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Abstract Inthis study, we establish some Bernstein-type norm estimates for a
rational function and its derivative on the unit circle. The estimates involve the positioning
of all the zeros of the rational function and the poles are assumed to lie outside the unit
circle. Our results strengthen some existing bounds and additionally derive a polynomial
inequality pertinent to the Saff conjecture. Numerical examples are included.
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1. Introduction and preliminaries

Inequalities and extremal problems of Markov and Bernstein type play funda-
mental role in proofs of many inverse theorems in approximation theory, as well
as in many other mathematical areas. The first result of this type was given at
the end of the 19th century by the very famous Russian academician Andrei An-
dreevich Markov (1856-1922), while the second important result belongs to Sergei
Natanovich Bernstein (1880-1968), also a member of the Russian mathematical



32 G.V. Milovanovié, A. Mir, I. Qasim, S.K. Lee

school, who was otherwise a student of the French Sorbonne. Over a period of more
than a century, a huge number of papers have been published, so that the theory of
extremal problems and inequalities of this type has developed to unimaginable pro-
portions, including many applications.

Let P, denotes the space of all algebraic polynomials of degree at most n. Then
the classical basic inequalities of these types, in the uniform norm on [—1, 1], are

1P'loc < n®||Plloc and  [[VAP'|lo < nl|Pllc (A=1-2%), (LD

respectively. The inequalities are the best possible, i.e., their constants n? and n are
exact! There are many generalizations, extensions and refinements of (1.1) in differ-
ent metrices and for various classes of functions associated with polynomials, like
rational functions, functions of exponential type, etc., as well as the corresponding
inequalities in the complex plane (for details see [3, 8]). Interesting cases are ones
in the weighted L" norms, in particular in L?, due to the existence of orthogonality
theory (see [7] and [4]).

Analogues of Markov’s inequality for polynomials in a complex variable, with
the norm on the unit disk, have also found many applications. For a complex poly-
nomial p € P, one of the basic questions is how large can |p'(z)| be when z
belongs to the unit circle T = {z : |z| = 1}?

One answer was given by M. Riesz [13], using his result for trigonometric poly-
nomials [13] (cf. [3, p. 24, Theorem 1.3.1]), which is also related to Bernstein’s
inequality for algebraic polynomials (the second inequality in (1.1)). A detailed
account of the various relations and priorities can be found in the recent mono-
graph [3, §1.3]. The answer to the previous problem is well-known as Bernstein’s
inequality [1]:

/
max [p'(z)] < nmax|p(z)|- (1.2)
Equality in (1.2) holds for p(z) = Az", A # 0.

Since equality in (1.2) holds if and only if p has all zeros at the origin, it is
natural to expect a relationship between the bound n and the distance of the zeros
of a polynomial from the origin. This fact was observed by Erd&s who conjectured
it and later was proved by Lax [5]: If p € P,, and p(z) # 0in TUD_, where D_
denotes the region outside the unit circle T, then

’ n
< . 1.
max Ip'(2)] < 5 TaX Ip(2)| (1.3)

On the other hand, Turan [15] considered a polynomial p having all zeros in
TUD_, where D_ := {z : |z| < 1}, and proved that

/ n
> — . .
max Ip'(2)] > 5 ax Ip(2)| (1.4)
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In this paper we consider Bernstein type inequalities for one class of rational
functions. For a complex polynomial p € P,, (n > 1), given by

n

p(z) = chzj =cp H(z — %),
=0

J=1

and a; € Cwith j = 1,2,...,n,let (cf. [3, p. 59])

w(z) =[]z —a)), Ble):= w*(j) =11 lz__ajz,
"~ 7 (1.5)

Ry = Ro(at, .. ., ap) = {p(z> L pe iPn},

w(z)

where w*(z) = z"w (1/%Z) is the conjugate transpose (reciprocal) of w(z). Then
R, is the set of rational functions with poles ay,as,...,a,, at most, and a finite
limit at infinity. Note that B € R,, and it is known as the finite Blaschke product.
In our discussion, we shall assume that the poles a1, as, ..., a, are in D,. For
the case when all the poles are in D_, we can obtain analogous results with suitable
modification of our methods.
For r(z) := p(2)/w(z) € R, the conjugate transpose r* of r is defined by

Note thatif r(z) = p(2)/w(z) € Ry, then r*(2) = p*(2)/w(z) and hence r* € R,,.

Li, Mohapatra, and Rodriguez [6] replaced 2" by the Blaschke product B(z)
and extended inequalities (1.3) and (1.4) to rational functions with prescribed poles.
Besides, they also proved the following results:

Theorem 1.1. Ifr € Ry, such that r(z) # 0 for z € D_, then for z € T,

|B'(2)]

7 (2)| < max |r(z)]. (1.6)

zeT
Equality in (1.6) holds for r(z) = aB(z) + B with |a| = |8] = 1.

Theorem 1.2. If r € R,, such that r(z) # 0 for z € D and r has exactly n
poles at ay,as,...,an, then for z € T,

'(2)] > 5 [IB'(2)] = (n—m)] [r(2)], (1.7)

N —

where m is the number of zeros of r.
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Since then, many results have been published on Bernstein-type inequalities for
rational functions. Some of the recent papers include [9-12] and the references
therein.

In [2], Giroux, Rahman and Schemeisser mentioned the following problem
which they have attributed to E. B. Saff and is known as Saff Conjecture: Le?

z) = H(Z - zj)

be a polynomial of degree n having all its zeros in Re(z) > 1. Is it true that

1
E - 2
max [P'(2) < = 1+ Re(zj) I?ea% Ip()l"

For n = 1 and n = 2 the answer in the above problem is affirmative.
In the same paper, Giroux, Rahman and Schemeisser assumed polynomials
which are real for real z and proved the following:

Theorem 1.3. If the polynomial p(z) = [];_,(z — z;) is real for real z, then

1
max [p'(2)] < Z Ty ) (18)

provided all the zeros lie in
D ={zeC:Re(z) >0, |z| > 1}.

The example p(z) = (z + 1)(z — 3) shows that inequality (1.8) may not hold if
the zeros are not required to lie in D.

In this paper, we establish some Bernstein-type norm estimates for a rational
function and its derivative on the unit circle. These estimates take into account
the locations of all the zeros of the rational function, with the poles assumed to lie
outside the unit circle. The results refine existing bounds and yield a polynomial
inequality connected to the Saff conjecture. Numerical examples are also included.

2. Main results

In this section, we present the main results. Our first result is central to this
paper, and the bound in this theorem can be compared with that of Theorem 1.1.

Theorem 2.1. If p(z) = [[;_; (2 — 2j) € Ppandr(z) = p(z)/w(2) € Ry, such
that r(z) # 0 in D_, then for z € T,

()] < 1B max ()] — 1 || Z 2| e
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Remark 2.1. It is worth noting that Theorem 2.1 provides a significant im-
provement over Theorem 1.1 when

Z'Zﬂ (2)] (z€T).

M :=max |r(2)| <U(z) := T 1
J

z€T |B/

(2.1)
On the other hand, if this inequality is reversed, Theorem 2.1 does not yield any
improvement over the bound given in Theorem 1.1. Thus, in this case we have

(2] < min {%]B’(z)\M, B(2)| (M _ %U@))} zeT). (2
It can be also written in the form
"' (2)] < i!B'(Z)I (BM —U(z) = [U(z) = M|) (2€T).

If we assume one additional condition in Theorem 2.1, we obtain the following
result, which provides a significantly better bound.

Theorem 2.2. Ifp(z) = [[;_, (2 —zj) € Ppandr(2) = p(z)/w(2) € Ry, such
that r(z) # 0in D_, then for z € T,

/

max |r(z)], (2.3)

1
max ‘7" ‘ < =
zeT 2 -

7j=1
provided that maximum of |r(z)| and ‘r'(z)‘ and the minimum of |B'(z)| occur at
the same point on the unit circle T.

Since |zj| > 1, one can easily see that Theorem 2.2 gives an improvement of
Theorem 1.1 under the additional hypothesis that maximum of |r(z)| and ’r’ (z)’
and the minimum of | B’(z)| occur at the same point on the unit circle T.

Next, we shall prove the following result:

Theorem 2.3. If r(z) = p(2)/w(z) € Ry, having all m zeros in T U D_ and

exactly n poles at a1, az, . .., ay, then for z € T,
()] > < |IB()| = (n—m Emj 'Z”' r(2)| (2.4)
Z5 . .

=1

Since |z;| < 1, Theorem 2.3 strengthens Theorem 1.2.

Letaj = a > 1forj = 1,2,...,n. Then w(z) = (2 — )" and r(2) =
p(2)/(z — @)™, so that B(z) = [(1—az)/(z —a)]" converges to 2™ as o ap-
proaches to co. Also, B’(z) converges to nz" "1 as o approaches occ.
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Using these observations in Theorem 2.3 and letting || — oo, we get that if
p(z) = H?Zl(z — z;) is a polynomial of degree n having all zeros in T U D_, then

1
max [p'(2)] > Z T ax [p(2)|. 2.5)

Inequality (2.5) is again in connection with the Saff Conjecture and was indepen-
dently proven by Giroux, Rahman and Schmeisser [2].

Similar observations can be used in Theorems 2.1 and 2.2 to obtain correspond-
ing inequalities for polynomials.

For a complex number « and for p € P, let

Dap(z) :=np(2) + (o = 2)p'(2).

The function D,p(z) is known as the polar derivative of p with respect to av. It
generalizes the ordinary derivative in the following sense:

iy Pop(2)

a—00 0]

= p/(z) uniformly for all z with |z| < R, R > 0.

Suppose that a; = a for j = 1,2,...,n with |a| > 1 and p is a polynomial of
degree n. Then it can be easily shown that

—Dgp(2)

, n(l —az)" Hlal? -1
ek (1-a2)" (ol = 1)

(Z _ a)n+1

and B'(z) =

By using these facts in Theorem 2.3, the following result immediately follows:

Corollary 2.1. If p € P, having all zeros in T UD_, then for |a| > 1, we have

laf — — | ]‘
> .
max [ Dap(2)| = n+ E 1 ] | e ax [p(z)], (2.6)

which is equivalent to

max |Dap(2)] > (o] = 1) Z;

1+ EA er 2xlp(2)l-

Since |z;| < 1, Corollary 2.1 is an improvement of a result due to Shah [14].
Similar techniques can be applied to Theorems 2.1 and 2.2 to derive results for
the polar derivative of a polynomial.
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3. Lemmas

For the proofs of Theorems 2.2 and 2.3, we need the following lemmas. The
first two are due to Li, Mahapatra and Rodrigues [6]. Let B and R,, be defined as in
Equation (1.5).

Lemma 3.1. For a; € C with |aj| > 1,

2B'(2)
B(2)

=|B'(z)], z€T.

Lemma 3.2. Ifr € R,, and z € T, then

()| + |r'(2)] < [ B(2)] max|r(z)].

Equality holds for r(z) = uB(z) withu € T.

Lemma 3.3. If |w| < 1 and w # ¢, then

i6 1
Re[ © ]

- > .
e —w| = 1+ |w

PROOE. Let w = re'®, where 0 < r < 1. Then

i0 i0
e' e
Re 3 = Re T T
e —w el — prel@

1
= Re [1 - rei(o‘e)}

~ 1—rcos(a—10)

1+ 72—2rcos(a—0)
1

L+r

>

The last inequality is true because

(1 —rcos(a—0))(1+r)> 1+ 72 —2rcos(a — 6)
&1 —rcos(a—0) 4+ 7 —r?cos(a — ) > 1+ 1% — 2rcos(a — 6)
o —(r —r)cos(a—0) > 12 —r

< cos(av —0) > —1.

This proves the lemma. O
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4. Proof of Theorems

Now we are ready to give the proofs of our results.

PROOF OF THEOREM 2.1. Since

j=1
a logarithmic differentiation gives
27(2) =~ 2 2w'(2)
re(z) =z w Cw(z)
where w; = 1/Zj, j = 1,2,...,n, and |w;| = 1/|z;| < 1. Hence, for points e,

0 < 6 < 2, other than the zeros of r*(z), we have
eier*/(ew) n elf elfw’ ei@)
Re| ——+—= ) =R —— | —Re| ———= ] . 4.1
< (@) ) |\ e<wele>> @D

Since

the logarithmic differentiation gives

2B'(z) _ ww(2)  zw'(z)
B(z)  w(z)  w(z)

By using Lemma 3.1, we have

2w* () zw'(2)

wiz) o w(z)

Re = |B'(2)|. (4.2)

On the other hand, since 1/Z = z for z € T and
w*'(2) = n" "t (1/7Z) — 2" 2w’ (1/%),
it can be easily shown that for z € T,

zw* (2) zw'(z)

Re =n—Re “4.3)

w*(z) w(z)
Equations (4.2) and (4.3) thus give, for z € T,

Re ( Z;”;i?) =1 “29,(2)'. (4.4)
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Therefore, from Eq. (4.1), (4.3) and Lemma 3.3, we have

eier*/(ew) n 1 n— ’B/(eie)‘
Re| ———= | > — .
- 6( r*(el?) >_21+le! 2

J=1

eigr*/(eie)
¥ (eiG)

Equivalently,

n

EVION 1 n—|B' e'10 YN
N | e T A e @)
J

J=1

for points el?, 0 < § < 27 other than the zeros of 7*(z). Since (4.5) is trivially true
for points el?, 0 < @ < 27 that are the zeros of r*(2), it follows that

n

y L e 1B,
[T (2)| > ; T+ [wy| - 5 " (2)], for z € T. (4.6)

But for z € T,

implies

1.€.,

() = | 1B/ () () 27 (2)]

= ‘B/(z)r(z) — T’/(Z)B(Z)‘. 4.7)
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Note that for z € T, |r*(z)| = |r(z)|. Hence from inequality (4.6), for z € T we
have

n

1B (2)r(z) = 1'(2)B(z)| > |

J=1

1 n—|B'(z)|

Using equation (4.7) and (4.8) in Lemma 3.2, we get for z € T,

2] — 1
2] +1

() < 1B/ () max ()5 | 1B/ )]+ (=) =

J=1

PROOF OF THEOREM 2.2. Since by hypothesis, |(z)| and |r’(z)| become max-
imum and | B’(z)| becomes minimum at the same point on T, if

ia\|
(e )I—glg%!r(Z)\,

then

R CAY I /
()] = max |r'(2)|

and

B/ ia — : B/ .
1B/()] = min |B'(2)]

Therefore, from inequality (4.8), we have for z = ele,

n .
. . . . 1 n — ’B/(ela)’ .
B (e)r(el®) — /() B(e')| = - ().
| ‘ jz::l 1+ \wj] 2
4.9)
By using Eq. (4.7) in Lemma 3.2, it follows that
[ (€)] + |B'(e)r(e!) — ' (') B(e')] < |B'(e')][r(e')].
Hence from inequality (4.9), we get
S 1 n-—- |B/(eia)‘ e /(i i /(i
St g | I S B~ )
j=1 !
This implies,
n .
~ T L BE|
[r'(e )] < |B'(e")[[r(e)] - - [r(e)]
j; 1+ \wj] 2
n

L e |2j] =1 i
= Q\B(e )’—Zm (e )],

J=1
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1.e.,
1 2zl -1
<= ||B — = T).
max |’(2)] < 5 |1B'(2)] ;IZJ'IH max [r(z)| (2 €T)
This proves the theorem completely. O

PROOF OF THEOREM 2.3. Since r has m zeros and all lie in T U ID_, we can
write

m
where |z;| < 1,forj =1,2,...,m. Logarlthmlc differentiation gives
B i z  zw'(2)
Pt w(z)
This gives for z = €', 0 < § < 2,
1(oi0 m i0 10, /(a0
0r'(€)] e ew'(e")
Re[e ’r'(eie):|_Re Zeie—zj — Re [W .

Lemma 3.3 and Eq. (4.4) give
i0../ (.10 m o 1( A0
Re er(e) ZZ 1 n—|[Be )]
r(e?) 1+ [z] 2

Hence, for z € T,

el R D e
> - (52)+
Therefore, for z € T,
o2 g |1 e

This completes the proof of Theorem 2.3. O
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5. Numerical experiments

In numerical computation of 7(z) € R,, and the corresponding Blaschke product
B(z) we use (1.5), as well as the following formulas for their derivatives

ja;|* — 1

(z —aj)(1 —ajz)

F(z)=r(2)Y ( S and B'(z) = B(2)

2 b)) 2
The bounds of |/(e!?)| = L(6), when 6 € [0,27), in Theorems 1.1 and 2.1, will be
denoted by

Gr(0) = B and Galt) = 15,6 (31 - JU()).

respectively, where M and U are defined in (2.1). The constant M can be obtained
by applying the WOLFRAM MATHEMATICA function MaxValue to the real func-

tion
0 s ()] = ﬁ |bj|2 + 1 — 2|b;| cos(6 — argb;)
e laj|? + 1 — 2|a;| cos(f — arg a;)

on the interval [0, 27).
All computations and graphics in the following examples were performed in
WOLFRAM MATHEMATICA, Ver. 14.2, on MacOS Sequola 15.5.

Example 5.1. We take the following complex numbers
z1 = 10 ei7r/37 29 = 11i, 23 = 8e—i7r/3’ 2y = 14697/4

and
a1 =5, ay=6e"8, a3=7e"3 a4 =8e" =8,

as zeros and poles, respectively, for the rational functions r(z) = r,(z) € Ry, so
that

z — 10el7/3
ne) =g
C2—10e"3 2 —11i
ra(z) = 2—5  z—Gein/8’
_z—10e"3  z— 111 z—18e7'"/3
ra(z) = 2—5  z—6em/8  , _Tein/3
2 —10e7/3  z—11i 2z —18e /3 2 — 14¢07/4
ra(z) =

2—5  z—6em/8  z_T7em/3 48
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We note that all these rational functions satisfy the conditions of Theorems 1.1
and 2.1. Moreover, from Figures 1-4 (left), we see that the condition (2.1) holds
for each n € {1,2,3,4}. For the corresponding maximal values on the unit cir-
cle T, M = maxg<g<ar |(rn(e!’)], we obtained the following constants 2.42366,
0.22463, 6.11864, 10.2169, respectively for n = 1,2, 3,4 (displayed as dashed
lines). That means Theorem 2.1 gives better bounds than Theorem 1.1 in all these
cases (see the corresponding graphics on the right side in Figures 1-4).

: :
Figure 1: Curves for n = 1: (left) y = U (e?) (magenta), y = |r(e'?)| (brown);
(right) y = L(6) (blue), y = G1(0) (green), y = G2(0) (red)

ki
2 2

Figure 2: Curves for n = 2: (left) y = U (e?) (magenta), y = |r(e'?)| (brown);
(right) y = L(0) (blue), y = G1(0) (green), y = G2(0) (red)
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ki
2 2

Figure 3: Curves forn = 3: (left) y = U (eie) (magenta), y = |r(e'?)| (brown);
(right) y = L(0) (blue), y = G1(0) (green), y = G2(0) (red)

ki
2 2

Figure 4: Curves forn = 4: (left) y = U (eia) (magenta), y = |r(e'?)| (brown);
(right) y = L(0) (blue), y = G1(0) (green), y = G2(0) (red)

Example 5.2. Now we consider the rational function, with the following zeros
and poles,
2 = 6€i371'/47 29 = 86—iﬂ'/37 23 = 4ei7r/4

and

a; =268 a4y =3e70 g3 =4e",
respectively, i.e.,
(Z _ 6ei37r/4) (Z _ 8€—i7r/3) (Z _ 4ei7r/4)

r(z) = (z _ 2€i77/8) (z — 3e—iTr/6) (z+4)

5.1

Since in this case

M = max |(r,(e"?)] = 13.7226,
0<o<2r
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Y
S

bis — 2n
2

RIS

Figure 5: Case n = 3: Curves y = U (') (magenta), and y = |r(e!’)| (brown) and
the constant M (dashed line)

y

ki
2 2

Figure 6: Curves for n = 3: y = L(6) (blue) and y = min{G;(0), G2(0)} (red-
green-red)

the condition M < U(z) is not satisfied for all z € T (see Fig. 5), and we can
take the estimate (2.2) as the best option in this case. In Fig. 6 we present bounds
obtained by Theorem 1.1 (green line) and Theorem 2.1 (red line). Their intersection
is for 01 ~ 0.915509 and 0 ~ 4.1263. The best possible bound is given in Fig. 6
(right), as a curve (red-green-red line)

y = min{G1(0), Ga(t)} = i\B’(Z)! (BM -U(z) — [U(z) - M|),
where z = €l?, 0 < 0 < 2.
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