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EXPLICIT FORMULAS FOR NUMBERS
OF CARLITZ AND TOSCANO

Gradimir V. Milovanovié and Nenad P. Cakié

Abstract. In this paper we give some explicit exspressions for numbers treated
by Carlitz [1]. Also, we consider the similar problems for the generalized Stirling
numbers of the second kind, introduced by Toscano [2].

1. Introduction

In [1] L. Carlitz introduced arrays of numbers a,, ; and by, + in the following
way

n(n—1)+1
(1.1) (x/\+uD;L)n — Z an’t(xt+,u—1+n)\Dt+,u—1)
t=1
and
u(n—1)+1
(1.2) (x#D)"HL)” — Z bn7t($t+#_lDt+#_l+n/\).
t=1

As a generalization of the Stirling numbers of the second kind, L. Toscano
(see [2] and [3]) definied the numbers K, ;, with the recurrence relation
(p € RF):

Knip=Knnp=1, Knkp=Kn-1k-1,p+ kan—l,k,p~

In this paper we give explicit expressions for the numbers a,, ¢, b, +, and
K, 1 p- As a consequence of that, we also give two combinatorial identities.
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2. Representation of a,,; and b,

For numbers ¢ € R and k,is € Ny (s =0,1,... ,n — 1) we introduce the
notations

a® =ala—1)-(a—k+1) (k>0), a®=1, «® =0 (k>a)

and

n—1
Sp = Tg .

S

I
=)

Theorem 2.1. Let n,t,u € N. The explicit representation of the numbers
an,t defined in (1.1) is given by

(2.1) nt = >

iittin 1 =(n—1)p—t+1 k=1

n—1 )
<.M>(k(>\+,u) — 5™,
where 0 =ip <4y <ig <+ - <y < Y.

Proof. We start with the following expansion (see [4])

(27 D*)" = 5 <ﬁl (5> (ki — gk)@k)) R

. , . 2>
0<i; <ia<-<ip—1<s \k=1

where 79 = 0.

If we introduce supstitution ns — S, = t +s —1 (ip = 0), then ¢t €
{1,2,...,(n—1)s + 1}, and

(n—1)s+1

(ers)n — Z Qt7
t=1
where
n—1
O = Z (H <.s>(k7“ _ Sk)(“”>> x(r—s)n+s+t—1Dt+s—1

1
ininoi=(n—1)s—t+1 \k=1 \'F

andozigéilé"'gin_lés.

For 4 = s and A =r — s, we have

u(n—1)+1
(22) @y = S R,
t=1
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where

n—1
Rt = Z (H (IUI) (k(}\ + :U‘) — Sk)(“”)> xt+u—1+n)\Dt+M_1'

, , ik

11+---+1,n_1=(n—1)p,+1—t k=1
So, from (1.1) and (2.2) we obtain the exspression (2.1). O
Similarly, we can formulate the following result:

Theorem 2.2. The explicit representation for the numbers b, ; defined by
(1.2) is given by

bn,t = Z

n—
i1+"'+in_1=(n—1>u—t+1 k=

1
A .
( + “) (puk — Sk)(““),
1

3

where 0 =4p <41 < -+ <1 < A+ p.

The Carlitz’s explicit exspression for a, ¢ is

1
t— 1)l

1)t=7

(_
)G~ 1)

t
(2.3) ant1,e = ( ,(j—l-/\—l-,u—l)(“) ---(j+nA+u—1)(’L),

J

and therefore, if we identify the right sides of (2.1) and (2.3) (substitute n
with n + 1), we get the following

Corollary 2.3. If n,t,\, u are natural numbers and 0 = ig < 43 < -+ <
in—1 < p, then the identity

> ﬁ (Z) ((X + p) — S) )

i1+ i =np—t+1 k=1

:Z%(jﬂw—1)<ﬂ>---(j+nx+u—1)<ﬂ>

Jj=1

1s valid.

3. Representation of K, 1. ,

L. Toscano [2-3] introduced the numbers K, j o in the following way

n
(3.1) (D) = Ky 02" D¥ 12!

=1
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The explicit exspression for K, 1 o is

2(=1)F S~ if 2\ o
Knkz = =511 . 04)<k—JZ

=1

But, Toscano did not give any explicit representation for the generalized
numbers K, 1 .

Theorem 3.1. The explicit representation for the numbers K, r, (with
Knip=Knnp= 1) is given by

n—1 _ Ss D
(32) Kn,k,p = Z H (S i > )
s=1 s

where the sumation on the right is over all i1,... ,in—1 € {0,1} such that
i1+i2+"'+in_1 =n—=k (l’l’ldigzo.

Proof. For i,_1 € {0,1} we get from (3.2) that

n—2 —SS D
S (o

i1 tin s =n—k s=1

n—2 _ D
+ Z (n—l—il—---—in_g)Pl:[l(s isS;;) ’

i1t tip_2=n—k—1
ie, Knrp=Kn_1p—1p +KkK,_11p, because n —1 —i; — -+ —ip,_o =k
and n —k = (n—1) — (k—1). This completes the proof. O

For p = 2 we have

n—1 s— S 2
(33) Kn,k,2 = Z H ( i S) )
s=1 s

where the sumation on the right is over all iy,... ;4,1 € {0,1} such that
i1 +iy+--+i,-1=n—k and 15 = 0.
Notice that for bigger values of k£ (K > n/2) this formula is simpler than

the Toscano expression (3.1). For example, if we take kK = n — 1 then from
(3.1) we find

20— LN L m—2 )\,
K _ -~ 7 _1 7 n
w2 @n—2ﬂ§:( nsic)th
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while representation (3.3) gives
n—1 s S 2
_ TOs\ _ 12,92, . 12
Kn,n—1,2—' Z H< i ) =1"4+2°+.-- 4+ (n—1)7,
i1+ tip_1=1 s=1
ie., K, n_12 =n(n—1)(2n —1)/6.
From (3.1) and (3.2) we have:
Corollary 3.2. The identity

£ 0L = e ()

i1 +---+in,1=n—k s=1

is valid (with i1,%2,... ,ip—1 € {0,1}).

9

Remark 3.1. Many authors have studied “new” numbers related to numbers
an,t,bn,t and Ky . In a forthcoming paper we will analyse several results of
other authors which are consequences of fundamental results of L. Carlitz and
L. Toscano.
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EXPLICITNE FORMULE ZA CARLITZ-OVE
I TOSCANO-OVE BROJEVE

Gradimir V. Milovanovié¢ i Nenad P. Cakié

U radu se izvode eksplicitni izrazi za brojeve koje je definisao L. Carlitz [1].
Takode, razmatraju se sliéni problemi za generalisane Stirlingove brojeve druge
vrste koje je uveo L. Toscano [2].



