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Abstract

Using tools from the newly developed theory of regular functions and
polynomials with quaternionic coefficients located on only one side of
the variable, we derive zero-free regions for the related subclass of
regular power series and obtain discs that are not centered at the ori-
gin, containing all the zeros of these polynomials. The results obtained
for this particular subclass of regular functions lead to generaliza-
tions of several results that are known from the relevant literature.
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1 Introduction

A classical study in geometric function theory is to locate the zeros of a poly-
nomial in the plane using various approaches and techniques. This kind of
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study is considered to be very significant and has deeply influenced the devel-
opment of mathematics and its application areas, such as physical systems.
This study, in addition to having multiple applications, has inspired much more
research, both theoretically and practically. The first result in this direction is
the well-known Cauchy method [2], giving the upper bound for the moduli of
the zeros of a polynomial, with complex coefficients, in the complex plane, but
this bound can be very crude. Therefore, in order to attain better and sharp
zero bounds, it is desirable to put some restrictions on the coefficients of the
polynomial. In this connection, we state the following elegant result concern-
ing the distribution of zeros of a polynomial when its coefficients are restricted
is known in the literature as Enestrom-Kakeya theorem.

Theorem 1.1 ([15]) If T'(z) = >._yavz” (z € C) is a polynomial of degree n with
real coefficients and satisfying

an > ap—1 2> -+ 2> a1 > ag >0,
then all the zeros of T'(z) lie in |z| < 1.

We refer the reader to the comprehensive books of Marden [15] and Milo-
vanovié et al. [19] for an exhaustive survey of extensions and refinements of
this well-known result. We get the following equivalent form of Theorem 1.1
by applying it to the polynomial z"T'(1/z).

Theorem 1.2 If T(z) = Y., _,avz” (z € C) is a polynomial of degree n with real
coefficients and satisfying
ag = a2 - 2 Gp-1 2 an >0,

then T'(z) does not vanish in |z| < 1.

The extension of Theorem 1.2 to a class of related analytic functions was
established by Aziz and Mohammad [1] in the form of the following result.

Theorem 1.3 Let f(z) =Y oo gavz” # 0 be analytic in |2| <t, t > 0. If
ay >0 and ayp_1—tay >0, v=12.3,...,

then f(z) does not vanish in |z| < t.

Numerous applications and extensions of the above results form an essen-
tial part of the classical content of geometric function theory and are equally
important in modern papers dealing with the regional location of zeros of reg-
ular functions of quaternionic variables. Given the richness of the complex
setting, a natural question is: what kind of results in the quaternionic set-
ting can be obtained? It is then natural to study this class of functions with
emphasis on the distribution of their zeros.
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This paper is organized as follows. Section 2 contains some known concepts
and results useful in the next sections. In section 3, we derive zero-free regions
of a quaternionic power series with coefficients located on only one side of the
variable. Section 4 yields discs that are not centred at the origin and include
all of the zeros of a quaternionic polynomial with coefficients whose real and
imaginary components satisfy appropriate conditions. We end this paper with
a brief conclusion in Section 5.

2 A brief overview of quaternions and
quaternionic functions

The noncommutative skew field H of quaternions consists of elements of the
form g = a4+ i+ vj + 0k, «, B,7,6 € R, with the following properties of the
imaginary units 1, j, k,

PP=2=k’=—1, ij=—ji=k, jk=—-kj=1, ki=—ik=7j.

Each element ¢ = a + Bi + vj + 0k € H is given by the real part Re(q) = «
and the imaginary part Im(q) = 8i + vj + 0k. The conjugate of ¢ is defined
as ¢ = a — Bi —yj — 8k, so that the norm of ¢ is given by |q| = /qq =
Va2 + 2+ 42 + 62, The inverse of an arbitrary non zero element ¢ € H is
given by ¢~' = [¢|7*q.

Now, we define the ball B(0,7) = {¢ € H; |g| < r} for r > 0, and then by
B we denote the open unit ball in H centred at the origin, i.e.,

]B:{qza—&—,@i—l—’yj—i—ék:a2—|—ﬁ2—|—72—|—52<1}.

Since the multiplication in H is not commutative, one can consider unilateral
quaternionic polynomials of the form

T(q) = q"a
v=0

and power series of the form

o0

flg) = quau

v=0

of the quaternionic variable ¢ on the left and with quaternionic coefficients a,
on the right.

Two quaternionic polynomials of this kind can be multiplied accord-
ing to the convolution product (Cauchy multiplication rule): given Tj(q) =
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>0 ¢’ and To(q) = >3- q"by,, we define

(Tr+To)(@) = Y, ¢ ab,.
v=0,1,....,n
pn=0,1,....m
Given two quaternionic power series f(q) = Y .- ,¢"a, and g(q) =

>0 0 q”b, with radii of convergence greater than R, we define the regular
product of f and g as the series

oo

(fx9)@) =Y d"c,

v=0

where ¢, = >/ _,arb,—j for each v. As observed in ([5], [8]) for each quater-
nionic power series f(q) = Y., ¢"a,, there exists a ball B(0,R) = {q €
H; |g| < R} such that f converges absolutely and uniformly on each compact
subset of B(0, R) and that function f is regular. This theory of quaternions
is by now very well developed in many different directions, and we refer the
reader to [29] for the basic features of quaternionic functions (see also [11] and
25)).

By using some useful tools from the theory on slice regular functions, Gen-
tili and Stoppato [9] (see also [7]) gave a necessary and sufficient condition for
a regular quaternionic power series to have a zero at a point in the form of the
following result.

Theorem 2.1 Let f(q) = ZSO:O q"ay be a given quaternionic power series with
radius of convergence R, and let p € B(0,R). Then f(p) = 0 if and only if there
exists a quaternionic power series g(q) with radius of convergence R such that

f(q) = (g —p) *g(q).

This extends to quaterniomic power series the theory presented in [13] for
polynomials. The following result which completely describes the zero sets of a
regular product of two polynomials in terms of the zero sets of the two factors
is from [13] (see also [7] and [9]).

Theorem 2.2 Let f and g be given quaternionic polynomials. Then (f * g)(qo) =0
if and only if f(q0) = 0 or f(qo) # 0 implies g (f(q0) a0/ (q0)) = 0.

Gentili and Struppa [8] established a maximum modulus theorem for reg-
ular functions, which includes convergent power series and polynomials in the
form of the following result.
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Theorem 2.3 (Maximum Modulus Theorem) Let B = B(0,r) be a ball in H with
centre 0 and radius r > 0, and let f : B — H be a regular function. If |f| has a
relative maximum at a point a € B, then f is a constant on B.

It is worth noting that the proof of the Fundamental Theorem of Algebra
for regular polynomials with coefficients in H from an algebraic point of view
was given by Niven (for reference, see [25], [26]). This led to the complete
identification of the zeros of polynomials in terms of their factorization, for
reference see [27]. Thus it became an interesting perspective to think about the
regions containing all the zeros of a regular polynomial of quaternionic variable.
The earliest attempts to find the zeros of regular functions of a quaternionic
variable were made by Niven [25], and there has been a lot of activity in this
area of study recently. Most of these recent works deal with the generalisations
and extensions of the zero bounds of polynomials with restricted quaternionic
coefficients.

Slice regular functions of a quaternionic variable have been intensively stud-
ied in the past decade, and this study is extremely useful in replicating many
useful properties of holomorphic functions of complex variables. The Enestréom-
Kakeya theorem and its various generalizations, as mentioned in Section 1, has
recently been extended to polynomials of a quaternionic variable by Carney et
al. [3] as follows:

Theorem 2.4 If T(q) = >, _yq"av is a polynomial of degree n, where q is a
quaternionic variable with real coefficients and satisfying

an > ap—12>---2a1 >2ag >0,

then all the zeros of T(q) lie in |g| < 1.

In the same paper, Carney et al. [3] also established an extension of
Theorem 2.4 to quaternionic coefficients in the form of the following result.

Theorem 2.5 IfT(q) = >.,_, q"av is a quaternionic polynomial of degree n, where
ay = ow + PBui+ i+ ok forv=0,1,2,...,n, satisfying

an > ap_12>-->a1 2oy >0, ap#0,
then all the zeros of T(q) lie in

n

<1+ 2 V;(W 1ol + [64]).

Concurrently, Tripathi [30, Theorem 3.1] established a generalization of
Theorem 2.4 in the form of the following result.
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Theorem 2.6 Let T(q) = >.,,_5q"av be a polynomial of degree n, where q is a
quaternionic variable with quaternionic coefficients, where ay, = oy + Bui+yvj+ vk
forv=0,1,2,...,n, satisfying

Qn 2 Qp—1 = -+ 2 Qy,
Brn > Bn—1 >+ > Py,
Yn 2 Vn—1 2" 2 Ve,
On > 0p—1 > ... >4y,

for 0 <1 <mn. Then all the zeros of T(q) lie in

1
ol < 1, [laol+ 180l bol 10|+ (en = e) + (B = B0)+ (o —70) (60 = 60) + M .
where
)4
My =3 [law = el + By = Bl + b = Y] + 160 = 6,1 ]
v=1

The need for estimation of the bounds for the zeros of regular functions
arises frequently in geometric function theory, and this study finds numer-
ous applications in quantum physics, functional calculus, and operator theory.
These estimates are also frequently employed in a wide range of applications in
numerical mathematics and engineering domains, as they provide a simple and
efficient way to express the relationship between the variables of the system.
Recently, several works appeared in the literature, including generalizations
and refinements of the above results; see, e.g., [6], [16-18], [20-22]. In addition,
we also mention here some recent results on the Enestrom-Kakeya theorem
for quaternionic polynomials derived under certain complicated restrictions for
polynomial coefficients (see [10], [14], [23], [24]).

Existing results in the literature also show that there is a need to find
explicit bounds for polynomials and regular functions, e.g., those having
restrictions on the coefficients. For this reason, it is desirable to limit the coef-
ficients of the aforementioned regular functions to obtain their zero inclusion
regions and unify the derivation of various existing and new Enestrom-Kakeya
type bounds. There is now a very ample literature on the location of zeros in
quaternionic polynomials, but not on the zeros in quaternionic power series.

3 Zero-free regions of quaternionic power series

In this section, we establish several new results that pertain to the zero-free
regions of quaternionic power series with coeflicients located on only one side
of the variable. In proofs, we apply methods that are far different from the
known ones. The obtained results for this subclass of regular functions produce
generalisations of a number of results known in the literature on this subject.
We start with the following extension of Theorem 1.3 to slice regular functions,
regular in the ball B(0, R) with centre at the origin and radius R > 0.
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Theorem 3.1 Let f : B(0,R) — H be a regular power series in the quaternionic
variable g, i.e., f(q) = > 7o q"av for allg € B(O,R). If ay, v =0,1,2,..., are real
and positive satisfying

ay—1 —tay >0, v=1,2,...
where 0 < t < R. Then f(q) does not vanish in |q| < t.

Proof Consider the power series

F(g) = (t—q) = f(q)
= (t—q) * (a0 + ga1 + ¢*az + ---)

= tag — [q(ao —tay) + qg(al —tag) + - ]

=tag — q1/)(‘1),
where
bla) =S ¢ a1 — tav)
v=1

= qag.
Since v (q) is regular in |q| < t, it follows by Theorem 2.3, that
[(q)| < ag for |q <t. (1)
For |g| < t, we have

[F(q)| = [tao — q¥(q)]
2 [tao| — lql [¥(q)]

> ao(t—lql) Dby (1).
Thus in || < t, |F(q)| > 0if |¢| < t, i.e., F(q) # 0 for |g| < t. Since by Theorem 2.1,
the only zeros of (t — q) * f(q) are ¢ = t and the zeros of f(q), therefore, f(q) # 0 for
|g| < t. This proves Theorem 3.1. O

Now, we present an extension of Theorem 3.1 to quaternionic coefficients.

Theorem 3.2 Let f : B(0,R) — H be a regular power series in the quaternionic
variable q, i.e., f(q) = > oo q”av for all g € B(0,R). If ay = aw + Bui+vvj + Ouk,
v=0,1,2,..., are quaternionic coefficients satisfying

0 < lao| <tlar| < -~ < tMax| > M M arga| > .,

where X is some finite non negative integer and 0 < t < R. Then f(q) does not vanish

m

¢
lg| <
<2t/\
ag

ax

2 X '
—1) + > Jaw — Jay| |t
laol ,=0
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Proof Again we consider the power series
2
(t—q)* f(q) = (t—q)=(ao+qar +q az+---)
= tag — [qap — ta1) + ¢° (a1 — tag) + -]

=tao — q¥(q) (say).

For |g| = ¢, we have

]2

[(a)| < Dt Hay—1 — tau|
v=1
oo o0
< >t tlav] = lay—l| + D ¢ [taw — Jav]) = (a1 = lay—1])]
v=1 v=1
A e’}
=3t taw| = lav—1l) + > 7 (lav—1]| — tlav])
v=1 v=A+1
+Zt” e(aw — lav]) = (av—1 — |ay—1])]
= 2t"ay| - \a0|+ZtV Yt(aw — Jav]) = (ay-1 = |ay-1])]
sztﬂm—\ao|+22t”|au—\au||. (2)

Now proceeding as in the proof of Theorem 3.1, it follows that for |¢| < ¢, by (2),
we have

|(t — q) = f(a)| > tlao| — lallv:(q)]

> |ao| [t — <2t

Thus in |q] <, |(t —q) = f(q)| > O if

_1+m2t |ay—ay||):|.

t

lg| < ax :
2tA -1+ = tV|a, —
o =1 Tl 5, o = o

Since by Theorem 2.1, the only zeros of (¢t — q) * f(q) are ¢ = t and the zeros of f(q),
therefore, f(q) # 0 if

t
lg| <

2 X '
1 = v aw — Jau]|
|a0‘y:0

This completes the proof of Theorem 3.2. O

2tA

It we take 8, =y, =6, =0for v =0,1,2,..., in Theorem 3.2, we get the
following generalization of Theorem 3.1.
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Corollary 3.3 Let f: B(0,R) — H be a regular power series f(q) =Y oo g’ av in
the quaternionic variable q. If ay, v =0,1,2,..., are real and positive, satisfying

ap <tay < - < tay > ay >

where X\ is some finite non negative integer and 0 < t < R. Then f(q) does not vanish

n
t
gl < N
2 (—A> th—1
ag

Next, we obtain a zero free region for a regular quaternionic power series
with quaternionic coefficients in which the real component satisfying some
suitable inequalities.

Theorem 3.4 Let f : B(0,R) — H be a regular power series f(q) = > oo q”av
in the quaternionic variable q. If ay = oy + Buvi + wj + ok, v = 0,1,2,..., are
quaternionic coefficients with real components satisfying
0<ag<tag < <thay >t oy >0,
where X is some finite non negative integer and 0 < t < R. Then f(q) does not vanish
m
t

ao /) =0

a0

gl <

Proof As in the proof of Theorem 3.2, we have
(t —q) = f(@) = tao — q¥(q)-
Now using the fact that
lay—1 = tay| < o1 — tow| + [By—1 + tBu] + [yw—1] + thyw| + [60—1] + £,
we get for |q| = ¢,

tV71|a,,_1 — tay|

M

[ (a)l

N
Il
—

" Hay_1 — tay|

M

1

N
I

oo
+ > T [1Bu—1l + HBul + byw—1] + thyw| + [8u—1] +#60]
v=1
o0
<2 ay —ag+2 37 (I18u] + bl + 16v])
v=0

o
A Q) 2 v
= 27— — 14 — t 0
0 [P 1 3 8+l + 1)
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a 2 &
< ao| {%AA—HZt”(ﬂu+lvu|+|6u|) (3)
@0 v=0

[eT0)

Now proceeding as in the proof of Theorem 3.2, it follows that for |¢| < ¢, by (3), we
have

[t —q) * f(q)| > tlao| — |ql|¥(q)]

oo
A O 2 v
> — -4 - — .
> Jao [t d <2t SRR (Iﬁu|+vu+|5u)>}

Thus in [q| <, [(t — q) * f(q)| > 0, if
t

lg| < .
) 2 X
2N 2 14 = tv +16
ap ag ;::0 (‘By‘ Tl DD

Again, since by Theorem 2.1, the only zeros of (t — ¢) * f(q) are ¢ = t and the zeros
of f(q), therefore, f(q) # 0 if

t
lql < .
Q) 2 X
AN 2 — 14— S )
o 1T ag 2 B+ Il +10v])
This completes the proof of Theorem 3.4. ]

Taking A = 0 in Theorem 3.4, we get the following result.

Corollary 3.5 Let f : B(0,R) — H be a regular power series f(q) = Y pepq’av
in the quaternionic variable q. If ay = oy + Bui + wj + ok, v = 0,1,2,..., are
quaternionic coefficients with real components satisfying

0<apg>tag 2t2a2 >,
where 0 < t < R. Then f(q) does not vanish in
t

2 @ :
L4+ = 37 t(1Bv] + |yl +16v])
Qo =0

lg] <

Finally, in this section, we establish a zero-free region for a regular quater-
nionic power series with restricted coefficients, namely coefficients whose real
and imaginary components satisfy suitable inequalities.

Theorem 3.6 Let f : B(0,R) — H be a regular power series in the quaternionic
variable g, i.e., f(q) = > peq”av, for allg € B(0,R). If av = av + Bui+vywj+ vk,
v=0,1,2,..., are quaternionic coefficients satisfying

0<o¢0§ta1§-~-§t’\a>\2t)‘+1a)\+12...,
Bo<thr < <t B>t 1B >,

Yo <ty <-o- <ty > Ty >
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Jo Sty <o <G >t G >
where A\, r, s, u are finite non-negative integers and 0 < t < R. Then f(q) does not
vanish in
tlao|
2(axt? + Brt” + yst® + duth) — (a0 + Bo + 0 + o)

lg| <

Proof As in the proof of Theorem 3.2, we have
(t—q) * f(@) = tao — q¥(q)-

Since
lap—1—tay| < |ap—1—tav|+|Bv—1—tBu|+ -1 =ty |+|0p—1—td|, v=1,2,...,
we have for |¢| = t,

o0

() <>t [|aH —taw| +[By—1 — tBu] + lyw—1 — tyw| + 01 — tdul]
v=1
= 2(ant™ + Brt” + yst® + Sut") — (0 + Bo + 70 + o).

Since 1 (q) is regular in |q| < ¢, it follows by the Maximum Modulus Theorem
that

[0(@)] < 2(ant™ + Brt” +st” + 3ut”) — (a0 + Bo + 70 +0) for [g] <t (4)
For |q| < t, by (4), we have
(t —q) * f(@)| > tlaol — lall¥(q)]

> tlaol — lal (2(axt + Brt” +7st” +8,t") = (a0 + B +70 + 80) )

> 0,
if
tlao
2(ant? + Brt” 4 yst® + dutt) — (a0 + Bo + 70 + do)
By Theorem 2.1, the only zeros of (t — q) * f(q) are ¢ = t and the zeros of f(q),
therefore, it follows that f(g) # 0 for

lg| <

tlao|
2(ant? + Brt” +ysts + duth) — (ag + Bo + 70 + o)
This completes the proof of Theorem 3.6. ]

lg| <

By the Cauchy-Schwarz inequality, we have ag+ 8o + 70 + o < 2|ag|. Using
this fact and taking A = r = s = u = 0 in Theorem 3.6, we get the following
result.

Corollary 3.7 Let f : B(0,R) — H be a regular power series in the quaternionic
variable q, t.e., f(q) =Y oo av, for allq € B(0,R). If av = aw + Bui+ywj+ vk,
v=0,1,2,..., are quaternionic coefficients satisfying

0<a02to¢12t2a22...,
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Bo>tB1 >t Ba > ...,
Yo >ty >ty >,

502t§12t2522...

where 0 < t < R. Then f(q) does not vanish in |q| < t/2.

4 Location of all zeros of a quaternionic
polynomial in a non-central disc

In this section, we obtain regions consisting of discs that are not centred at
the origin and include all of the zeros of a quaternionic polynomial with coef-
ficients whose real and imaginary components satisfy suitable inequalities. We
establish a generalisation of Theorem 2.6. It will be shown that this result in
particular gives the quaternionic analogue of a result due to Joyal et al. [12]
and from which we can recover Theorem 2.4 as well.

Theorem 4.1 IfT(q) = >.._;¢"av is a quaternionic polynomial of degree n with
quaternionic coefficients, where ay, = ay + Bui + Wwj + Sk for v = 0,1,2,....n,
satisfying

AMan 2> ap—1 2> 2oy A2fBn 2> Bp-1 > 2> By,

A3V > Yn—1 22, Abn > Op—1 >+ >0y,

where As > 1 for s =1,2,3,4, and 0 < £ < n — 1. Then all the zeros of T(q) lie in
‘q + )\10571 + )\Zﬂnl + >\3’Ynj + )\46nk

an

1
_ 1’ < — [(Alan + || — o)
|an|

+ (A28n + Bol — Be) + (A3n + [0l — ve) + (Aadn + |d0| — d¢) + Mz}

where
3
My =3 [law = a8y = Bual + v = Y| + 160 = 6,1 ]

v=1

Proof Consider the polynomial

T(q) * (1 — q) = ap + g(a1 — ag) + ¢*(az —a1) + --- + ¢"(an — an—1) — ¢"an

n—1
=ao+ Y q¢"(av —ay—1) + ¢" [(Aan — an_1) + (A2Bn — Bn_1)i
v=1

+ ()\3771 - 'Yn—l)j + ()\46n - 6n—1)k}
- qn [(q — 1)(171 + Aan + )\Qﬂni + )\3’Ynj + /\45nk]

=¢(q) — ¢"[(q — D)an + A1an + X2Bni + A3ynj + Aadnk],
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where
n—1
#(q) = a0 + Y ¢"(av — ay—1) + ¢" [(Man — an—1) + (A2fn — Bn-1)i
v=1

+ (A3 — Yn-1)7 + (Aadn — 5n—1)k} .

For |¢| = 1, we have

4 n—1
(@) < laol + Y lal"lav —av—1]+ D lallav — av—1| + |g|"[(\1an — an-1)
v=1 v=~¢+1

+ (A2Bn = Brn-1)i + (A3 — Yn—1)j + (Aa0n — On—1)k|

= |ao + Boi + Y05 + Sokl

4
+ Z ‘(O‘V —ay—1)+ By = Bv—1)i+ (w —w-1)i + (0w — 51/71)]‘7’

v=1

n—1

+ Y (v —ap—1) + (Bo = Bu—1)i+ (w — yw—1)i + (60 — Su1)k|
v=0+1

+ |(Aran — an—1) + (A28n — Bn-1)i + (A3 — Yn—1)j + (Aabn — Sn—1)k|

< Jaol + |Bol + ol + [0

¢
+ > low — a1l + 18y = Bu—tl + lw — w1l + 160 — 6u1]]

v=1

n—1
+ > llow — a1l + 18y = Bual + [vw — w1l + 160 — 6y—1]]
v=4+1

+[A1an — ap—1|+ [X2fn — Bn—1] + [A37n — Yn—1| + [A1dn — dp—1]

= (M1am + |ag| — ag) + (A2Bn + [Bol — Be) + (A3vn + 70| — 70)
+ (Mg + |60| — 0¢) + My,

where

4
M, = Z UOCV - 041/—1| + ‘/BV - /BV—1| + |’YV - 'Yl/—1| + ‘51/ - 51/—1”'
v=1
Note that, we have

1 1 1

e (1)) = maxlao ()] = max o (1) = maxlota.
q lal=1 q lgl=1 q lgl=1

it is clear that ¢" * ¢ (1/¢) has the same bound on |g| =1 as ¢, that is

max
lg|=1

w6 (é)\ < (Man + lao] — o) + (o + 1ol — Be) + s + ol = 70)

+ (M\adn + [60| — ¢) + My for |q| =1.
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Since ¢" * ¢ (1/q) is a polynomial and so is regular in |g| < 1, it follows by Theorem
2.3, that

o)
q

for |q| < 1. Hence

qn¢ (%)‘ < (/\10(77, + ‘a0| — ag) + (/\QBn + ‘BO‘ - /Bé)

+ (A3vn + 1Yol = ve) + (Aadn + |do| — d¢) + My

]qﬁ (5) \ < ((Alan T lao] — ag) + (\2Bn + B0l = Be) + Osm + 1ol = 70)

+ (Mdn + |00| — 0p) + Mg) for |q| < 1.
Replacing ¢ by 1/q, we see that

|#(q)] < ((Alan + |ao| = ag) + (X2fBn + B0l = Be) + (A3yn + [0l —ve)

(a4 [60] — 59) + Mz>|Q\n for |g| > 1. (5)

For |g| > 1, we have
IT(q) * (1 = q)] = |#(q) — ¢"{(q — Dan + Aron + A2Bni + A3vnj + Aadnk}|

A + A i+ A | + Aadnk
> (¢ lan] g 2RI AT EMOR | g
n
A A i+ A j + AgOnk
> " [l -+ 21020 e A+ Madnk
n

— [(Man + |aol = ag) + (X2Bn + [Bo| — Be)

+ (v + ol = 76) + (b + 18] — 8¢) + Me]],

where we used (5).
Thus, if

g+ )\lOén + )\Qﬁnz + )\3’Ynj + )\45nk

an

— 1‘ >, (6)
where

1
"= Tanl [(A1an + |ao| — ag) + (A2Bn + |Bol — Be)
n
+ (A3yn + [0l = ve) + (Aadn + [d0| — 6¢) + My],

then |T'(q) * (1 — q)| > 0, that is T'(¢) * (1 — ¢) # 0. Since by Theorem 2.2 the only
zeros of T(q) % (1 — q) are ¢ = 1 and the zeros of T'(q), therefore, T'(q) # 0 for all ¢
satisfying (6). In other words, all the zeros of T'(¢) lie in

g+ Alan + A2Bni + A3ynj + Aadnk

an

-1 <r

This completes the proof of Theorem 4.1. O
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Taking A; = R > 1 for s = 1,2, 3,4, in Theorem 4.1 we get the following
generalization of Theorem 2.6.

Corollary 4.2 If T(q) = Z:/L:O q" ay 1s a quaternionic polynomial of degree m with
quaternionic coefficients, where ap, = oy + Buvi + Vi + ok forv = 0,1,2,...,n,
satisfying

Ron >ap1>--->ap RBn>Ppp-12>--2> B,
Ryn > 9p—12>- >, Ron>6n—12>---2>0dy,
for some R>1 and 0<{¢<n—1. Then all the zeros of T'(q) lie in

0+ R =11 < o [(Ran + ool = ) + (R + |6l ~ )

+ (R + ol = 7e) + (RS + 160] — &) + My,

where
3
My =" [lav = w1l + 180 = Bomt| + I = Yol + 160 = 6,1

v=1

Remark 4.1 The above corollary was recently established in [16]. Taking R = 1 in
Corollary 4.2, we recover Theorem 2.6.

Taking 5, =, =9, =0for v =0,1,2,...,n, in Corollary 4.2, we get the
following result for ¢ = 0.

Corollary 4.3 If T(q) = > 1_oq"av, is a polynomial of degree n (where q is a
quaternionic variable), with real coefficients and satisfying

Ran > apn—1 > -+ > a1 > ap,
for some R > 1. Then all the zeros of T'(q) lie in
|q+R—1\ < Ran + ‘a0| _aO.
|an|
Remark 4.2 For R = 1, the above Corollary 4.3 gives the quaternionic analogue of a

result due to Joyal et al. [12] (see [30] and [18]). If we take R = 1 and suppose ag > 0
in Corollary 4.3, we recover Theorem 2.4.

5 Conclusion

The historical Cauchy’s and the Enestrém-Kakeya theorems form an essential
part of the classical content of geometric function theory. They are equally
important in modern papers dealing with the regional location of zeros of
polynomials and regular functions with quaternionic coefficients located on
only one side of the variable. Here, we find upper bounds for the zeros of
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these polynomials and deduce zero-free regions for the associated subclass of
regular power series by employing tools from the recently developed theory of
regular functions and polynomials with quaternionic coefficients. A number
of results known in the literature on this topic are generalised by the results
found for this subclass of regular functions.
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