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ON SOME PROPERTIES
OF HUMBERT’S POLYNOMIALS, 11

Gradimir V. Milovanovié¢ and Gospava B. Pordevié

Abstract. In our previous paper [5], we defined and considered a class of Hum-
bert’s polynomials, which generalizes the well-known class of Gegenbauer’s poly-
nomials. Our interest here is in further investigation of this class of polynomials
including a distribution of zeros. An conjecture about that is stated.

1. Introduction

In [5] we considered the polynomials {p; ,,}a2, defined by the generating
function

G (2,t) = (1= 2at +1™) > = 3" p ()1,
n=0

where m € N and A > —1/2. Note that

P2,1($) = (2z —1)" (Horadam polynomials [3]),

Py o(2) = Cp(x) (Gegenbauer polynomials [1]),

P 3(@) = Phya (@) (Horadam—Pethe polynomials [4]),
where (A\)o =1, (A\)p, =AA+1)---(A+n—1), A=1,2,.... The explicit

form of the polynomials p), ,, () is

(L) Phanle) = 3 (- g
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In this note we introduce a class of polynomials {Q%n’q’”(t)}j’vo:o which
satisfy an (m + 1)-term recurrence relation (Section 2). Some special cases
are considered in Section 3, and certain numerical investigations regarding
the distribution of zeros of such polynomials are given in Section 4.

2. Polynomials QS\T’Q’)‘) (t)

Let n = mN + ¢, where N = [n/m] and 0 < ¢ < m — 1. Starting from
(1.1), we have

N
mN+q (m—1)k mN+q—mk
2 q
Prm Z;) k'mN+q pATACY

= (22)7Q"" (1),
where t = (22)™ and

—

N
(mq/\) mN+q (m—-1)k ,N—k
2.1) Z k' mN + q — mk)! e

k=0

The polynomials Qg{,n’q’/\) (t) depend of three parameters: A > —1/2, m €
N, and ¢ € {0,1,... ,m — 1}.

Using the recurrence relation for the polynomials pj, ,, () ([5])
where n > m > 1, we obtain:

Theorem 2.1. The polynomials Q%n’q’)‘)(t) (A > —1/2) satisfy the following
recurrence relations:

For1<g<m-1,
(2.2) (mN + Q"M (1) = A+ mN +q— 1)\ V(1)
— (mN + ¢ +m(\ - 1))QY 4N (1),
and, for ¢ =0,
(23) mNQY"V(H) = A+ mN — 1TV (1)
= m(N + A= 1Y (#).

Since Dp)y . (2) = 25 (A)rpp i () (see [5, Theorem 1]), where D is the
differentiation operator, we can prove the following results:
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Theorem 2.2. The polynomials Q%n’q’/\) (t) (A > —1/2) satisfy the following
recurrence relations:

For0<qg<m—2,
(¢ + DR N (@) + mtDQY Y (1) = AWV (1),
and, forq=m —1,

mDQYY (1) = 2T h).

Theorem 2.3. The polynomials Qs\r,n’%)‘) (t) (A > —1/2; m > 3) satisfy the
following recurrence relations:

For0<qg<m-—3,

(¢ + 1)(a+2)QY" 2N (1) + m(m + g + EDQY "> (1)
+ m2t2D2 g\Y[qurZ)\)(t) — ()\)2 S\frn,q)\+2) (t)

)

and
m(m — 1)DQYIN (1) + m*D2QL IV (1) = (V2@ M (1),

m* DQY ™ (1) +m QN (1) = ()20 (),
forq=m —2 and ¢ = m — 1, respectively.
It is interesting to find a recurrence relation for the polynomials t —
QS\T,n’q’A)(t), where the parameters m, ¢, A are fixed.
At first we prove the following lemmas:

Lemma 2.4. The polynomials ng,n’q’k)(t) (A > —1/2) satisfy a recurrence
relation of the form

q+1
1 m,q,\ m,m—1,A
(24) D ARIQVIN @ =" V) (a=0,1,...,m 1),
1=0

where

a m(N + 1) A(l) _ m(N + )\)
ONO = N m(N+1) -1’ LN AN +m(N+1) -1
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Forq=1,... ,m—1, the coefficients qu;,rz) can be obtained by using the
following procedure

(a) (9)

Alatl) _ A N,g—1 (¢+1)  _ Aq N.g— 1ﬂ(q)
0,N,q RO a+L,N.a = () N+1-g’
(2 5) N+1 N+1—q
. A(q) A(q)
A(q+1) i,N,qg—1 i—1,N,g—1 5(q) S
i, N - ﬁN+2—z‘ (2_17"- 7Q)a
4 (9) (q)
aN—i—l i aN+2 i
where
A+mk+qg—1 mk+A—1)+q
(26) al(;]) — , ](C‘I) — ( )
mk +q mk +q

Proof. Using (2.3), for N:= N + 1, we obtain

m(N + 1) (m,0,\) m(N + X) (m 0,)\) (m,m—1,X)
A+ m(N+1)— [ON (t)+/\+m(N+1)— () =tQy ’

which represents (2.4) for ¢ = 0.
Suppose now that (2.4) holds for some g, i.e.,

m,q—1,A m,m—1,A
Z AD QU IV () — (N (),

1=0
Using (2.2), i.e
m,q—1,\ 1 m,q,\ m,q,A
Q( q— )() (q) ( (m,q )(t)‘i‘ﬁ/(gq)Qé_lq ))7

where a(Q) and ﬁ,(f) are given by (2.6), we obtain (2.4), where the coefficients

Az(q;,r q) are expressed by (2.5). O

Lemma 2.5. The polynomials QS\T,n’q’/\)(t) (A > —1/2) satisfy a recurrence
relation of the form

> s m,q,\ s m,m—s+q,\
(2.7) DALV ) = BY QYN @),
=0
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where s is an integer such that ¢ +1 < s < m. The coefficients Bj(\f?q and

AESJ)\,q (i =0,1,...,s) depend on the parameters m and \. Precisely, they
can be obtained

(s+1) s) (m—s+ s+1) (s
BN,q B( N,q SV q)’ Al(J N,g AO 3V7q’

(s

s+1 m—s+ s .
(2.8) AN = AT+ = BYTTAR, L =1, s),
By
—14q

B(S)

+1 N +

gil,l)v,q: 4 ﬁ(m s q)Ags])V L
N l,q

with starting values given by Lemma 2.4 and B(QH) =1.

Proof. The proof of the relation (2.7) can be given by induction.
For s = ¢ + 1, the relation (2.7) is equivalent to (2.4).
Using (2.2), i.e

m,q,A m,q—1,\ m,q,A
qu )(t):ag\?)ng q—1 )() ﬁ(q)Q( 4 )( £),

for g:= m — s + ¢, we have

S

A S m—s m,m—s 1A
ZAZ N,ng\H-ci_Z( ) = B( ( +q)tQ( +q— )( £)
=0

m—s—+ m,m—s+q,\
= O TR TN ),
Applying again (2.7), for N:= N — 1, we eliminate the second term on the
right side in the last equality. Thus, we obtain

s+1
RVIDN A
ZAESJ? Grad) (i) = BGD Qi m =t N gy,

where the coefficients Az(s;,r Z) and By (s+ ) are given recursively by (2.8). O

Theorem 2.6. The polynomials QS\T’q’)‘) (t) (A > —1/2) satisfy the (m+1)-
term recurrence relation

(2.9) ZAz Na@QVN (1) = By otQ IV (1),
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where the coefficients By 4 and A; nq (i = 0,1,...,m) depend on the pa-
rameters m and A. Furthermore,

Brng =By, Aing=A0, (i=0,1,...,m),

where B](Vn:”q) and Aiw’q are given by Lemma 2.5.

Proof. For s =m, (2.7) reduces to (2.9). O

3. Special Cases

In this section we consider two Chebyshev cases: A =1 and A = 0.

Case A = 1. This is the simplest case. The recurence relations (2.2) and
(2.3) reduce to

m,q,1 m, _171 m,q,1
QY V() =W () - Q) (1<g<m—1)

and
QN (1) = 1TV (1) - QY (0),

respectively. Then we have the following corollary of Theorem 2.4.

Corollary 3.1. The polynomials Q%l’q’l)(t) (0 < ¢ < m—1) satisfy the
following recurrence relation

)3 (Z?)@mz&m = 1QN" " (1),

=0

Case A = 0. In this case we introduce the polynomials Q%n’q’o) (t) in the
following way
(0.0 0
m,q, .
Q0 (1) = tim XD
Then we have:
Corollary 3.2. The polynomials Q%n’q’o)(t) (0 < g < m—1) satisfy the
following recurrence relation

D (m(N+1—1i)+q) <T) QG0 (t) = (mN — )t ().

=0
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4. Distribution of Zeros

According to the explicit representation of polynomials QS\T’Q’)‘) t) (A >
—1/2), given by (2.1), we have:

Proposition 4.1. The polynomials Qg\r,n’q’)‘) (t) (A > —1/2) have no negative
real zeros.

Numerical experiments for N < 15 and m < 8 suggested us to state the
following conjecture:

Conjecture 4.2. The all zeros of QS\T’q’A) (t) (A > —1/2) are real, simple,
and they lie in (0,2™).

Remark. According to the equality pﬁm(x) = (Qm)qQ%n’q’/\) (t), where t =
(22)™, n = mN +q, N = [n/m] and ¢ € {0,1,...,m — 1}, we conclude that
each zero 7, (k = 1,...,N) of the polynomial Q%n’q’k) (t) generates m zeros

&k (v =1,...,m) of the initial polynomial pf{’m(a:), where

gk’,l/ — % m Tkei(l’—l)ﬂ'/m (l/ — 17 o ,m)7

where 7 = /—1.

Example. Zeros of the polynomial Qg6’1’1/2) (t)

are:
71 ~ 0.0252818422, 79 ~ 0.9626748835, T3 ~ 4.2829477870,

T4 =~ 9.3779321447, 75 =~ 13.7192997676.
We see that 7, € (0,2°) (k=1,...,5).

Thus, the zeros of the polynomial pé{is are:
€1, ~ 0.2708765796 &'V~ D™/0 ¢y~ 0.4968400664 &'V~ 17/6

€3, ~ 0.6371775529 €'V~ V™/6 ¢~ 0.7260856472 ' H/6
€5, ~ 0.7736157957 ¢V ~1)7/6,

where v = 1,...,6, and a simple zero in origin £y = 0.
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O NEKIM OSOBINAMA HUMBERTOVIH POLINOMA, II

Gradimir V. Milovanovié i Gospava B. Dordevié

U naSem prethodnom radu [5] definisana je i razmatrana klasa Humbertovih
polinoma koji generaliSu dobro poznatu klasu Gegenbauerovih polinoma. Predmet
ovog rada su dalja istrazivanja ove klase polinoma ukljucujuéi i distribuciju nula o
¢emu je postavljenja i jedna hipoteza.



