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Abstract. Using the transformation (2.1) and applying a generalized
product rule, a cubature formula for the trlangulﬂr domain T={ (x,y) | x+ysl,
x,y2 0 }is derived. The obtained formula contains n? knots and its degree of
precision is 2Zn-1. A numerical example is included,

1. Imtroduction

There are several papers related to numerical integration
over triangle, eg, ['5}, [?] ’ [B] ‘ [9] (see, also the monographs [2] ’

fid, ana [11).

The cubature formula

(1.1) %gfix,ylw{x,y}dxﬂy =~ §1jE1Bijftxij,Yij}

of degree 2n-1, with n2 knots and the weight function

(1.2)  wix,y) =xF~ ‘ y3  (xey)® (1-x-y)®, p,q>0, psga>0, b>-1,

over the triangle T = {[x,y]l ¥+y 21, x20, vy 0]- has been deve-
loped in the paper [1] Namely, using the polynomials of the form

n . s o
i = (3 j n-1.3
z (prgix,y) = 501-1} [j}{p+n—j]j[q+]]n_jx v,

i=
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where tp}k Pochhammer s symbol, [p}kj=p[p+1j...[p+k~1}, in the pa-
per {1] the following algorithm is given:

(a) Solve the system of eguations

c. I + . I + ... * C I + I =0,
0 ED 1 ZI n-1 En-T En
c.I + c, I + ... + C I + I = 0
(1.3) 0L, 17k, n-17E, et !
c.I + 0o, I ... + C I + I = 0
0 Zha I, n-1"Zon 2 Ean-1 ’
k
where I. = [ (x+y) wix,y)dxdy (k=0,1,...);
E
k T
{b) Determine all zeros of the polynomial
n n-1
Pntt} = t +e 4t + ...+ ot +cy i
(c) Determine all roots k1,...,kn of the algebraic eguation
(1.4) Zn{p,q:k.1] =0 {k=xfy};

(d) Determine the knots xij and yij from x+y==ti, xfy:kj ;
i, 3=1,...,m);

(e) Determine the coefficients Bij from the system of egu-
ations

n n
k m
{1.5) i£1 jE.IBijxijyij = Ikm' (k,m)E 8(n),

where I, = {f_r x%y™w(x,y)dxdy and S(n) = {(0,0),(1,0),(0,1),(2,0),

{11-1 ?;[U‘,?],...,{U,an'l]}.

This algorithm is very complicated and numerically unstable.
Namely, the systems of eguations (1.3) and (1.5) are ill-conditi-
oned. Also, the zeros of the algebraic eguation (1.4) are distri-
buted in (0,=) and are hardly to determine with the satisfactory
accuracy.

In this paper we will give a stable and simple algorithm
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for construction of these cubature formulas. Also, a numerical
example will be included.

2, Algorithm

Let Q be a sguare, Q= {{u,v) | -1 su,v 51}, Using the tran-
sformation Fi{u,v) + (x,y), given by

(2.1) X =

| =

(1+u) (1+v), y=-%11+u}[1—v]*

the sguare Q maps to the triangle T, so that we can consider an
integration over the square 0 instead of the triangle T. Then we
can apply the standard theory of Gauss-Christoffel quadratures
{see Gautschi [3],[4],[5]) and use a generalized product rules

(GPR) .
At first, we note

{a) The Jacobian of the transformation (2.1) is

J = Dix,y) _

1
Dlu,v) E“Hﬂ:
{b) wix,y)dxdy = 2-$w1{u|duu2[v}d\r, where 5= a+b+2p+2qg-1
and
wu) = (=) P PRy vy o (1) 37T (140 P

These weights correspond to classical Jacobi orthogonal po-
lynomials. Let ﬁéu’ﬁltt} be monic Jacobi polynomials orthogonal
on (-1,1) with respect to the weight function t-+t1-t}u[1+t]B,
where a,B > -1. Then the above mentioned polynomials are

ﬁ:lbrp'*qi'a-.r}[u] and E;Q“TJP-.I }‘Viq

The monic Jacobi polynomials satisfy the three-term recurrence re-
lation

BeB) ey = (ta BB ey — g B1%B) (b)), ke0,1,...,
f’f‘f'ajltl =0, ﬁré“*m{t} -1,

where the coefficients o and Bk are given by

63



B2 . o2 dk (k+a) (k+B) (k+a+B)

and 8 = 3 3
(Zk+a+B )" ((2k+a+B)° - 1)

o

k= (2k+0+B) (2k+04B+2) Kk

In the n-point Gaussian quadrature

1 n
o <1
(2.2) _{gtt}[1-t] {1+t) dat = i£1AigltiJ +Rntql. Rnthn_11=Ur

the nodes ty and the weights Ai can be easily obtained from the
corresponding Jacobi matrix

0 7By 0
/By ey /By
(2.3) J. = ,qg ) :
_D "Bt %n

The nodes t, are the eigenvalues of J, and the weights are given

by Li= uﬂv;1, where Mg is the moment of degree zero, and Vi, is

the first component of the normalized eigenvector v, correspond-

ing to the eigenvalue ti. The eigensystem of {(2.3) is efficiently
calculated by the QL algorithm with shifts.

For our product cubature formula we need two Gauss-Jacobi
quadrature formulas (2.2) for

(1Y a=b, B=p+g+a=-1;

(2)a=g-1, B=p-1.

Let their parameters be {ti.hi} and ItI,A;J, i=1,...,n. Then we

have
n I
(2.4) ,[TI fix,y)wix,yldxdy = c_(£f) = 151 j£1 Biyfx;50¥i4),
where
B, =2 A'A", X = L(1atl)(1+t"), y.. = (1st1)(1-t").
il .8 Tij ij 4 i J ij 4 i j
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The formula (2.4) is exact for all polynomials of degree at
most 2n-1, i.e., for all monomials 1; x, ¥; xz, XY, yz; .,.;xayq,
xzn_zy, sy ¥2n-1_ 0Of course, this formula is not with minimal

number of knots.

For w(x,y)}=1, the formula (2.4) can be found in the book of
Stroud [11, pp. 28-31].

In 1976 F. Lether [T} gave a family of Gauss-Legendre GPR
for the triangle T. These cubature rules require n2 evaluations
of f and are exact whenever f is a polynomial in x and y of deg-
ree 52n-2, It is one less than Stroud’s formula. PHowever, these
formulas are more convinient to program for a computer, because
they reguire the storage of 2n fewer weights and abscissas.

This advantage have our formulas (2.4) for a restricted
class of the weight functions. 0f course, the degree of precision
is still 2n-1.

If we put a=-gq, b=g-1, then (1.2} becomes
-1 g- —x-y) 371
(2.5) wix,y) = xP1y3" 1 L=x¥) (5 g0,
lx+?lq

Then, in our formula (2.4),

! "- '- "B -
ti' ti ti and ai .11 Ai {i=1,...,n}

s that

B..= 2 %A 1

1
i3 ity xij-‘{1+ti}{1+tj}' Fijlzt'l-l-ti'{T-tj},

where s = 2(p+g-1). Of course, Stroud’s case w(x,y)=1 (p=g=1, a=b=0}
can not be got from (2.5).

At the end we give a numerical example. Let

3/2
T(E) = [[o% .22 sin nx sin ny dxdy = 0,16929936085881. ..
VY 31-x-y

Using the formula (2.4) for n=2(1)7 we obtain the results with
the corresponding errors Rntf] = Itfl-—cn{f] given in the fgollow-

ing table. (Numbers in parentheses denote decimal exponents},
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n Error R (f)
n

1.6(-3)
-2.8(-5)

2.9(=7)
-1.9(-9}

8.5(-12)
~2,B(~14)

= o LN e W B

REMARK. This algorithm can be applied to more general weight fun=-

ctions, for example wix,y)=x

P-lfq-lutx+yi. where p, q, and U ha-

ve to be such that the all moments of weight function exist.
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Gradimir V. Milovanovié i Djordje R. Djordjevié
O KONSTRUKCIJI KUBATURNE FORMULE ZA TROUGAONU OBLAST

Koriffenjem transformacije x=(1+u) (1+v)/4, y={1+u)(l=-v}/4 i primencm
generalisanog produktnog pravila Gauss-Jacobievog tipa, izvedena je kubaturna
formula za trougacnu oblast T = [ (x,¥y) | x+y 51, x,yz 0}. Dobijena kubaturna

formula sadrZi n? &vorova, a njen stepen taénosti je Zn-1. Primena formule se
flustruje numeriékim primercm.
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