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1. Introduction and preliminaries

In 1971 Kurepa (see [10, 11]) defined so-called the left factorial !n by:

n—1
10=0, In=)» Kk (neN)
k=0

and extended it to the complex half-plane Rez > 0 as

+00 pz 1
K(z)=lz= / L e tdt.
0

t—1

Such function can be also extended analytically to the whole complex plane by
K(z)=K(z+1) —T(z+ 1), where I'(z) is the gamma function defined by

“+oo
I'(z) = / t*“le7tdt (Rez>0) and 2l(z) =T(2+1).
0
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Kurepa [11] proved that K(z) is a meromorphic function with simple
poles at the points z; = —k (k € N\ {2}). Slavi¢ [23] found the representation

1
K(z):—gcoth%—g(Z——i-’y) —I—ZF z—mn)

where 7 is Euler’s constant. These formulas were mentioned also in the book
[14].

A number of problems and hypotheses, especially in number theory, were
posed by Kurepa and then considered by several mathematicians. For example,
Kurepa [10] asked if

ged(ln,nl) =2 (n=2,3,...),

where ged(a, b) denotes the greatest common divisor of integers a and b. This
conjecture, known as the left factorial hypothesis (KH), is still an open problem
in number theory. There are several statements equivalent to KH. An equivalent
formulation of KH appears in the book [8, Problem B44],

In#0 (modn) forall n>2.

Kurepa [12] also showed that KH can be reduced to primes so that KH is
equivalent to the following assertion

Ip£0 (mod p), for all primesp > 2.

For details see [18, 19, 20], as well as a recent survey written by Ivi¢ and Mija-
jlovié, [9].

Recently, Milovanovié¢ [16] defined and studied a sequence of the factorial
functions { M, (2)} 1, where M_1(z) = I'(z) and My(z) = K(z). Namely,

m=—1

+00 pz+m __ 2
(1.1) Mm(z):/o t (t_gjgﬁ’ Jetdt (Rez> —(m+1)),

where the polynomials Q,,(¢; z), m = —1,0,1,2,..., are given by

m

(1.2) Q_1(t,2) =0, Qm(t,2) Z <m+z> (t — 1)k,

=0

Since
(1.3) My (2) = Mp(24+1) = Mpyp—1(2+ 1) (m € Np),
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similar to the gamma function, the functions z — M,,(z), for each m € Ny,
can be extended analytically to the hole complex plane, starting from the cor-
responding analytic extension of the gamma function.

Suppose that we have analytic extensions for all functions z — M, (z),
v < m. Let the function z — M,,(z) be defined by (1.1) for z in the half-plane
Rez > —(m+1). Using successively (1.3), we define at first M,,(z) for z in the
strip —(m +2) < Rez < —(m + 1), then for z such that —(m +3) < Rez <
—(m + 2), etc. In this way, we obtain the function M,,(z) in the hole complex
plane.

In the same paper [16] the numbers M,,(n) were introduced. For non-
negative integers n, m € Ny we have

(1.4) Mp(0) =0, Mp(n) = i
=0

z_: m+n
k+m+1)
The numbers M,,(n) can be expressed in terms of the derangement num-
bers (cf. [22, p. 65], [5, p. 182], [16])

k 14
(1.5) si=k> 0 k>0

— V!
in the form
1/ m4n
1.6 M, = Sk.
(16) (n) kz_o<k:—l—m+l> F

The numbers (1.5) satisfy the recurrence relation S, = kSy_; + (—1)* with
Sp = 1. Also, it is easy to prove that

Skvz = (K +1)(Sk41+5) (K =0).

Notice that Sop = 1, S1 =0, So =1, S3 =2, 5, =9, S5 = 44, ... and
0 < Sk < Sg+1 for k € N. Their generating function is given by (see [24, p. 147]
and [17, Example 3])

X gk e’
kZ:O S K 1-z
In this paper we consider the factorial functions and numbers M,,(n),
some classes of polynomials associated with them, as well as some other related
problems.

The paper is organized as follows. In Section 2 we investigate the numbers
M, (n). Generating functions for such numbers are given in Section 3. Factorial
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polynomials are defined and investigated in Section 4. Finally, some integral
representations of factorial functions M,,(z) are derived in Section 5.

2. The numbers M,,(n)
For a fixed m € N, using (1.6) we obtain ([16])

5
=
|
—_

1
. Mp,(2) =m+2, Mm(3):§(m2~|—5m—|—8),

(m3 + 9m? + 32m + 60), etc.

| =

In general,

n!Mpy(n+1) = ZA(Vm,n)mu (A%m,n) —1).
v=0

Thus, for a fixed n, we have M,,(n+ 1) ~ m"/n! as m — 4.

Some values of the numbers M,,(n) are given in Table 1. The first row
(m = —1) represents factorials M_1(n) =T'(n) = (n — 1)!, and the second one
(m = 0) gives the Kurepa numbers (left facorials) My(n) = K(n) =In.

Taking (1.3), i.e.,

(2.1) M,(n+1)— M,_1(n+1) = M,(n)
for v =0,1,...,m, we obtain
Mu(n+1) = M 1(n+1) =) M,(n).
v=0

So, we get the following representation:

Lemma 2.1. For eachn € N,

My, (n+1)=n!+ iMy(n)

v=0

Lemma 2.2. For each fixed v € Ny we have

(2.2) lim )y

n—+oo M, _1(n)
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m\n 1 2 3 4 5 6 7 8
—1 I 1 2 6 24 120 720 5040
0 12 410 34 154 874 5914
1 1 3 717 51 205 1079 6993
2 1 4 11 28 79 284 1363 8356
3 1 5 16 44 123 407 1770 10126
4 1 6 22 66 189 596 2366 12492
5 1 7 29 95 284 80 3246 15738

Table 1: The numbers M,,(n) for m = —1,0,1,..

Proof. First, we note that all sequences {M,,(n)

increasing, as well as

MQ(?”L)
n—+o0 M_1(n)

Using Stolz’ theorem and relation (2.1) we get

. M, (n)
lim —\
njfoo M,_1(n)

n—+oo I'(n)

I'(n)

“+oo
n=1

Lhandn=1,2,...,8

K(n)—K(n-1)

n—+oo I'(n) — '(n — 1)

=1.

~ oo T(n) —D(n— 1)

My(n)
" n—too M_1(n)

Since
M, (n) _ My(n) ‘ M;i(n) - My,
M_i(n)  M-1(n) Mo(n)  Mp-1(n)’
using (2.2) we get the following result:
Theorem 2.3. For each m € Ng we have
My, . My
(2.3) i ) i M)
n—+oo (n — 1)! n—too  n!

=1.

(m > —1) are

As we can see the asymptotic relation M, (n+1) ~ nMpy(n) (n — +00)
holds. Furthermore, for a sufficiently large n, we can prove an inequality:
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Theorem 2.4. For each m € Ny there exists an integer n,, € N such
that for every n > n., the following inequality

(2.4) Mp,(n+1) < nMp(n)
holds.

Proof. First, we note that for m = —1, the inequality (2.4) reduces to
the well-known functional equation for the gamma function, I'(n 4+ 1) = nI'(n),
n > 1.

For m = 0, inequality (2.4) reduces to !(n+ 1) < n(!n), which is not true
for n = 1. But, it can be proved for each n > ng = 2. Indeed, for n = 2, (2.4)
becomes an equality 13 = 2(12), i.e., 0! + 1! + 2! = 2(0! 4+ 1!) = 4. Suppose now
that (2.4) holds for some n =k > 2, i.e.,

Mo(k +1) < kMo (k).

Adding M_1(k+2) =T'(k+2) = (k+ 1)I'(k 4+ 1) to both sides in the previous
inequality, we get
Mo(k+1)+M_1(E+2) < kMy(k)+ (k+1)M_1(k+1)
(k+1)(Mo(k) + M—1(k + 1)) — Mo (k).
Using recurrence relation (2.1) for v = 0 and a fact that My(k) > 0, we

obtain
Mo(k +2) < (k+1)Mo(k + 1).

Notice that M,,(4) < 3M,(3) for m = 1,2,3,4 (see Table 1), so that
nm = 3 for such values of m.

For m > 5 we can prove inequality (2.4) for n = m, i.e., Mpy(m+ 1) <
mM,,(m). This means that we can take n,, = m for m > 5. According to (1.3)
and (1.6) this inequality can be represented in the following equivalent forms:

My—1(m+1) < (m —1)M,,(m)
and

m m—1
2m 2m
< _
Z<k+m>s’“—(m 1);0<k+m+1>5k

k=0

Because of Sy, = kSi_1 + (—1)*, the last inequality reduces to

i<k+m> Dt < i<k+m> —1—k)Sk_1.

k=0
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2m71)

Since the sum on the left-hand side of the previous inequality is equal to (m_l

(cf. [21, p. 607]), we get

(Bro <2 on -1 -0

k=1
i.e.,
m—3 2m,
(2.5) < )(m—l—k)Sk_1+Am+Bm20,
k+m
k=2
where
_ 2 _ _ _
Ay = (m—2) 2m _ 2m —1 :2m 5m—1/2m—1
m—+1 m m+1 m
and

B,, = ( 2m >Sm3 - <2m) Sm-1=Sm_3 [m(Zm -1)— S’”‘l} .
m Sim—3

Since S;—1/Sm—3 = (m —2)(m — 1+ (—1)"/S,,—3) we have that

6 (=~
m—2  Sn_3

Bm:(m—Q)Sm_g[m+4+ ]>0
for m > 5. Notice also that A,, > 0 for m > 3.

Since the first term in (2.5) is equal to zero and others are positive, we
conclude that the inequality (2.5) is true for each m > 5. Thus, this proves the
existence of the numbers n,,, for each m.

The proof of (2.4) for m € N and n > n,, can be given by induction in
m. Namely, supposing that (2.4) holds for each v < m € N and n > n, (n; =
-+ =ny =3, n, =v for v > 4) we prove the inequality M,,(n + 1) < nM,,(n)
for n > n,, = m. In order to do this we apply induction in n, in the same way
as for m = 0.

Since (2.4) holds for m = 0 and n > ng = 2, it means that (2.4) holds
for each m € Ny and n > ny,. ]

Remark 2.5. Theorem 2.4 establishes only the existence of the num-
bers n,,. The minimal values of m,, can be expressed in the following way, if we
define

a,=v*4+v—1, b,=1v*4+3v, I,={meZ:méc[a,bl}
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for each v € Ny. Notice that a, 11 = b,+1, Iy = {—1,0}, as well as [[UILU --- =
N. Then for each v € N and m € I, we have ny, = v + 2.

For example, for v = 1, i.e., m € {1,2,3,4}, we have n,, = 3. It was
noted in the proof of the previous theorem. For m € {5,6,7,8,9,10} (v = 2)
we have n,, = 4, etc. Notice that n,, < m.

3. Generating functions for the numbers M,,(n)

Definition 3.1. Let m € Ny. The exponential generating function of
the sequence {M,,(n)} 29 is given by

n=0
+o00 e

(3'1) gm(x) - Z Mm(n) F :
n=0 ’

According to Theorem 2.3, the expansion (3.1) converges in the unit
circle |z| < 1. Notice also that g, (0) = 0.

Remark 3.2. Because of M,,(0) =0 we have

400 n
(3:2) gon(@) = Y Min(n) =
n=1

This modification in previous definition enables us to define the exponential
generating function of the sequence {I'(n)}123, i.e., {(n — 1)!}.7>7. Thus, for
m = —1, (3.2) reduces to

= g X gn 1
(3.3) g-1(z) = ;F(n) Pl 1; —=logr— (2] <1).

Theorem 3.3. The generating functions g, (m = 0,1,...) satisfy the
following relation

(3.4) @) = gn(a) + ¢ [ gyt m0,
where
(3.5) go(z) = " *(Ei(1) — Ei(1 — 2)),

and Ei (x) is the exponential integral defined by

(3.6) Fi (z) = v.p. / ' e?tdt (> 0).

—00
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Proof. Let |z] <1 and gy, be defined by (3.1). Then

—+o00
"
g;n(x):ZMm( ZM n+1—'
n=1
and
/ / = "
Tr1(2) = G (@) =D (Mypgr(n + 1) = My (n + 1)) ol
n=0
ie.,
Im41() Z Mp1(n)— = gm+1(2).

Integrating this differential equation, we obtain

(3.7) g1 () = €7 /0 Cetgh (b dt.

Finally, an integration by parts gives

Gns1(2) = gm() + ¢ /0 " g(t) dt.

According to (3.7) and (3.3), for m = 0 we have

T e—t 1 eu—l
go(x) = 61’/ dt = ex/ du.
0 1—t 1-z U

Using the exponential integral Ei (z) defined by (3.6) (see [1, p. 228]), the pre-
vious formula becomes

go(x) =" H(Ei(1) ~Ei(1-2))  (jz| <1),

ie., (3.5). [

Remark 3.4. The generating function for left factorial in the form
(3.5) was obtained by D. Cvijovié.

In order to find an explicit expression for g,,(z) we denote its Laplace
transform by G, (s). Then, from (3.4) it follows

Goria () = Gn(s) + 2 Gonle) = (14 527 ) G
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ie.,

Con(s) = (1 - e 1>mG0(s) - f: <’Z>ﬁ  Gols).

k=0

The inverse transform gives

— anlz (™ _ ‘rex,tx_ k—1
39 o) =)+ 3 () gy [ @ -0

Using integration by parts in the integral convolutions on the right hand side in
(3.8) yields

x 1 X
| ete—nod = 1 [ ete-0is

v=0
Since
x e "go(z), if v=0,
/ et -ty tdt =
0 P,_1(0) —e*P,_4(x), ifv>1,
where
v - (33 — 1)]
(3.9) Py(z) = (=)' ——",
= 7
we get

T €r — k er K
/0 o —t)go(t)dt = ( kl) go(2) + — > <k> (& = 1)*"P,1(0)

According to this equality, (3.8) and (3.9) we have the following result:

Theorem 3.5. For each m € Ny the generating function x — g, (z) is

given by ,
(3.10) gm(x) = —(Am(x)g0(z) + Bm(z)e” — Ci(2)),

m)!
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where A, (x), Bm(x), and Cp,(x) are polynomials determined by

Ap(z) 2 (m (- 1)k
m! N 1§<k> k!
Bp(z) _ mi

m!

respectively.

The polynomials A,,(x), Bp(z), and Cy,(x) for 1 < m < 6 are presented

in Table 2.
m  Ap(x) By, () Cn ()
1 =z 1 1
2 x2242r—1 2@ + 2 x4+ 2
3 2 +622+3x—4 322+ 12z + 4 z2 +6x+4
4 4122343022 — 4z — 15 42 + 3622+ 64 +6 23+ 1222+ 31z +6
5 2% +420z* +1102° + 14022 5z* + 8023 + 34022 xt + 2023 + 11122

— 95z — 56
6 2%+ 3025 + 2852% + 94023
+55522 — 906z — 185

+ 350z — 16

62° + 1502* + 116023
+309022 4 20042— 310

+158z — 16
x® 4 30x* + 28623
+96822 + 789z — 310

Table 2: The polynomials A, (x), Bp(z), and Cp(z) in (3.10) for m =

1,2,3,4,5,6

Remark 3.6.

Starting from Ag(xz) = 1, Bo(z) = Co(z) = 0, the

polynomials A, (x), By, (z), and Cy,(x) can be calculated recursively by

Amsi(z) =
Bm+1 (33) =

Cm—‘rl(x) =

(m+1) (Am(x) + /j A (t) dt) ,
(m+1) (Bm<:c> + [ Bt dt) T B,
e / e o () dz,
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a)

Remark 3.7. It is clear that A, (x) > 0 for x > 1 and A,,(1) = m!.
Also, By, (0) = Cy,(0). It can be proved that polynomials A,,(z) have only real
zeros distributed in (—oo,1). Furthermore, the zeros of A,,(z) and A,,+1(x)
mutually separate each other.

where ,,(x) is a polynomial of degree m defined by

() = m+ 1) (i

and Bm+1 = Cerl(O) - (m + 1)Cm(0)

4. The factorial polynomials

Definition 4.1. Let m € Ny. The factorial polynomials {K,(Lm) () bnen
are defined by

“+o00 n
_xt _ m z
Gm(t,z) =e %Axy_§:51>@hg,
n=1

where ¢y, is defined by (3.1) and given by (3.10).

Using (3.1) and the numbers M,, (k) it is easy to prove the following
explicit representation of the factorial polynomials:

Theorem 4.2. For each m € Ny and n € N we have

- (e

For example, for m = 0 and n < 7 we have

KO = 1,

KV = 2t+2,

KQ®) = 3246t +4,

K1) = 4t% 4 122 + 16t + 10,

KO®) = 5t* + 2065 + 402 + 50t + 34,

EO®) = 67 + 30t* + 803 + 150¢2 + 204t + 154,

KO®@) = 715 4+ 4265 4 140t* + 3503 + 714¢% + 1078¢ + 874
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Since

k

d " /n
— KM@ = (n — k) My, (k)" 1"
k=1 ( >

S R AT

k=1

we have the following differentiation formula

d m
= K0 () = nk" (1),
Also, we have

% E{M™(t) =nn—1)(n—v+ DKL) (0<v<n)

Expanding KT(Lm) (t + s) in Taylor series and using the previous formula
we obtain

+o0 n—1
m 1 dy m v n m n
K es) = Y s ko =Y (1) R,

v=0 " v=0

i.e.,

It is clear that

dl/
WKQ%) >0 (0<wv<n)
for each ¢ > 0. Therefore, the polynomials KT(Lm) (t) have no positive real zeros.
A simple representation of these polynomials in terms of zeros can be
done:
Theorem 4.3. Let7, (v=1,...,n) be zeros ofKT(LZ)l (1), i.e., fo)l(t) =
(n+1)T[—1(t —7). Then
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5. The factorial functions M,,(z)

In this section we consider again the factorial functions M,,(z) defined
by (1.1) and (1.2). First, we put

M — Qu(t, 2)

Yi(t,z) = (Rez > —(m+1)).

(t _ 1)m+1
Using the binomial series
X /m +z
= e =3 (M -0k e-1<,
k=0

we see that, for 0 <t < 2,

Ym(t,z):ff( mt e )(t—l)k.

Pt k+m+1

The function Y;,(t, z) can be expressed in terms of the hypergeometric function
o, defined by

2F1(a,b,c;x) =

for |z| < 1, and by continuation elsewhere. It is well-known that

'(c)

2F1(a, b, C, J,‘) = m

1
|eta-grta-ag
0
in the x plane cut along the real axis from 1 to oo, if Rec > Reb > 0 (cf. [2,
p. 65]). Here it is understood that arg§ = arg(1 —¢) = 0 and (1 —z§)~® has its
principal value.
According to (1.1) we note that M,,(z) can be interpreted as the Laplace
transform of the function ¢ — Y;, (¢, z) at the point s = 1. Therefore, we put

+o00
(5.1) Fo(s,z) = LIYn(t, 2)] = ; Gm(t, z)e " dt,

where z is a complex parameter such that Rez > —(m + 1), and M,,(z) =
Fn(1,2).
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Theorem 5.1. ForRez > —(m+1), the factorial functions z — My, (z)
have the integral representation

_z(z—i—l)(z—i—m) 1 PO m(*f)/f 1—5
Min(2) = | erta—gretoren(s i) e

m)!

where I'(z, x) is the incomplete gamma function defined by

+oo
(5.2) [(z,2) = / t*~le~t dt.

Proof. Since

_1V*D(2
(k+m+ 1= (m+1)!(m+2) and (1—2) = (F(l,z?fli:)) ,
we have
( m+z >_ C(m+z+1) _F(m+z+1)'(1—z)k(—1)k
k+m+1) T-kE+m+1)!  T(z)(m+ 1) (m+2),
so that
_ Tm4 e+ )R A2 (-0
Yult:2) = F(z)(m—l—l)!kzo (m+2), Kk
- %zFl(l—z,l,vaQ;l—t),

or, by continuation,

m z 1
Yult2) = S [a-gra- - o7

According to (5.1) we have

sl z m oo 1
Fm(s,z) _ Z(Z+1) ( + )/O+ e—st/o (1—f)mfz_1<t+a)z_1d§dt

m!

_ z(z+1)-(2+m) /lgz1(1_§)m/+ooest(t+a)zldtd§
0 0

m)!

where a = (1 —¢) /€.
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Since
e*I'(z, as)

£l +a)y ) = =2

(Res > 0),

where I'(z, x) is the incomplete gamma function defined by (5.2), we get

2z4+1)-(z+m) [
Fo(s.2) = T [ ema ez, as) de.
Finally, for s = 1 we obtain the result of the theorem. ]

Changing variables (1 — £)/{ = = we get an alternative form of the
previous theorem:

Corollary 5.2.  For Rez > —(m + 1), the factorial functions z —
M, (z) have the integral representation

Cz2(z+ 1) (z+m) [T 2™e"T(z, 1)

In a special case when m = 0, we get the integral representation of the
Kurepa’s function

K(z)= 2/1 g7 1e1-8/¢p (z, 1—_5) d¢ = z/+oo Tz 2) dz,

0 £ o (z+1)7
which holds for Rez > —1. In 1995 one of us [15] derived the Chebyshev
expansion for K(1+ z) and 1/K(1 + z), as well as the power series expansion
of K(a+ z), a > 0, and determined numerical values of their coefficients b, (a)
for a = 0 and a = 1. Using an asymptotic behaviour of b,(a), when v — oo, a
transformation of series with much faster convergence was obtained. For similar
expansions of the gamma function see e.g. Davis [6], Luke [13], Fransén and
Wrigge [7], and Bohman and Froberg [4].

Remark 5.3. The function z — x7%e"I'(z,z) can be expanded in
continuous fractions (cf. [3, Chapter 9])

1
—zZ T _
x %" T(z,z) = . T—
x
1
x
14 ---
Remark 5.4. The function z — M,,(z) has zeros at z = —n, n =

0,1,...,m.
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