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In the year 1978 Bogar and Gustafson [3] have shown that the
homogeneous boundary value problem

where p;e C[a, b], 0<i<2 has only the trivial solution provided the
inequality

377.4 ; 15691 s 9 .
1os b—arlpol+ == (b—a)y i pll 4552 (b—a)l pa| <1, (3)

is satisfied. Their method of “partial inversion” of linear operators however
does not seem to work for the complete differential equation

xO—3 pi(1) x'=0, (4)
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where p, e C[a, b], together with the boundary conditions (2). The purpose
of this paper is to prove the following:

THEOREM. The boundary value problem (4), (2} has only the trivial
solution provided

25+34/1 I )
32805([7_ ) ”Po” ( 911250 >b- ) HP1||+360 —a)’ || p;
L a4t b—ar 1 pal +2 - al psl =<1 (5)
+30 a) | ps 3 a)y il pa 3 psi=vs 1.

Obviously, for the particular boundary value problem (1), (2) the
inequality (5) provides a sharper upper estimate on the length of the inter-
val (b-a) compared to Bogar and Gustafson’s inequality (3).

For the proof, we need the following:

LemMa 1. Any function x e C'°'[0, 1] satisfving the conditions

x(0)=x"(0)=x"(0)=x"(0)=x(1)=x"(1)=0 (6)

can be written as

(1) = (1 —1)? F(1), (7)
where
L F(t,) dr,
F.(n) Jrg Fy( 2

jz 2Fy(ty) dis

0
A

4(1’“’4 F4(’4)df4

0

0=|
f’(]—z t5) dis

i

Fs(r)—j (1= 1,)° X (2,) dt

1
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Proof. Let ¢(1) be the right side of (7), then it follows that

P'(t)=[35(1 =) =201 = )] F(6)+ (1 —1)* tF,(1) 9)
¢"(1)=[61(1 — 1) — 1263(1 — 1) + 283 F(1)

40— 02— 41— 07 Fn+ =L R (10)
¢ (1) = [18f"‘—36t(1—1)+6(1—1) 1F

+ 6!——24(1—t 6(1 ’ Fi(1)

+'3(1;:)2_6(11r)}Fz(rH(lt—Bt)zFB(t) (1)

¢ (1) =[72t —48(1 — 1)] F(1)

r _ —
N 48—48(11 I)]Fl(t)+[lt2 24(1t t)]Fz()

S(I_I)F —m—l F 12
e (1) + TS alt) (12)

(1) =120F(¢t) +13—0F](t) +;£—?F2(t)

20 5 1

Fy(t) = —— Fy() +

t -0

Wf}(l) (13)

120 120 120
') =— F,(1)— F()+ = Fy(t) — 120 Fy(1)

60 60 20
o Bl = F() + < Ff) === Fy(0)

0
(1—1)° (1-1)

5 5
T Fs(’)+(1—_t—)—6F5(!)+X‘6)(t),

ie., ¢'“(r)=x(t), and since ¢(z) obviously satisfies (6), we find that
x(t)=¢(2).

LEMMA 2. Let x(t) be as in Lemma 1, then

x(1=1)=(1—-0*1G(¢), (14)
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where

G(’):L t72G\(1) dt,

(15)
Ga(1) =] (1=12) 2 Gulrs)di,
64(1):]] (1—15) "2 Gs(ts) dis
Gs(z):f[ (1= 1)° xO(1 — 1) dt,,
1
Proof. We note that x(1 — r) satisfies the conditions
x(=x(1y=x"(1)=x"(1)=x(0)=x'(0)=0. (16)
Let y(t) be the right side of (14), then it follows that
’ 4 3 (l _t)4
Y(n=[1-0"~41 1) 1]G(t) + G, (1) (17)
- 3
Yy'(1)y=[—-8(1 —1)>+12(1 —1)* 1] G(1) 8“[ d G, (1)
+(1—1) Gy(1) (18)
Y
W (ry=[36(1~1)*=24(1 —1) 1] G(t)+36(1r A G, (1)
1
-9G, (z)+(1_ 5 G,(1) (19)
ey =[—96(1 — 1)+ 241] Gm—%“t—’)Gl(t)+(13_6t)02(z)
8 1
— = G5(1)+ 5 G4(1) (20)

(1—1) (1—1)
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0= 120 -8
Y31y =120G(1) + ; G (1) 1=
5 1

‘m‘“"”m

120 120 120

Gs(1)

e (1—-1)

G5(1)

_@_ +20
1)4 3 ) 3()

20 5
BT Ga(l)*m Gsl(1)

(1-

5
o G+ =0,

Gz(f)+(]—_—t)—3

1(’)—761(3)4‘——262(’)—

0
0)?

20

120
(1—1)?

G4(1)

G;(1)

Gy(1)

211

(21)

ie., ¥ (1) = x'®(1 — 1), and since (1) obviously satisfies (16), we find that

x(1—1)y=y(2).

LEmMMA 3. Let x(t) be as in Lemma 1, then

1
[ x(2)] S%M

(0] < \(25+34\/—)

911250

1
XS M
¥ (0 <555

" t < M
[x™ ()] 0
Ix”“({)‘ g M

[xP(r)] <

where M =maxy, <, |x(6)(t)|4

Proof. From (8), it is immediate that

| F3(0) <
| F(1)l <

! "M,
< Aot M.

(22)

(23)

(24)

(25)

(26)

(27)
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Thus, from (7) it follows that

|x(O] < 701 —1)" M. (29)

n (29) the right side attains its maximum at r= %, and we get

| x(2)] < 5555 M.
This completes the proof of (22).
To prove (23), from (15) we have
G5 <H1=0°M, |G NI<SHI—1PM, |G <Hp(l-1)*M

< 3l
|G () <51 =1 M, |G1(1)] < 755° M, |G(1)] < 7M. (30)

Further, from (17) and (15) successively we get

’ 4 3 (1_’)4
—x(1=0)=[(1=1)*=4(1 =1 1] G(1) + ———G\(1)
=[(1=0)*—=4(1—1)1]
1 1 [—1)*
xl:*t—lGl(tl)l(’,-i-fOZG’I(tl)dtl]+( t 6.0

3 ! !
=4(1 -1y Lfl_—lt_,?GZ(tl)dt'

1
+[(1—0)* =4(1—1) t]J Aoy Gl dn. (G

Thus, from (30) it follows that

MO =) | 4e (1—51) s
(1 - 1—1¢,) dt
R IR v M v e U
M1 —1)’ ¢!
—%O_J |42, + 1 — 5| dt,
M-y {t(l—St), o<t (32)
360 i1 —6r+13r7),  i<i<l.

In (32) the right side attains its maximum at = (5—./10)/15, and we get

(1) <(35_+91J_17>) v

911250

which is same as (23).
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Next, we shall prove (24). For this, from (31) we have

X"(1=1)=(1-1)G,(1)

[—12(1—1)* 1, —8(1 — 1)+ 12(1 — 1)* 1]
+), a—n)

G,(ty) dt,

and hence (30) gives that

(1—1)*M
'// 1_ S_—__—
| x"(1—1)] 360
=121 =)  t, —8(1 — 1) + 12(1 — 1) t| M(1 —t,)?
+L 1—17,) 30
M(l—1)? ‘
:—(3—60—-)—[(1—t)2+'f0|—12t1—8+20t|dt1]
M(l=1)? 2 , 2
=%[(1—t)2+§(29t'—28t+8):|, §$r$1
M 2
=——(1—=1)% (611> — 1 -<t<
1080( 1)* (611" — 62t +19), 3 1<l
M (297 2
Sl === -<t<
360\ 625 5
< M 2< <1
360° 5SIS
Thus, we find that
() <, 0<i<a 3)
360 S 7S (
Also, from (10) and (28) we have
Ix”(t)l<|6t(1—t)2—12t2(1—t)+2t3|%(—)zM
1 (1—1)? 1
41 =12 —4(1 — 1)) — PM + —Lx — 13
+ 4(1 =) H1 t)|720tM+ X360tM

Mr , R
= g0 L1107 = 12043 + (1= 0)|2— 41| + (1 - 1)°]
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, 3 6+./6
—13r7 +16t—4), =<1<
o (=132 4161 —4) <! 0
"~ 360 6+./6
(72 — 8t +2), ki <<l
10
M 3
<——, =—<1<1L
360 5

Combining (33) and (34), we get (24).
To prove (25), from (19) and (30), we have

" ) 1 36(1_‘t)21 2
X"(1—1)| < LR AT L PR T
[x"(1= 0] < I36(1 =1 = 24(1 = 1) 1] o5 tM + ———— 55 1°M
+9—1~(1—z)3M+ —=(1-0)*'M
360 (1—1)120

(34)

_ml Lo s Lo —n—
—M[m(l P 455 11— 07+ 5 (1= DI3(1 = 1) th

el 2 3
(1= 4311 =) — 121 — 1), 0<t<g

= — ; , 3
(1= +13(1—1), csisl

Thus, we have
M
x"(] € —, 0.
| x"(¢)] 30

Now we shall prove (26). For this, from (12) and (28) we have

48(1—1)| 1

1
’m/ < . _ o _ ____ZM
[ x™(t)] < |72t —48(1 t)|720tM+‘48 720[
12 240—0)| 1 8(t—1) 1,
— T — M —t'M
t s t360 T 10
1 1
— (1=t M
LETEEET A

M 2
='3—6[|5t—2| (142 t+ |3t =2 t+ (1 -]
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2
(14601322, 0<I<S
M 2 1
=—{ 14+2t=-3¢ -<1<z 35
By TAI 5SSy (33)
L1
- 2 -<i<
kl 61+ 11+, 2<t\1
In (35) the right side attains its maximum at =1, and we get
M
|\,/Nl(t)l <?’ O<t<1
Finally, to prove (27) from (13) and (28), we have
120 1
x 120— — 1
OIS 1205 M+ =g M
60 1 , 20 1
——t'M M
T30 M T T 0
5 1 11
— ——(1-°’M+ —(1—t)M
BN TETE ARA TR AL
—EIM+2(1 M
3 3
_2,,
=3M
LEMMA 4. Let xe C'®[a. b}, and satisfy the conditions (2). Then,
1 25434
N €—=(b—-0a)pu, X' <
X0 <y b= 00 <(ZIEEE b-a)*
1
’/I <__ _ 4 , ,W _ 3
[x"(1)] 360(b a) u |x" (1) < 30(17 a) u, (36)
" 1 2 5 2
| x (t)|<g(b"a)“ﬂ, |x (t)lég(b—a),u,

where u=max, ., ., | x®(1)|.

Proof. The proof requires only the transformation wu=a+(b—a)t,
0<r<1 in Lemma 3.
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Remark. In (36) the inequalities are the best possible as the identity
holds for the functions x,(¢)= (1 —a)* (h—1)* and x,(t)=(1—a)* (b —1)",
and only for these functions up to a constant factor, We also note that
these inequalities are of immense value in polynomial interpolation theory,
and the problem of computing optimal error bounds for the different
problems mainly using Green’s function technique has been considered in
[1.2,4].

Proof of the Theorem. Supposc on the contrary that the boundary
value problem (4), (2) has a nontrivial solution x(¢). Then,
p=max, .,|x'®(r)] #£0. Since, otherwise x(f) would coincide with a
polynomial of degree m <6 on [a, b] and x""(¢) would not vanish on
[a, ] which contradicts the assumptions that x(7) satisfies (2). Thus, if
pw=1]x"¢,)|, then from the differential equation (4) we have

5 5

H= Z p,(ﬁ)x‘”([l) < Z Ip A 1x(e)]. (37)

=0 i—o
Now using Lemma 4 in the above inequality, we get
u<bu
and hence, it is necessary that
=1 (38)

To exclude the posibility of equality in (38), we note that at least one of
the numbers | p,||, 0<i<5 is different from zero, otherwise again x(¢)
would be a polynomial of degree less than 6 and cannot satisfy the bound-
ary conditions (2). Thus, if in (38) equality holds then equality must hold
in (36) for at least one place. However, from the remark, this is possible
only if x(¢) is a polynomial of degree 6. Thus, equality in (37) holds for any
point ¢, in [a, b]. But | x")(z,)| is not constant on [a, b] for any 0<i<$
ensures the strict inequality in (38). This completes the proof of our
theorem.
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