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LEAST SQUARES APPROXIMATION WITH CONSTRAINT:
GENERALIZED GEGENBAUER CASE

Gradimir V. Milovanovi¢ and Milan A. Kovacdevié

Abstract. This paper consideres the least squares approximation of function f&L? [—1, 1],
S(—1)=f(1)=0. Using generalized Gegenbauer weight function p (x)=|x|» (1—x?)*
(v, a>-—1), some of the results from [8] are generalized. This approximation 1s compared
with the least square approximation without constraint. The approximation is illustrated
on two numerical examples.

1. Introduction

In [11] Wrigge and Fransén considered two families of functions and showed
how these functions can be approxnnated on [0, 1] by the polynomials of the form

2 Co e (x(1—x))" and (1 -2x) z C,. , (x(1 —x))". They used the L2-norm with
A=l
respect to the weight function p(x) (x (1—x))%, where ¢&{0, 1,...}. In [8] Mi-
lovanovi¢ and Wrigge presented a bstter and more natural way of approximation
using Gegenbauer polynomials Cy ; (x) orthogonal with respect to the weight
function p (x)=(1—x2)*~12, x&[—1, 1], A>—1/2. In this way they generalized
the results from [11] and also avoided complicated manipulations with matrices.
Further generalization of these results can be obtained by using generalized

(Gegenbauer monic polynomials WP (x), orthogonal on [—1, 1] with respect °
to the weight function p (x)=|x]*(1 —x2)*, u, a>-—1, B=(w—1)/2, which was
introduced by Lascenov in [7] (see, also, [2, pp. 155—156]). 1t is interesting to say
that these polynomials have been again ,,discovered” by J. Radecki ([9]).

2. Preliminaries

The relation between generalized Gegenbauer (monic) polynomials W& ¥ (x)
and Jacobi polynomials Pk “ B) (x) is given by

2.1 B () = k! @ B) 1y 2
(2.1) 26 (%) FraipiDs PP (2x2—1),
(2.2) Wl () =— 5 xpEth (a2 1),

k+o+B+2)
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Notice that
(2.3) WP () = WP ().

Using relations (2.1), (2.2) and Jacobi polynomials theory, it is possible to
obtain a set of relations for generalized Gegenbauer polyncmizals. For example, the
recurrence relation is

WER ()= WO ) - AWED (),  k=0,1,.
(2.4

wEP (=0, WP x)=1,
where

k (k+a) ' , Ay - k+B)tk+a+B) -
Qk+a+B) Qk+a+B+r1)’ 1 Qk+a+f—1)Qk+a+p)
for k=1, 2, ..., except when a+P= —1; then Al-({3+1)/(a+{3+2)
Starting from the relation ([1, p. 782])

Qhk+o+B+3) PGP ()= (k+at B+2) PER"P (1) — (k+ B+ 1) PEP(x)

and using (2.1), we obtain

2k =

2.5)  WETEP ()= wkBx) + (k+ 1) (k+B+1) W(a+1.e)\_
(2.5) 232 (%) 2(%) Qkratpr3d)Qhkiatpra )

In the sequel, the following formulas will be . necessary

1w P~ [ we® dx = Y Blktatl, kBl
1w P - f (F p () = Bkt 1, kB D,
W B o= | WS e — 5 Btatl, k4B42)
B ) e L R s wwy _( a +B+2),
(2.6) o
W(“-ﬂ) 1) = (o0 + D , (cz B)l W(a BLI)I (OH-l)k i
2 ( ) (k+a+fB+1) 2k+1( )= ()= (k+oc+{5+2)k
and, also o
(2.7) WP (x)= WS P (1) JF, (=K, kot B 15 ok 15 1—x2),

WEE () =R (1), F, (—k, k+o+B+2 at1; 1-x2),

where ,F; is the hipergeomctric function.

Lemma 2.1. Let by = || W B)Hz. Then the identities

(2'8) 'S(()n) (x):go hzk AS.QQIB)‘: W$+1’ 2 (x)
and o
, WEB @ WERW) e
(2.9) S§ ) (x) = Z 2k + Vakri — A I)W:Enii’a) (x)“ |

k=0 hak 41
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hold, where

(2 10) o VA<a,a) B Wﬁ’ﬁ)(’l)._ TQ2n+otB+2)

hyp fn!F(a+1)P(n+B;33.

Proof Our proof is based on induction. Note that (2.8) is correct for n=0.
Now, let we suppose that (2.8) holds true for some n. Then we get '
(a) B) (0( B)
SEHD (x) = AP W(a+1 ® (x) 4 Wiz (¥) Wi, (1) \

Min vz

On the basis of (2.10), we obtain -

A(
Syﬂ‘}-l [a, BI

=A§1a,ﬁ)( (1) (n+ B+ 1) WETL B 4 W) (o )
+ (2n+a+ﬁ+3)(2n wtBr2) ) 2-r2(x)

Finally, accordmg to (2.5), we find S&P (x) = A,(,"_}lﬁ) W;fﬁé ®(x), showing that

identity (2.8) holds true also for n: = n+l The identity (2.9) is simply prcved if we
multiply identity (2.8), for B:=B+1, by x and using relations (2.3) and (2.6). '

3. Approximations with constraint

Following Milovanovi¢ and Wrigge [8], we introduce two families of real
functions, viz. ‘ ‘

Fo={f :f(—%)=f(), f(1)=0, fEL2 [T, 1]}
FO={ff(——.X)=—'f(X), f(1)=0’ fELZ ["'19 1]}>
where L2 [—1, 1]=L;[—1, 1], p (x)=|x{* (1—x2)% a, p>—1, and

and

i 1 . |
@.1) (h=[r@e@p®dx (f, L2 [—1, 1]).
PR R . —1 .

Let further /®,, be the set of all real polynomials of degree at most m and
such that the polynomxals belong to the set F, if m is even and to the set Fy if m
is odd. .

In this section, we will give the least squares approximation Dry (0r Oopty)
for the function f&F, (or F,) in the class /Py, (or Pon+1);, With respect to the norm
N N=((f, N)V2, where the inner product (-, ) is defmed by (3 1). For thxs appro~
ximation we have

(3.2) min l|f—¢||=l|f-—‘1)2nH  when fEFe,
PP
(3-3) min || f—®@||=||f—®sns1]] when fEF,.

2n+1

1
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Applying the same method as in the paper [8] and using the relations (2.6) —
{2.10), we can prove two following theorems:

Theorem. 3.1. If f&F, then the least squares approximation in the class P, is
given by

(3.4) D,, ()= 3 d,, (1 -7,
i=1
where
(- W ® FQ2k+a+p+2) ey
i Tet+i+2) Z (, W2i™) KT (k+B+1) S
and
-(’f)(a+1) (n+a+p+2);, k<i,
(o, B) __ '
Sk,i =

Vatitl) ratB+1)— (") @+1)(r+a+B+2), k=i
() (7)

Theorem 3.2. If f&Fy, then the least squares approximation in the class Pyniy is
given by

(35) (I)2n+1(x)=x zbn,i(l—‘xz)i’
i=1
where
. (— 1) (a g) PQRk+oa+B+3) (0, 8)

m i T (x+i+2) g Z (f: Waer) KT (k+B+2) ot

and
—(’f)(n+a-z—;3+3)i (@+1), k<i,
(@, B) _ l

8k,i =

(l:)(k+o<+ﬁ+2)i(a+i+l) —(;’)(n+a+ﬁ+3)i(°ﬁ+ D, k=i

Let 444 (x) be the least squares approximation without constraint given
by (see, e. g., [10, pp. 50—51])

Dy g (6) = 2 7D o o,
h2k+q
where ¢=0 or g=1. It is easy to see that the approximation with constraint
®5n44(x) turns out to be the truncated expansion in generalized Gegenbauer po-
lynomials with a multiple of S (x) (=APPT Wil (x)) added to satisfy the
constraint at x=1, i. €.,

Sq” (%)

(37) (Dzr;-(-q(x) q)2n+q(x) (I)Z'H'q( ) S(n)(l)

where ¢=0 or g=1.
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4, General case

In the general case, when f is neither an even nor an odd function, but
fEL2[—1, 1] and f(—1)=f(1)=0, then the least squares approximation ¢, (in
the class of real polynomials of degree =m), which satisfies the conditions

b, (—D)=1,, (1)=0, is given by
(4.1) me (x) =CD274 (JC)-I-CDZ;H_]_ (x) when m=2n+1

and
Um (X)=P2n (X)+DP2n_1 (X) when m=2n,

where @5, and Py, are the solutions of (3.2) and (3.3). This can be scen by
writing

(42) SO =D +fO @ =1 (F)+/(=0)+ 5 (F6) ~F(~ )

It is of some interest to compare approximations without constraint with
our approximations with constraint.

In the set of all real polynomials 1I,,4+q of degree at most m=2n+1, the
least squares approximation without constraint for the function f, given by (4.2),
can be represented in the form

(4.3) ‘I’zn+1(x) :—‘&)Zn (x) +(;~Dzn+1 (%),

where the even and odd parts, ®,, and cf)mﬂ, are given by (3.6) for g=0 and
g =1 respectively.

According to (4.1), (3.7) and (4.3) we have that the corresponding least squares
approximation with constraint is given by

(4.4) Dot () = i1 (X) =12 (x),
where
SO 51 (x)
h (D) ———=.
(x) (I)Zn(l) S(n)(l) (I)an—l( ) Sgn)(l)

Assuming f&L2 [—1, 1] and f(—1)=f(1)=0, dcfine

4.5) D* = min  |[f=¢[P=|f~ b2t |
YEP U Pons1

and

(4.6) D¥= min ||f=¢|2=f—Pomer ™
v

2n+1

We note that /2,,UP,,.. CIl,,. .
According to (4.5), (4.4) and (4.6) we have

=(f~Yams1s f~Yane D= D* +2(f~ sy, )+ (h, B).
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It is easy to show that ( f——@zn.q, h)=0 and

(/1 II'Z) ((1)277 (1))2 ‘ (I)Zn+1 (1>)2
s SO

So, we obtain _ : .
. D* . D* = : Q(CDM((DI)ZB ' + ( B(dj’zn%l((l)l)z .
e i (VI Rl )‘KVzﬁl'B) ey

Thus we see that the diffexence D* — D* is a linear combination of the squares of
errors @, (1) /(1) = d,,(1) and ‘Dzm(l) ~fO(1)= ‘Pom(l) where (1) =
=f1)=7(1)=0.

A similar result can be obtained if we consider our approximations in the
case m=2n.

5. Examples

As may be seen from Theorems 3.1 and 3.2, a main difficulty when calcu-
lating the least squares apprommatlons 1s to achieve high — precision. values of
the inner products (f, W G))

An appropriate numencal method for the determination of these inner pro-
ducts is the application of Gauss — Christoffel quadrature with the generalized
Gegenbauer weight. The parameters of these quadratures can be calculated from
corresponding Jacobi matrix by using QR — algorithm ([4], [5]). The elements of
Jacobi matrix are detcrminated by three — term recurrence relation (2.4).

A better approach is use of Gauss — Lobatto quadratures with the same
weight ([6]). Namely, we can achieve higher accurace than with the above one,
using the same number of knots because of the conditions f(—1)=f (1)=C.

Example 5.1. f(x)=cos (7 x/2), x&[—1, 1].

In this case the approximating polynomial is given by (3.4), where the coefficients
d, (n=1, 2, 3, 4) are displayed in Table 5.1. The corresponding absolute errors

en= max |f(x)-@u(x)] = (=1...,4

—lExzl

are given, too. Numbers in parenthesis indicate decimal exponents.

Table 5.1
- j B =0  a=—05 n=-—0.5 o=—_0.5
) n z ‘ dn, i er; | dn, i €n !
1 1 ! 0.~962270459871 3.84 (—2) 0.979346973677 4.60 (—2) l
2 I i 0.777230028062 7.47 (—4) 0.776199638179 9.00 (—4) !
2 ' 0.222048518171 0.223462069048 {
3 1 I 0.785557128489 8.05(—6) - 0.785579574340 9.69 (—6) ‘.
2 i 0.195401796805 - : o 0.195322260565 '
3 0.019033372405 : 0.019094870042 1
4 1 (.785396470018 5.46 (—8) 0.785396215336 6.56 (—8) '
2 0.196365747628 0.1963674006887
3 ‘ 0.017380885279 : i - 0.017377843941 ]
4 |

0.000856845176 0.000858513050
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We can notice that for f=—0.5 (u=0) and a=xr—1/2, the problem is re-
duced to the Gegenbauer’s case which is considered in [8].

Example 5.2. The error function

X

erf (x) =—V2?fe"‘2dr

0

is an odd one. In order to approximate this function by means of Theorem 3.2,
let us define a new function f by

f(x)=erf(ax)—erf(@)x (x]Z1),

where @ is a positive constant. For the function f&F,, according to Theorem 3.2,
the approximating polynomial is given by (3.5). Taking into account the above, we
obtain the approximation of the form

(5.1 _ erf (ax) == x(erf(a)+ nzbn,i(l_xz)i).
i=1

The coefficients b, ;(i=1,..., n) and b, ,=erf(a), for a=0.5 and a=p=
= - 0.5 and 0.5, are given in Tabie 5.2.

Table 5.2

| a=B=—0.5 a=3=0.5

i _dn, i dn, i

0 0.52049987781305 0.52049987781305

1 0.04055429417069 0.04055429417017

2 0.00295376508012 0.00295376508471

3 0.00017297426446 0.00017297425369
i 4 0.00000832276120 0.00000832270347
| 5 0.00000033642194 0.00000033643767
6 0.00Q_QOOO] 309590 0.00000001308425

Table 5.3 contains the maximum values of the absolute giror, i.e.

max | f(x) - Ponty (x)
(x| =1

)

for 2=0.5(0.5) 2, when a=08=-—0.5 and a={£=0.5.

It can be seen that the increase of the parameter a produces an increase of
the error.

The obtained approximation for the error function given by (5.1) is very
efficient fot usags because it requires a small number of arithmetic operations, i.e.
n additions, one substraction, and n+2 multiplications, assuming that the Horner’s
sheme is used.
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Table 5.3
a=0.5 a=1.0
n «=B=—05 | a=8-0.5 a=B=-—0.5 | «=B=0.5
1 2.6 (—4) 2.9(—4) 6.1 (—3) 7.1(—3)
2 3.6 (—06) 4.7 (—6) 3.4 (—4) 4.5 (—4)
3 4.3 (—8) 6.4 (—38) 1.6 (—5) 2.4 (—5)
4 4.3 (—10) 7.2 (—10) 6.1 (—7) 1.1 (—06)
5 3.7 (—12) 7.0 (—12) 2.1 (—8) 4.2 (—8)
6 2.9(—14) 5.9 (—14) 6.4 (—10) 1.4 (—9)
a=1.5 a=2.0
n «=B=—05 | o=B=0.5 a=p=—05 | «=p=0.5
|
1 3.1(—2) 3 3.6 (—2) 7.7(—2) 8.9 (—2)
2 3.6 (—3) 4.9(—3) 1.6 (—2) 2.1 (—2)
3 3.7(—4) 5.7 (—4) 2.7¢=35) 4.1 (—3)
4 3.2(--5) 5.7 (—5) 4.0 (—4) 6.9(—41
5 2.5 (—6) 4.8 (—6) 5.2 (—3) 1.1 (—4)
6 1.7 (—7) 3.6 (—7) 6.1 (—6) 1.4 (—5)

All computations, which include the erior functicn, have been performed using

rationzal

approximation to this function given in [3].

All calculations were performed in double precision arithmetic on a HONEY-

WELL

10.
1].

DPS 6/92 computer.
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SREDNJE-KVADRATNA APROKSIMACIJA SA OGRANICENJEM:
GENERALISANI GEGENBAUEROV SLUCAJ

Gradimir V. Milovanovié i Milan A. Kovadevié

U radu se razmatra srednje-kvadratna aproksimacija funkcije f&€L*[—1,1] pod uslo-
vom da je f(—1)=f(1)=0. Koriséenjem generalisane Gegenbauerove teZinske funkcije dobijena
su uop$tenja nekih rezultata Milovanovica i Wriggea [8]. Rezultati su uporedeni sa odgovara-
juéom srednje-kvadratnom aproksimaciiom bez ogranitenja. U poslednjem odeljku rada data

su dva numeri¢ka primera.
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