Available at

www.ElsevierMathematics.com JOURNAL OF
POWERED BY SCIENCE @DIRECT“ (A:gPMLFEUDTm?HN?mTCDS

ELSEVIER ' journal of Computational and Applied Mathematics 164-165 (2004) 569—586

www.elsevier.com/locate/cam

Error analysis in some Gauss—Turan—Radau

and Gauss—Turan—Lobatto quadratures for analytic functions™

Gradimir V. Milovanovié?, Miodrag M. Spalevi¢®-*

*Department Mathematics, University of Nis, Faculty of Electronic Engineering, P. O. Box 73,
18000 Nis, Serbia and Montenegro
b Department of Mathematics and Informatics, University of Kragujevac, Faculty of Science, P. O. Box 60,
34000 Kragujevac, Serbia and Montenegro

Received 23 September 2002

Abstract

We consider the generalized Gauss—Turan quadrature formulae of Radau and Lobatto type for approximating
fi  S(@&)w(t)dzs. The aim of this paper is to analyze the remainder term in the case when f is an analytic
function in some region of the complex plane containing the interval [ — 1,1] in its interior. The remainder
term is presented in the form of a contour integral over confocal ellipses (cf. SIAM J. Numer. Anal. 80 (1983)
1170). Sufficient conditions on the convergence for some of such quadratures, associated with the generalized
Chebyshev weight functions, are found. Using some ideas from Hunter (BIT 35 (1995) 64) we obtain new
estimates of the remainder term, which are very exact. Some numerical results and illustrations are shown.
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1. Introduction

Let w be a nonnegative weight function on the interval [ — 1,1]. For s, p,g € Ny, we study
interpolatory quadrature formulae of the form

1
I(f;w) = /_ 1 FOw(t)dt = QLO(f) + RED(f) (1.1)
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with the maximal degree of precision, where

OLD(f) = FRO(f) + Gus(f) (1.2)
and
p—1 g—1
FRO) =Y i fO(=1)+ Y BifO), (1.3)
i=0 i=0
n 2s
Grs() =Y A fO(z)) (1.4)
v=1 i=0

with the nodes 7,€(—1,1), v=1,...,n. Let 2, be the set of all algebraic polynomials of degree
at most m.

If p,q > 0 the quadrature formula (1.2) is known as the Gauss—Turan—Lobatto formula. If only
one of p and ¢ is equal to zero, then the corresponding formula is known as the Gauss—Turan—
Radau type formula. Then, one of sums on the right-hand side in (1.3) vanishes. Of course, when
p=¢q =0, formula (1.2) reduces to the well-known Gauss—Turan quadrature formula [21]

1
/ SO di = Goo(f) + RO/, (15)
—1

where G, (f) is given by (1.4). This formula is exact for all algebraic polynomials of degree at
most 2(s+ 1)n —1 (see [13]). The knots 17,, v=1,...,n, in (1.5) are zeros of the monic polynomial
7u(+) =1, s(-; w), which minimizes the integral fll m(6)*2w(r) dt, where m,(1)=>;_, axt*,a,=1.
This minimization leads to the “orthogonality conditions”

1
/ fr,()* w(t)dt =0, k=0,1,...,n— 1. (1.6)
—1
The polynomials 7, ,(-;w) are known as s-orthogonal (or s-self associated) polynomials in the
interval [ — 1,1] with respect to the weight function w. For s = 0 we have the standard case of
orthogonal polynomials. For more details of this kind of orthogonality and quadratures with multiple
nodes, as well as for a list of references see the survey paper [13].

In the general case, the Gauss—Turan—Lobatto quadrature formula (1.2) has the maximum algebraic
degree of precision 2(s + 1)n + p 4+ g — 1. Using the nodes in (1.2), we introduce the polynomials

m()=[[¢—1) and w (@)= +)P(1 1)
v=1

In the cases when ¢ =0 or p =0 (the Gauss-Turdn-Radau case) we use the notation u®(¢) instead
of u*(t). The following characterization is well known: The points 7y,...,t, are nodes of the Gauss—
Turan—Lobatto quadrature formula (1.2) if and only if

1
/ fr, (Ot (Ow()de =0, k=0,1,...,n—1. (1.7)
—1

These conditions correspond to the “orthogonality conditions” (1.6). A more general result in this
direction was given by Stancu [20].
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According to (1.7) and (1.6) a construction of Gauss—Turan quadratures can be also applied to
the Gauss—Turan—Lobatto and Gauss—Turan—Radau formulas with a little modification of the measure
dA(t) = w(t)dt. Namely, we need a new weight function w'(¢) = (1 +¢)?(1 —t)?w(t) in the Gauss—
Turan—Lobatto case and wi(¢) = (1 + £)Pw(t) or wR(¢) = (1 — ¢)?w(¢) in the Gauss-Turan-Radau
case. A connection between the Gauss—Turan—Lobatto formula (1.2) and a Gauss—Turan quadrature,
with respect to the weight function wX(¢) on (—1,1), can be given by the following statement
(cf. [2,19]):

Lemma 1.1. For the Gauss—Turdan—Lobatto formula (1.2), there exists a Gauss—Turdan quadrature

1
/ GO dr = 0T () + BT () R (Prssims) =0, (1.8)
—1

where

wh(t) = (1+07(1 — w(t),  Or(g9) =Y ZAI (),

v=1 i=0

the nodes t, are zeros of s-orthogonal polynomial m, (-, w"), while the weights sz are expressible
in terms of those in (1.2) by

2s

k .
AL, =>" ( ) D1+ )P0 — D], Ay, i=0,1,...,25,
1

=i
where D is the standard differentiation operator.

Let N=p+q — 1 and Hy(¢) be an interpolating polynomial for f at nodes F1, with the
corresponding multiplicities p and ¢,

p—1 q—1

Hy(1) =Y a)fO(=1)+ > _bl0)f (1), ait),bi(t) € Py. (1.9)
i=0

i=0

Then, putting ¢(¢) = f(t) — Hy(t) = u*(¢)g(t), we can find the weights o; and f8; in (1.3). Since
FR9($) =0 and RE(¢) = RED(f), we have

I(¢;w) = G s(9) + REV (),

1.€.,

I(f;w) =1(Hy;w) + Guo(f) = Gus(Hy) + RED() = QL) + RED(f).
Thus, Fi2?(f) = I(Hy;w) — G, s(Hy), ie.,

o =1(aiw) — Gyg(a), Pi=1(bisw)— Guy(b)).
Remark 1.2. Defining the polynomials P,(\}"k)(x; a,b), 0<v<k<N-—-1,by

PP (x;a,b) == CVF(a,b)(x — a)’ / (x —a)"(x — b)YV dy,
b
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where

(=D KN =)
Vi(k —v)I(N —k — 1)!

C](\)‘,k)(a’ b) — (b _ a)\/—N’

the polynomials a;(¢), b;(¢), which are appearing in (1.9), can be expressed in the following form
a(t) =Py~ =1,1), b(0) = PyT (1, 1),

The connection of the Gauss—Turan—Radau formula with a Gauss—Turan formula can be obtained
by putting p =0 or g =0.

The proof of the existence and the uniqueness of such quadrature rules has been obtained in [19].
Numerically stable procedures for determining the nodes and the coefficients in (1.2) have been
given recently in [14,19] (see [13] for earlier references).

In this paper we consider the remainder term Rff ;q)( 1) of Gauss—Turan—Lobatto and Gauss—Turan—
Radau quadrature formulae for classes of analytic functions on elliptical contours in the complex
plane containing the interval [ —1, 1] in its interior. The paper is organized as follows. The remainder
term Rffs’q)( f) for analytic functions is given in Section 2. The cases of elliptic contours with foci
at the points £1 for some Jacobi weight functions w are analyzed in Section 3. Asymptotic behavior
of the remainder term is also studied. In Section 4 we consider the L'-type error estimates, including

some numerical examples.

2. Remainder term for analytic functions

Let I" be a simple closed curve in the complex plane surrounding the interval [ — 1,1] and & be
its interior. Suppose f is an analytic function in & and continuous on . Taking any system of
m distinct points {¢&4,...,¢&,} in & and m nonnegative integers ny,...,n,, the error in the Hermite
interpolating polynomial of f at the point ¢ (€ &) can be expressed in the form (see, e.g., Goncarov
[9, Chapter 5])

m ny—1 A 1 Qm
rm(f;t):f(t)_szi,v(t)f(l)(fv)Z— f(2)Qu(1)

- A~ 4z,
— = 2nt Jp (z — 1)Q2,(2)

where /;,(t) are the fundamental functions of Hermite interpolation and

Q) =][GE-&) (2.1)

v=1

By multiplying this formula with the weight function w(¢) and integrating in ¢# over (—1,1) we get
a contour integral representation of the remainder term R,,( /) in a quadrature formula with multiple
nodes

m ny—1

, 1
Ru(f)=1(fsw) =D > A f (&) == fr Kn(z,w)[(2)dz, (2.2)

v=1 i=0
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where 4;, = f_ll Ziy(t)w(t)dt and the kernel K,,(z,w) is given by

. 1 o)
Km(z,w):p;”z(z(’:;), pm(z;w):/_lzm_(tt)w(t)dt, zeC\[-L1]. (2.3)

Now, we return to the Gauss—Turan—Lobatto quadrature formula (1.1), so that the node polynomial
(which in general depends on w), given by (2.1), in this case (m =n + 2), becomes

wna(zw) =z + Pz = [ @ = 7)™ = (=D @)z whH P!

v=1

and

Pria(zw) = (1Y / AQCRCID) A (2.4)

—1 z—1

where z€ C\[—1,1], uf(z2)=(1+2)?(1 —2)4, wh(z)=ul(z)w(z), and =, ((-; ') is the s-orthogonal
polynomial of degree n with respect to the weight wt.
The corresponding remainder term (2.2) reduces to

RED) = 5 KEDGwfG) e @25)

where, according to (2.3) and (2.4),

Pria(zw) pu(z3 W)
Wuy2(z;w) Ul (z)[m, 5(z; wE P

KR (z,w) = (2.6)

Denoting by K, (z,w") the kernel for the Gauss—Turan quadrature rule (1.8), (2.6) can be written
in the following form:

Kn s b o
K0z, w) = FrsEn) 27)
5 I/IL(Z)
The integral representation (2.5) leads to the error estimate
/(T
R < 2 (max kG ) (max o). @8)
’ 2n \zer " zel

where /(I") is the length of the contour I'. Therefore, in order to get an estimate of the remainder
term, it is important to study the magnitude of |K, (z)| on the contour I'. The kernels of the
remainder term for Gauss—Turan quadratures for classes of analytic functions on elliptical contours
with foci at =1 and some special Jacobi weights have been recently studied in [15]. This approach
for Gaussian type formulae (s =0) was used by Gautschi and Varga [8] (see also [3-5,7,12,17,18]).

A general estimate of the remainder term can be obtained by applying the Holder inequality to
(2.5). Thus, from

1
RED =5 ‘]{ K30 w)f(2)dz
r

1
< f KD |£)] |z
2w S "
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for ] <r< +ooand I/r+ 1/ =1, we get

1/r 1/r
R(p D K,(,’;"’) z,w)|" dz> ( )" dz) ,
ke < 52 (f kgoewria) (e

1
RED()] < ZIIKS,’Z"”(-,W)lerfllru

where we put

1e.,

(% 1/r
CT=) TR
11l = r

maX|f(Z)‘a r = +o0.

zel

Taking » = 400, the above estimate becomes
] /(I
REOC) < = KO ) lsoll 11 < 25 (max KOz w0)] ) 1 oo
21 21 zerl

ie., (2.8).
On the other side, for » =1 we have

1
RPD(f1)] < n||K,(,£’q)(',w)||1Hf||oo,

1.e.,
RO < < # koG \dz|) 11 (2.9)

This L'-type of estimates for the Gaussian quadratures on elliptical contours for the Chebyshev
weights was investigated by Hunter [11].
Also, the L?-estimate,

1
\R(” q)(f)| < n||K}5f;’q)(-,W)Hsz”2,

can be of some interest. Such estimates will be given elsewhere.

3. Estimates of the remainder term on confocal ellipses for a subclass of Jacobi weights and an
asymptotic behavior

In this section we take as the contour I' an ellipse with foci at the points =1 and sum of semiaxes
0>1,

Ey={z€eC:z= %(Qeig +o07'e™), 0< 0 <2n}.

When ¢ — 1, then the ellipse shrinks to the interval [ — 1, 1], while with increasing ¢ it becomes
more and more circle-like. There is also another choice of the contour I' as a circle %, with center
at origin and radius ¢ (> 1). The advantage of the elliptical contours is that such choice needs the
analyticity of f in a smaller region of the complex plane, especially when ¢ is near to 1.
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Since the ellipse &, has length /(&,) =4¢ 'E(¢), where ¢ is the eccentricity of &,, i.e., ¢ =2/
(e+¢7"), and

/2
E(s):/ V1 —¢2sin® 0do
0

is the complete elliptic integral of the second kind, estimate (2.8) reduces to

2E(s) 2

memxnowwm,s G3.1)
e zEE,

R, s < = .
RusF) e

Note that the bound on the right in (3.1) is a function of g, so that it can be optimized with respect
to ¢ > 1.

It is well known that the (monic) Chebyshev polynomials of the first kind 7, orthogonal with
respect to wi(¢)=(1—¢>)""2 on (—1,1), are also s-orthogonal relative to the same weight on (—1,1)
for each s > 0 (Bernstein [1]). In 1975 Ossicini and Rosati [16] showed that for three other Jacobi
weights (but depending on ),

(1 +t)1/2+s
(1—0)z”

(1 _ 1)1/2+S
(1+0)2 >

Chebyshev polynomials of the second kind U, the third kind V,, and the fourth kind W, appeared
as s-orthogonal, respectively. These polynomials are defined by

wa(t) = (1= 2)'25, (1) = wy(t) =

sin(n + 1)0
ing

_cos(n + %)0
~ cosio

_sin(n + %)0

U, 0)=
(cos) sin 10

V,(cos0) , W,(cos0)

(cf. Gautschi and Notaris [6]). It is easy to see that W,(—t) = (—1)"V,(2), so that the last weight
wy can be omitted from our investigation.

In our analysis of the remainder term Rﬁ,f’s‘q)( f) in the Gauss—Turan—Lobatto quadrature formulae
(1.1), we consider the following subclass of Jacobi weights:

Fo={wt)=0 =t "2A+ "2 :mkeNy, 0<mk<s+1}.

Regarding the previous result of Ossicini and Rosati [16], our aim is to identify the weights from
& ¢ for which the s-orthogonal polynomials are 7,, U,, and V,,.

Since u'(z) = (1 +z)?(1 —z)? (p,q = 0), according to results from Section 2 we have, for each
weZF,,

whz)= (1 — 212 42y 0 <kym <s+ 1.
Since z € &,, we put u = ge'’, so that z= 1 (u+u~"). In sequel we need the following notation:
ay=ay0)=13@" +0¢"), VvEN, ¢>1. (3.2)
Note that a, > 1 and ay, = 24> — 1, as well as

[’ —u™"* = 2(az, — cos2v0), |u’ +u""|* = 2(aa, + cos2v0).
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3.1. Case m, (t)=2"""T,(t)

This is a trivial case, because only one weight produces such s-orthogonal polynomials (p =¢ =
k=m=0). It is a well known Chebyshev weight w; ()= (1 —#*)""2 and it enables only the Gauss—
Turan quadratures (p = ¢ = 0). This case has recently been investigated in [15] and a conjecture
was stated that for each fixed ¢ > 1 and s € Ng there exists no = ng(g,s) € N such that

ma}i |Kn,s(z)‘ - Kn,s(% (Q + Qil))
z€48,

for each n = ny.

3.2. Case m, (1) =27"U,(t)

Fromk+q—%:m+p—%:%+s, we get
p=s+1—-m, qg=s+1—-k 0<km<s+1). (3.3)

Thus, for each we % we can analyze the remainder term RE,{);”( f) in the Gauss—Turan—Lobatto
quadrature rule

/ A = 0 R = 0 ) + AV (3:4)
—1

where the multiplicities p and ¢ of the fixed nodes F1 are given by (3.3) and

n

s—m s—k 2s
PO =D o f Q=D+ D B OMN) +D 0D A fO(wy). (3.5)
i=0

i=0 v=1 i=0

Remark 3.1. For k=m =0, (3.4) reduces to a symmetric Gauss—Turan—Lobatto quadrature formula
with the Chebyshev weight of the first kind. Putting m =s+ 1 or k =s+ 1, one of sums with fixed
nodes in (3.5) vanish, so that formula (3.4) becomes a Gauss—Turan—Radau type formula.

According to (2.7), the kernel for the quadrature rule (3.4) becomes

Kn,s(Z>W2) o (1 _Z)k(l +Z)m
uL(Z) - (1 _ZZ)s+1

Kn(fv’q)(z,w) = Kn,s(zp W2)-

Since z€ &, and u = oe'’, using notation (3.2) we have

|l —z|=a; —cos0, |l+z|=a; +cosl, |[l—z*|=1(ay— cos20)

and then

2t (ay — cos 0) (a; + cos 0)"

K9 , —
K w) (a; — cos20)st!

Ko s(z,w2)]. (3.6)

An analysis in details of |[K\2%(z,w)|, when z € &,, can be given as in [15]. In order to prove the
convergence of the Gauss—Turan—Lobatto quadrature rule (3.5), when n — 400 or s — 400, a crude
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Table 1

n 1 2 3 4 5 6 7 8 9 10

On 1.932 1.654 1.515 1.430 1.372 1.330 1.297 1.271 1.249 1.231
n 11 12 13 14 15 16 17 18 19 20

On 1.216 1.203 1.191 1.181 1.172 1.164 1.157 1.151 1.145 1.139

estimate of |K, (z,w,)| from [15] can be used. Namely,

_ 2s+1 s
Ko < = (e Y (et YO
nsZ,W2)| & Q,hL] Qn+1 _ Q—(n+1) - Qn+1 Aonir — 1 .

In this way, we obtain and

k+m s+1 s+1/2
K PO (z,w)| < (a1 + D7m < 2 ) <a2 1 )

0"t a; — 1 a2 — 1
and
s+1 s+1/2
‘R(p’q)(f)| < M 2 e+l , (3.7)
s Q”+] a, — 1 Ao — 1

where M is a constant (M = 2ai(a; + 1) E(&)]| floo)-

According to (3.7) we may conclude that the corresponding quadrature formulae converge if s is

a fixed integer and n — +oo. Moreover, R\Z7(f) = O(o~2¢tD), when n — +oo.

In order to have

lim RZO(f)=0

§—+00
when 7 is fixed, from (3.7) we conclude that it is sufficient to be satisfied the condition

2 a2—|—1
a—1 azy—1

<1, (3.8)

e, 2(0+o ) <(@—o )@ +0""), because of ap, =2a> — 1 and a? — 1 = (0" — ¢ ")*/4. It
is equivalent to

Q2n+4 > h(Q) — Q2n+2 4 2Qn+3 + 2Qn+l + Q2 1.

It is easy to conclude that for each n € N there exists a unique zero g, of the equation @?"** = h(p)
in (1,+00), so that the sufficient condition (3.8) for the convergence of the Gauss—Turan—Lobatto
rules (3.5), when # is fixed and s — +o00, can be presented in the following form:

Q> Qn-

Numerical values of g, for 1 <n <20 are presented in Table 1. Evidently, ¢, is an decreasing
sequence, converging to 1. For example, g¢jo0 = 1.03976 and @900 = 1.00585.
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3.3. Case m, (1) =2""V,(t)

Fromk+q—%:—% andm—{—p—%:%%—s, we find
p=s+1—m, ¢q=0 (k=0 0<m<s+1).

In this case, for w(t) = (1 — t)~2(1 4 ¢t)"~'? (€ Z,) we analyze the remainder term R(p q)(f) in
the Gauss—Turan—Radau quadrature rule

m 1/2 S—m n
/]f() )yﬂ dr = }:%fm(1)+§:§:Aﬂﬂ%r)+R@”01 (3.9)

i=0 v=1 i=0

For m = 0 this formula reduces to one relative to the Chebyshev weight of the first kind.
According to (2.7), the kernel for the quadrature rule (3.9) becomes

— Kn S(27 W3)
K(S-H m,0) — > .
n,s (Z’W) (1 + Z)s—}—lfm
Using the estimate (see [15])
25+1 ap + 1 < 25} + 1 >S
Ky s(z;w3)| < .
sz )] < Q"2 \/(612 — D)(azus1 + 1) \a2n41 — 1
we obtain
_ M 2(611 + 1) §
Ris+1-m,0) < < ) , 3.10
Rus P UNS a2 e 71 a1 — 1) (19

where M is a constant (M = 4aj(a; + 1)(a; — 1)"'E(¢)|| flco/v/az — 1). It is easy to show that
limy— 00 RETT™9(£) =0, when s is a fixed integer. Moreover, RS ™9 f)=0(o~2¢tD), n —
+00.

A sufficient condition for the convergence of quadrature formulae of Gauss—Turan—Radau type
(3.9) in s, when 7 is a fixed number, can be derived from (3.10) in the form

2(a; + 1)
(azny1 — I)(a; — 1)

which is equivalent to the condition

<1, (3.11)

Q2n+2 > h*(Q) — Q2n+l 4 2Qn+3/2 4 2Qn+l/2 4 0— 1.

As in the previous case, we conclude that for each n & N there exists a unique zero ¢ of the
equation ¢*"*2 =h*(g) in (1,+00), so that the sufficient condition (3.11) for the convergence of the
Gauss—Turan—Radau rules (3.9), when # is fixed and s — 400, can take the form

Q>0

Numerical values of ¢ for 1 <n <20 are presented in Table 2. Here, also ¢ is a decreasing
sequence, converging to 1. For example, o7],, = 1.04573.
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Table 2

n 1 2 3 4 5 6 7 8 9 10

on 2.736 2.046 1.768 1.614 1.516 1.447 1.396 1.356 1.324 1.298
n 11 12 13 14 15 16 17 18 19 20

on 1.276 1.258 1.242 1.228 1.216 1.205 1.195 1.186 1.178 1.171

&n

4. L'-type error estimates

Now, we return to the error estimates considered in Section 2. First, by comparing two esitmates,
obtained for » =400 and 1, i.e., inequalities (2.8) and (2.9), respectively, we can conclude that the
second one is stronger inequality. Obviously,

Ly = 5§ Koz < 5 (max k) (@.1)

so that this L' approach gives better estimates of the remainder term than the alternative approach
over (2.8). Therefore, in this section we consider such kind of estimates. Again, we take confocal
ellipses &, and put z = %(u +u~"), where u = ge'’. Then, the left-hand side in (4.1) becomes

2n
LEO(&,) = - f/ IK2D(z,w)|v/ar — cos 20 d0), (4.2)

where a, is defined in (3.2).

We concentrate in this section on bounds based on (4.2). This integral can be evaluated numerically
by using a quadrature formula. However, if w(¢) are some of generalized Chebyshev weight functions
as in Section 3 we can obtain explicit expressions for L(p q)(gg) or for their bounds.

At first, we consider (3.4) in the simplest case when k =m=s5=0, i.e.,

1 n
/ 1 f@Odt=af(=1)+ of (D) + > Aorf(1,) + R(f)
v=1

V1=
for which the remainder term on the confocal ellipses has recently been analyzed by Gautschi
(see [3]).

Since |K$27(z,w)| is given by (3.6) and
a, — cos 20 )1/2

T
K =
‘ n,O(Zﬁ Wz)’ Qn+1 (a2n+2 —_ COS(Z” + 2)9

(cf. [15]), from the general expression (4.2) we obtain

L(l’l)(@@ ): 1 2n 2 do
m0 AT a2 0 /@2 — cos(2n +2)0

1.e.,
2(n+1)m

1 /Zﬂ do _ 1 / do
20" Jo \/aﬁJrl —cos2(n+ 1) 2+ Demt \/a2,, —cos? 0

Ly (60) =
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because of ay,.» = 2aﬁ 41 — L. Since the integrand is a periodic and an even function we obtain

L(lbl)(gg) _ 1 /ﬂ do _ 2 / do
n, n+1 n+1 :
" Jo \/az. —cos? 0 e Jo \/a2,, —cos? 0

Therefore,

/2
e =g [t (G):
Q 0 aiﬂ —sin2p @nt1Q QApi1

where K is the complete elliptic integral of the first kind, i.e.,

/2
K= [ (1= Ksint0) 120 (k] < 1)
0

Finally, by substituting a,,; = (¢""! +07"71)/2, we get
11 4 2
L6, = K~ : (4.3)

2n+-2 —n—1
Qn+ _|_1 _|_Qn

Putting m =0,k =1, and s =0, (3.4) reduces to a formula of Radau type, i.e.,

(1—1)? . (1,0)
/ MO fydr =/ (=) + 3 o, /() + B,
v=1

(1+1)"
Then,
2(a; — cos0)
K" =" K,
K Ew) = =0 DK, (2 ws)
and we get
UO)(éa) al—c0s0 do.

/2n
2Qn+l \/ —cos’(n+1)0

Let v(0) := (a%,, — cos*(n+ 1)0)~"2 cos 0. Since v(0 + n) = —v(0) and

2n 0 T
/ cos d@:/ [0(0) + v(0 + 7)]d6 = 0,
\/az+1 —cos?(n+ 1)0 0

we obtain

150

2n
(1,1)
no (6e) =7 o / =aL}y(6,),
+1 \/ —cos?(n+1)0

where LE:;]I)(@@Q) is given in (4.3). Therefore,

2(e+oh) 2
(1 0)(g ) 2n+2 +1 K Qn+1 + Q—n—l ) (44)
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In a similar way, we can analyze the Gauss—Radau type formula from (3.9). Putting m=s=0, (3.9)
reduces to

/ ﬁf(t)dr—ocoﬂ 1)+ZA0vf(n)+R“°)(f)

with the kernel K(1 0)(2 w) =K, 0(z,w3)/(1 + z). Using

Koo ) 2n ai +cosf
oz, wy) = :
ORI 12 (@ — €08 20)2(azps 1 + cos(2n + 1)0)12

(see [15, Eq. (3.20)] for s =0) and (4.2), we obtain
1 a do
V2012 Jo \faz,i1 + cos(2n + 10

L(l 0)(£> )

Since the integrand is an even and periodic function, it reduces to

(1 0) _
Lo (60 = o172 / Va1 +cosO

Finally, by substitution a,+1 = $(¢*""' + 072""') =242 — 1, where g, = 1(¢"""* + ¢7"~'/2), this
integral becomes

L(1 0)(g> )=

2 1
n+l/2 \/7 n+1/2 a

4 2
(1 0)
(5 ) 2n+1 + 1K <Qn+l/2 + Q—n—l/2> ' (45)

1e.,

Thus, in the case of Gaussian type quadratures (s = 0), formulae (4.3)—-(4.5) give the exact values
of the corresponding quantities L 9 in terms of the complete elliptic integral of the first kind.
In order to consider a general case of (3.4) we need two following integrals:

T cos kf
Ji(a) /0 (@t cos0) -d0, Iy m(a) /0 (a — cos0)*(a+ cos0)™ do,

where a > 1 and s,m,k > 0

Lemma 4.1. Let x > 1, a=(x+ 1)/(2y/x), and s € Ny. Then

22 g Yes—k=D2 225+ v\ 25+ k
Ji(a) = x— 1) 4.6
(a) R ZO ; cay )G (4.6)

This result can be found in the book [10, Eq. 3.616.7].
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Lemma 4.2. Let

k .
=y () (7)o
SV N\2 )\

v [(2k=v)/2] ;
AEer):ﬂ Z 1 < 2k ) <V+2j> azk—v—2j, v:l,...,2k.

270 e v+ j

Then Iy, = nCym(a) (m,k = 0), where

2min{k,m}
m 1 v m
Cin = Chn(@) = AGOAG™ + 5 37 (~1)'4P04E™.
v=1

Proof. Let A7 be coefficients in the following expansion in the Chebyshev polynomials

2k
(@a—x)* =) APT(x), -1<x<L
v=0

Then,

1 N2k 2m
fim = (a—x)"*(a+x) dx

—1 \/l—xz

and after some tedious calculations, the integral can take the desired form. [J

Notice that Cy,, = Cyx. We list here Cy,, for some values of k,m (k < m):

Coo=1, Co1=3Q2a+1), Cop=g(8a"+24a” +3),
Cii= %(8614 —8a® + 3), Cip= % (16(16 — 8a* — 64* + 5),

C2 = 15 (128a° — 2564° + 288a* — 160a” + 35).

Now, we are ready to estimate quantity (4.2) for the Gauss—Turan—Lobatto quadrature rule (3.4),
with (3.5). According to (4.2) and (3.6) we have

28 2 (ay — cos 0)(a; + cos 0)"
LPO(g,) = K do 4.7
n,s ( Q) TC\/E/O (az IR 00529)s+1/2 ’ > (ZaWZ)’ 5 ( )

where (see [15])

T a, — cos 20 sz
Kns 5 = Z( ) 0
[Kons(z, w2) 4sgntl <a2n+2 — cos(2n + 2)9> 2.5 (02|
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N

11 12 13 14 15

Fig. 1. Log,, of the values L{;"(&,) as functions of o, for s = 1,2,3.

and
s 25 + 1 .
280 = 3 (-1 ( ) AT,y g,
v=0 4
Since
1Z2(0e ) = Z,2)(0e)Z}7) (0e ™)
_ Z (= 1)+ 2541 [+l QR DO+ 2= 010
QZ(nJrl )s o’ v m
1 S
= WZA/ CoS 2/(” + 1)0,
¢ (=0
where
4 - Z (1) <2s + 1 ) <2s + 1 ) QPUEDOH=S) s 01
lv—nl=¢ Y a
v,u=0,1,....s
(4.7) reduces to
s 1/2
| . (ZA/ cos2/(n + 1)0>
/=0

LPD(g )= 6)do,
n,s ( 9) 2s—1/2Q(n+1)(s+1) 0 (az,,+2—cos2(n+1)0)5“/27)( )

where y(0) := (a; — cos 0)(a; + cos 0)™.

(4.8)

(4.9)

As an example, the graphs of functions ¢ — 10g10(L£,f;q)(£g)), for s =1,2,3, when n =10, k =
m=1 (p=g=s), are displayed in Fig. 1. The upper graphs correspond to the smaller values of s.

The following theorem gives a bound of L9 (&,).
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Theorem 4.3. Let a; and A, be defined by (3.2) and (4.8), respectively. Then, for the Gauss—
Turan—Lobatto quadrature formula (3.4), with (3.5), where the multiplicities p and q of the fixed
nodes F1 are given by (3.3), we have an estimate of Li,f’s’q)(é”g) in the form

| Ps(x)
(pq) 4(n+1) — s
Ln‘f;q ((gg) <27 Ck,m(al)(ps (Q + ) ) (ps(X) = m, (410)

where Py(x) is an algebraic polynomial of degree 3s.

Proof. Here, we use Lemmas 4.1 and 4.2. Since ay,i» = (0*"" + 072"72)/2 = (x + 1)/(2v/x), we
have x = ¢*"*D_ Also, we can conclude that the coefficients 4, can be expressed in the form

s 2 s—{
1 2s + 1 , 2(—1)Y 2s +1 2s +1 ,
Aozx‘g/2;< , )X, A/:WZ , "y x', =1

v=0

Applying the Cauchy inequality to (4.9) we obtain

. 12
L09(8,) < st ( / V(9)2d9> _ VChnla)H ) @.11)
0

25— 1/2p(nt 1)(s+1) 25— 129 +1)
where Cj ,(a) is given in Lemma 4.2 and

. > Ascos2/(n+1)0

H = /=0 0
) o (a2 —cos2(n + 1)0)2+1 d

Because of a periodicity of the integrand in H(x), it reduces to

- > Ascosl0
/=0
= de.
10~ [

1.e.,

T cos /0
o (@42 +cos0

HEx)=Y (-1)Y4, e 40 = > (=1 A (@),
/=0 /=0

where the integrals J,(as,.2) can be expressed in form (4.6). In this way, we obtain

s R e ) P e e 25 (g4 y 25 + 7
Hx)=) (-1Y4, x— 1)
(x) ;( Y Ay 2; , s, JE=D

v—
Now, a substitution of the values of coefficients 4,, /=0,1,...,s, leads to

225+1n S , 2(_1)/xs—(/—l)/2
(x — 1ydst LG—)2
/=0

) <s/ <2s+1> <2S+1>xv> (i(k—i—v) <2s+/)(x_1)2”>’
v—0 v V"‘/ '—0 Vv /+v

H(x)=
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0 S=s
-25 \\;\j:\‘
-5 \\\ o —
-75 \ \\
0 ~ M~
-125 \\
-15 \\
1.05 11 1.15 1.2 1.25

Fig. 2. Log,, of the values L{';"(&,) (solid lines) and their bounds given by (4.10) (dashed lines) for n = 10,20, 30.

where ' indicates that the first term of the sum is taken with factor % Putting

=025+ 1 2541\ \ (& 25+ (2547 -
(S () (0 ) & 0 G e)
and Py(x) =Vo(x) +2>5_, (—1)Vs(x), we obtain

Py(x)

_A2s+1 __ (s+1)/2
H(x)=2"""nx 7()6_1)4”1.

Note that deg Py(x) = 3s.
Finally, (4.11) reduces to

Py(x) "
LED(8,) < 2ﬂ\/Ck,m(al)()C:l)41ma x ="l O

Remark 4.4. The polynomials P(x) in (4.10), for s =0,1,2,3, are

Po(x)=1, Pi(x)=1—5x+ 19x> 4+ 9>,
Py(x) =1 —9x 4 36x* 4+ 16x° + 1251x* + 1125x° + 100x°,

P3(x) =1 — 13x + 78x* — 286x> + 1904x* + 32964x° + 150578x° + 148862x’
+34251x% 4+ 1225x°.

In Fig. 2 we give graphs of ¢ — log,,(L%?(&,)) and their bounds (4.10), for n = 10,20, and 30,
when s =2, k=1, m=2. As we can see, the bounds (4.10) are very precise especially for larger
values of n and g.

A similar analysis can be done for the Gauss—Turan—Radau formula (3.9).
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