — ¢), provided b, ¢ > 0,

a=+/—csinh0, p=+bsinh¢, y=+/—ccoshd, &=+/bcoshe,

a=+/—cb cosh(0 — ¢), providedc<0, b=>0.
Similar solutions can be given alsointhe cases), b < 0andc <0, b < 0. Forc > 0, b < 0, the solutions
can be obtained from the case: 0, b > 0, by simple change of the namesvith b, « with 6 andy with
B.Forc <0, b <0, in solution forec > 0, b > 0, simply changd with —b, ¢ with —c, « with y and with

6. Note that conditionsa, # « andy/a, # « can be satisfied since one free parameter exists.
In the case = 0, note thaf cannot be zero, because of the conditidr+- bc > 0, and we can choose

1/bt a 1/bt a
r=y=te RO B=5{7 7)) =3l Tr)

In this casex/y = 1 which means that our circle| = 1 is mapped by this transformation into the line
z=—b/a.

3. Orthogonality of Miintz polynomials

We take a sequence of complex numbgr$v € Ng}, with the following properties Relviﬂ) >1,v,
i € Ng, and|,|>1,v € Ng. As Muntz polynomials iz = {x* : v € Ng}, we define the linear
span of2" over C and denote it by? (2. Also, we define the produc of two monomials fronw" as
x* @ x* = x* It can be extended naturally 16(2’) assuming it is linear. Next, we define a bilinear
functional onz(2)? in the following way:

1 . dx
[p,qlzfo (PODW . pge L), (3.1)

The linearity and symmetryp, g1 = [gq, p] of this functional are evident. IfB] it was proved that it is
positive-definite, using a representation of it as a bilinear form oveCthd-or any two polynomials
p=>"_opwx*andg =>"_,qx" in £(@), we have

n
pPvq
[p.gl= ) ——*—. (3.2)
v,u=0

Note that conditions Re,Z,) > 1, v, u € No, are needed in order to have an integrability bf+—2 over
(0, 1). However, in proving positive definiteness of the bilinear form it is enough to prove that diagonal

1There is a miss-print in this condition [t Eq. (2.2)]
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elements in the corresponding determinant are positive and that all main minors are positive. Thus, we
are concerned with the following determinants:

Di —d 1 ‘ = S — A2 pe1
k = et )7 1 _|7»k|2—11_[|)7—1|2’ =41, ...,n,
lyAu =0 o | A7k

whereDg = 1/(|40|? — 1) > 0 (se€3]). According to condition$’,| > 1, v € Ny, the diagonal elements
are positive, as well aB; > 0 for all k.

There is also a beautiful connection between rational functions (1.1) and Mintz polyn@ials
No, orthogonal with respect fo, .]. Namely, it was proved that

1

P,(x)= —% wy(s)x*ds, n e Np,
2 Jo

where the single conto@ surrounds all the points, =1/a,, v=0, 1, ..., n. Also,[P,, Py]= (wy, w;,).

The condition Re&vﬂ) > 1,v, u € No, is required only for the inner produgt .] to have a represen-

tation over integral (3.1). We can go opposite, i.e., we can define the inner product using the bilinear form
(3.2). Then, in order to have a positive definiteness, as we mentioned, itis enoughto havke v € No.
This means that, in this way, we can extend the collection of underlying’sétsthe sequel, by., .] we
assume an inner product defined by the bilinear form (3.2) Mjth> 1, v € No, which reduces to (3.1),
provided R@)WZ] > 1, v, u € Ng. All the properties fof., .], defined by (3.1), are valid fdr, .], defined
using (3.2), since ifi3] they are proved using purely algebraic propertie®pf

Introducing some complicated products of monomialstgr= {x* : v € N}, for example as

xar * x“u — xR]_(O(V)Rl(d“)—RZ(O(‘-)RZ(OC“)—F].,
whereR; and R, are any two polynomials and complex numbersy € No, are chosen such that
Re[Rl(O‘v)Rl(“,u) - RZ(OCV)RZ(OC,M)] >0 (33)

and thatRa(x,) # 0, v € Np, we do not get anything new. An explanation of this fact follows.
Naturally, we can extend the domainsato the linear span of’, overC, denote it by¥ (2,), assuming
it is linear and define a bilinear functional af(%,) as

1 dx
<p,q>=/o (p*ﬁ)(X);, D.q € L(Xy).

As before, for two polynomialg =Y "\_, pyx* andg = >_"_yg,x™ in #(Z,), we have

n

pvc_]u
(p.q) = B I
pa)= 2 R1(o) R1(20) — Ro(oy) (o)

v, u=0

To prove definiteness it is enough to prove that the following determinants

k
D} = det 1 S . k=0,1....n
Ry (o) R1(oy) — Ro(ow) R2(ory,)

v, u=0
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have positive main minors. But, takidg = R1(«,)/R2(«,), we have

k k k
1 1
D“:l | det S — | |
k " [ R2 (o) |2 e |:(Rl(ocv)/Rz(oc‘,))(Rl(ocu)/Rz(ocﬂ))—lj|wzo o Rz(wz

Note that (3.3) implie$/,| > 1; however, it does not imply that for everyandy we have Ré€’,/,) > 1.
But, there are sequences v € Ng, for which 4, fulfills the requirement. The point is that we cannot
claim directly a connection betweén.) and[., .] if we stick to definition (3.1) for any sequengge No.
But, if we use]., .], defined by (3.2), obviously there is a direct connection betwgenandl., .], i.e
Ay = R1(2,)/R2(y), v € Nog. Thus, according to a result frof] about positive definiteness f@r, .],
defined using (3.2), the positive definiteness.of) follows directly.

Itis clear from representations of the inner productg and(., .) over bilinear forms that i?, (x) =
Y ko p’]:x)“k is the orthogonal polynomial with respec{tp.], defined using (3.2), then the corresponding
orthogonal polynomiaf), with respect tq., .) is given by

13 %

—_— - p
On(x) —g R0

It can be proved easily, since we have

3 V_ . v R Yy R—y
[P, ql= Z &“1: Z DPv/ Ra(oy)q,/ R ()

v, u=0 )vvz,u - 0 Rl(av)Rl(a,u) - RZ(OCV)RZ(OC/J)
1 n Oy n oy
pyx® gyx™ ) dx
-J. ( R ))* Ratory | 52 = P79
0 \[Zp 2 oy =0 2%y

where we define a linear bijective mapping: £(2) — L(Z,) by sx* = x*/Ro(a,), wWhere
/v = R1(ay)/R2(ay), v € No. USing[Pna Pp] = (W, wy) (see[3]), we can also 9et0y, Om) = (I Py,
I Py) =[Py, Ppl = (wy, wy),n,m € No.

Therefore, special results presentedlih can be recovered simply by takiny (z) = «z +  and
R2(z) = yz + 0, wherex, 8, y andé are determined according & b, ¢ given by (2.3).
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