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Integral Spline Operators in CAGD (¥%*)

Summary. — An application of integral Schoenberg splines in free-form curve
modeling is studied. First, we introduce the r-family of wntegral spline
operators which, for 1= 0 reduces to the Schoenberg variation diminishing
spline operator, or on integral spline operator introduced by M. W. Miiller,
for x=1. This approach permits introducing a parametric B-spline curve
model that depends on a real number i as a shape parameter. Namely,
directly influences the shape of the corresponding B-spline curve. The
properties of the i-family are investigated.

1. — Introduction.

The variation diminishing splines are known to be an important class
of splines introduced and mainly investigated by Schoenberg, Greville
and Marsden (see, e.g., [9] and [7]), primarily as a tool of approximation
theory. This kind of splines possess the properties that make them
attractive for Computer Aided Geometric Design purposes[1]. Namely,
variation diminishing splines can be used to produce a nice curve/surface
model called B-spline curve/surface model. In this paper we deal with a
curve models. The similar investigations for surfaces are in working.

In this section we recall the variation diminishig spline operator and
the B-spline curve model. Also we list the properties relevant for CAGD
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and the way of application in geometric modeling. Then, in the next
section, we define the curve model so as to be generated by integral
Schoenberg spline operator [8], and investigate its properties. In sect. 3
we use the integral spline model to introduce a shape parameter into B-
spline curve. Changing this parameter changes the form of the curve as
to help designer in choosing the final shape of the curve he works with.

Let us now recall the variation diminishing splines and the corre-
sponding B-spline curve model. Following[9], we associate with the
vector of knots t=(t)"_,, m=mn+k, n, k€N so that

Ozt_kz...=t0<t1<...<tn<tn+]=...=tm+1=1,

the sequence of normalized B-splines of degree k,

Bic(t) = Bi‘(t; ti—-k7 eosy ti+l) ’ ?’ = O} ey M
given by
B¥(®) = (tiv1 — tic)lticky -, tieadC — 5, i=0,..,m.

Then, the variation diminishing spline operator S,, is defined by

m

8 S, N =3 fEHBH, 0<t<1,

=0

where f:[0,1]—R is any bounded function and == (EHm, is the
sequence of nodes from [0, 1]. As the consequence of proposed property
that S,, preserves affine function, Greville established ([9, supplement])
that the nodes and knots are connected through the relation

) Ei‘=%(ti_k+1+...+ti), i=0,...,m.

In this case, the following identities take place

®) S Bt =1,
1=0

) S £ BHE) =t
i=0

Note that from (2) immediately follows

(5) 0=¢t<&i<.. <& =1; {‘C+I—Ei‘c=%(ti+l_ti—k+l)-
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The variation diminishing splines are explored in CAGD in order to
construct free-form curves and surfaces. The curve/surface is said to
have free-form if it is posible to alter its shape by changing one or a few
simple parameters with a priori knowledge how this changing will affect
the shape of the curve/surface.

It is usual that the curve is defined by the set of so called control points
P, P,,...,P,—the vertices of the control polygon P=(P,,...,P,)".
Generally speaking, P;eR’ although in practical applications d rarely
exceeds 3. If replace f(Z¥) in (1) by P; € P, we get the B-spline curve
model

6) S, P)t)=S P.Bt), 0<t<l,
i=0

as a parametrically defined vector-valued curve. We say that the curve
model (6) is generated by the variation diminishing spline operator S,,.

The B-spline curves obey several important properties making them
very attractive for geometric modeling. Let us list these properties.

1) Affine invariance. B-splines b,, = (B, ..., B)" can be regafded
as a partition of unit (the eq. (3)). This ensures that the curve S, P is
invariant under scaling, translation and rotation.

2) Convex hull property. Each B-spline is a nonnegative function
@) Bit)=0, i=0,....,m,

which, together with (3) makes any point of B-spline curve (S,, P)() to
be a convex combination of its control points. Consequently, the whole
curve lies inside the convex hull of the control polygon.

3) End-points interpolation. For the set of knots ¢ as specified,
the B-splines satisfy

(8) Bi0)=2¢y, Bf1)=2, (¢,-Kronecker’s delta),
which yields
(SmP)(O)=P0, (SmP)(1)=Pn)

L.e., the B-spline curve begins in P, and terminates in P,,.

4) Symmetry. Suppose the set of knots ¢ is symmetric with
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respect to the point t=1/2) i.e.,
9 ti+t,in=1, i=1,..,m.
Then (see([6]),
(10) Bft)=Bf_,1-1t), 0st<l.
If denote P' = (P,,, ..., P,)", we see that
S, P)t)=(@S,P)1-1), 0sts<l,

i.e., the reversal numeration of control points does not change the
curve.

5) Reproduction of points and lines. Due to the condition (3), S, P
exactely reproduces control points; if P;=P, i=1,...,m, then
S, P =P,. Further, if the control polygon is collinear, i.e., P;=t¥a + b,
(@, b are constant vectors), we have (S,,P)(t) =at + b, 0<t=<1, where
we used (3) and (4), which means that S,, P reproduces straight line, the
property highly desirable in CAGD.

6) Oscillation diminution. The B-spline curve (6) crosses an
arbitrary plane from R? no more often then does the control polygon. So,
S,,P diminish the oscillation of the control polygon. This is the
consequence of variation diminishing property of the operator S,,

v{§ ciBf(t)} <S-{¢},
i=0

where S~ {¢} is an usual notation for the number of strict sign changes
in the sequence ¢ and v{f} is the sign variation of function f. If we
consider any plane ax + b = 0, a (constant vector), x e R?, b € R, we have

v{a(S, P)+b}=v {§ (aP;+b) B{f’} <S {(aP;+ b)} .

=0

7) Uniqueness. Every B-spline curve is uniquely determined by
its control polygon and no two polygons produce the same curve, i.e.,
S,.P =8, P <P =P’ This property is the consequence of b,, being a
basis in the space of splines with given knots.
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8) Local control. The minimal support property of B-splines
(11) B:C(t) = Oy t ¢ [ti—ky ti+l] )

permits to derive the B-spline curve {(S,, P)(t), 0<t< 1} as a collection
of B-spline segments {(S,,P)(t), t;<t<t.,} so as each of them is
affected only by the vertices P,,..., P;.,.

9) Stable numerical algorithm. For calculation of B-splines one
uses de Boor-Cox algorithm [2]

B { 1, tist<ty,,

0, otherwise,

= ti—

t J—
B =7 B + AL g,
; -k

ti - ti—k+1

i-17 Y
This recursion algorithm allowes to compute B-spline curve (S,, P)(t) at
an arbitrary point ¢;<t<t,,, in the stable and rapid way (see[2])

Plt)=P;, i=0,...,m,

(12)
t‘i—l —t -1 t_ ti—k - .
+—— PO+ ———P\(t), i=0,...,m—7,

Pi(t)=
i tioi = tick—ri1 bior = tick

end thus (S,,P)(t)=Py(t). This algorithm is known as de Boor
algorithm [3].

10) Smoothness. The B-spline curve is smooth enough. If v knoots
coincide, e.g., t;=... = ti+p+1 the curve has k — v — 1 continuous derivati-
ves at t; ([2], [3]). Smoothnes is an important property of a free-form
curve. Only smooth curve can pretend to be aesthetically pleasent.

11) Tensor product surfaces. The B-spline curve can be used to
form a surface as a mosaic of rectangular patches. This technique is
known as a tensor product of curves. Also, the B-spline surace can be
built up by the triangular patches[3].

We shall end this section with a matrix form of (6) which we need in
the next section

S, P)t)=bL)P, 0<t<].
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2. — Integral variation diminishing splines and related curve model.

For fixed k, the spline S, f, given by (1), converges towards f for any
continuous f. In[8], Miiller has extended Schoenberg’s approximation
method, so to be applicable on any function fe L,[0, 1], 1<p<<=, by
replacing f(&%) in (1) with its integral mean over the interval I;=
=@, &4

k+1
&ia

(13) yif=A—;+—1 [ raydu, i=o0,..,m,

rk+1
"

where A¥*1 =kl — 541 Tt is easy to see that & € I;. Namely, by (2) we
have

bt et b
li”l:kkT, 1.=0, ,m+1,
so that
to —EF E—t
14 ST=gitl gkl 2t gl gk ght1 o 20 ATk
( ) 1 +1 Ez k+1 ) 1 El k+1 ’

which, due to the set of obvious inequalities t;_, < ¥ <t;,,, 1=0,...,m,
yields

<ttt i=0,..,m.

This means that the node & divide the interval I ; into two subintervals,
the lengths of which are ¢! (left) and &7 (right).
In this manner we get the Schoenberg integral spline operator[8]

(15) (T, )= w /B, O<t<l,
i=0

which is defined for every fe L,[0, 1]. Since the operator T,, has the
same basis function as S,,, it shares a great deal of good properties with
S

We saw in the preceeding section that the operator S,, generates the
curve model S,,P for a given control polygon P. Can we use the
operator T,, given by (15), to produce any curve model? What
properties will it have?

To construct the curve model T, P generated by T,, we use the
following technique. First, we note that the value of the parameter
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te[0, 1] corresponding to the control point P; is ¢t =¥ ([3]). So, the
vector-valued parametric equation of the control polygon P,P,...P,,
with P; = (xi, ..., )" e RY, is Ht) = @(t), where

‘D(t) - (?l(t)a ceey ?d(t))Tv 0=st=<1 I}

and ¢(f) is a piecewise-linear interpolant at the points (&, x), and
Jj=1,...,d. Now, it is obvious that

S, P =S, P)), 0<t<I],

ie.,
(16) m% (S, P) ]=1,’d7

where (a); denotes the j-th coordinate of a vector a. The model 7, P is
proposed to satisfy the condition analogous to (16), i.e.,

(17) (TmP)]=Tm?]) ]=17)d

The direct calculation gives

rk+1
&in

f %(u) du Bo xjo + 7 x]l ’
,kH R . . =
(18) Wig = W= oo+ Biwi+ it i=1,...,m—1,
i+1

A &+ B a,
where

(al)Z
2_1 Ak+1 7

'10=O; o ]

(19) 1. _ @
Yi_W,

_ﬂi=l—ai—yi, i=0,...,m,

where A = £k | — E" and ¢', ¢” are given by (14). Therefore, (17) and (18)
yields (T, P),= Z B{-‘(-)(MP)]-, or simply
=0

(20) (T, P)t)=b,()(MP), O0<t<l1,
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where M is an (m + 1) X (m + 1) three-diagonal transformation matrix
that depends on the knot vector ¢,

Bo Yo 0
x1 31 71
(21) M=M®)= ap B e )
. .. Ymot
0 Ay B

and with the entries given by (19). In this manner, the curve model 7', P
can be regarded as the B-spline curve model S,, @ produced by the new
control polygon @ that gives rise by transforming P. This transforma-
tion furnishes via the transformation matrix M, i.e., in the global way

(22) Q=MP,

so that T,,P =S, Q. We shall say that T, P is an integral mean
modification of the source free-form curve model S, P.

In the papers[4] and [5] Goldman studied the properties of the curve
model that obtains from some beginning model by the global transfor-
mation of type (22). Our terminology and notations intend to follow
these references. The following Lemma describes main properties of the
matrix M given by (21).

LEMMA 1. (Markov chain property). For an arbitrary knot vector ¢,
the transformation matrizc M(t)=[M;], i,j=0,...,m, satisfies

(23) MijZO, i,j=0,...,m,
and
(24) ZM,‘jzl, j=0,...,m.

J

ProOF. Due to monotonicity of nodes (5), we have A¥>0, A¥1>0
for all 7, so according to (17), «;=0, y;=0, i =0, ..., m. Further, note
that A¥*1 =2l +¢7 and ¢i<Ak,, 87<A¥ as the consequence of &fel;.
This gives,

@P=alral,, @EPsairal,
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and, consequently,
ALA[AFT A = (@] + AHAF A, — () = 0.
Dividing both sides of the last inequality by 4%*1 4% ; A¥> 0, yields ;= 0.
So, (23) is valid. From (19) we have Z Mj=o;+8+y=1,
7=0,. O
The square matrix with properties (23) is a Markov chain. For more

details concerning the role of Markov chain transforms in the curve
modeling see[4] and [5].

LEMMA 2. Let the vector of knots t is symmetric with respect to the
point t=1/2, i.e.,

(25) ti+ti=1, i=1,..,n.
Then the matric M = M(t) is centrally symmetric, namely
(26) M, in;i=M;, 1,7=0,...,m.
PROOF. Since [M,] is three-diagonal it is enough to prove that
20 %= Ym-iy Bi=PBm-i, 1=0,...,m.

First, note that the symmetry of knot vector ¢, described by (25),
implies the symmetry of nodes. Namely,

rk_ ti—k+1 R tz_ 1- bptkei = oo — tn+l—i_ k— bntkmi = en — t(n+k)—k—i+1

o k - k n k ’

or, if we use m=n+k,

g1 b—iks1 “;C' .+ tm—i= 1-2k

for ©=0,...,m. In the similar manner we get ZF*'=1- A

1=0,...,m. Now, we have
I — rk _ rk+1 _ rk+1 koo -
8i_£i—5i+1 £m+1+1 ;m—i_‘o\:n—i) 1—0,...,m,

) 1 —_ N
Ak+ Ek+l Ig+1 Elrcn+11+l k+ Afntll ’ 1= 1’ ceey m’
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and

k .= rk k  — Ak -
Ai—l_Ei_Ei—l_Am—i’ 1‘_1""’mv

which yield

B (8h? B (Spi)?
24% A 24% AR

*; = Ym—is i=1,..,m,

and, if we use the fact that o= y,,, we obtain the first equality in (27).
The second one is the simple consequence of the relation g =1—a; — y;
and the equality just proved. O

LEMMA 3. The transformation matriz M(t) is a Descartes matrix
for any knot vector .

PrROOF. Recall that [M;] is a Decartes matrix if
jo e j\/
ko ... k,
ii) for each j, ... j,(ko ... k,) there exists ko ... k,(jo ... j,) so that

Joo e J.
M(ko kv>#:0’

where, for jo<j;<...<j, ko<k:<...<k,

i) for any v the minors M ( ) are of the same sign;

. . My, ... My,
M(ljco jk ) _ E
8o My, .. My

Since M(t) is a three-diagonal matrix with nonnegative entries, it is
enough to prove that it has a dominant diagonal, i.e., that

(28) ‘Bi>a,~+yi, i=0,...,m.
In virtue of gj=1—a;—y;, (28) becomes

1

(29) ai+Y1’<§, 7:=O,...,m.
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To prove (29), let us note that ¢!<A¥ | and 47 < A* are valid and imply

G
- <er

1

CHE
Akl <é!  and
-1

wherefrom we get (81245, + (27)2/ak < 8! + 47, Taking into account that
8i+387=4%! we have
Cha (e)? <1
Afaaftt afag T

which is equivalent to (29) for i =1, ..., m—1. For i=0 and 7 = m ones
get

G C | Hr-g g
TOToNSAET 2aks; 2 Az 2
__ G g S 1
T oAk AR oAk 3 oak 3 gh—gk 2’

Therefore (29) is valid for i = 0,...,m, i.e., (28) holds.
By positivity of «;, 5 and y; (Lemma 1) we have all 1 X 1 minors of
M(t) positive. Also, each 2 x 2 «diagonal» minor

Bi v

, 1=1,..,m-1,
Xi+1 ,BHI

Is positive. This is the consequence of (28). N amely, from (28) we get
Bi>vi and i >a and BB > ay., vi, 1=1,...,m—1. Positivity of
subdeterminants of higher order is provided by the diagonal dominance
property (28). O

COROLLARY 1. det M(t)>0, for any t.
Now, we are ready to prove the following result:

THEOREM 1. The curve model T,, P given by (20) has the following
properties:

(1) @t is invariant under affine transformations of the coordinate
system,
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@) T, P c convex hull (P),
(3) it is symmetric,
@) T,, P is variation diminishing,

5) T,P=T,R<P=R.
PrOOF. Use the Lemmata 1-3 and compare table IV in[4].

REMARK 1. Note that T,, P does not interpolate end points P, and
P,,. Indeed, we have

(TmP)(O)=.BOP0+ Y0P1 =(1- Yo)Po+ YOPIa
(TmP)(]-)zaum—1+.Bum=aum—l+(1_am)Pm-

Thus, T, P interpolates P, and P,, if and only if P, = P, and P .ai=P,.
This technique is known as the doubling of end vertices and is commonly
used (see[1]).

REMARK 2. The model T, P reproduces straight line but in
general it does not preserve the disposition of the control points along
this line. Reproducing of straight lines is the consequence of variation
diminishing property.

REMARK 3. The calculation of the point (T, P)(t) for any ¢ is not
much complicated then calculation of the basic model (see property 9°).
First, we evaluate @ by (20) and then apply de Boor algorithm (12).

3. — A-family of curves.

Except for changing of control polygon P we can alter the shape of
the curve S, P, and therefore the curve T, P, by changing the knot
vector ¢. The main disadvantage of doing that through changing P is the
local character of this action[4]. On the other hand, changing the curve
shape via changing the knot vector can not be controlled intuitively [1].
The most convenient method is to introduce a parameter (or more
parametres) into the curve model so that it influences the form of the
curve in a predictable and easy way. Further, the parameter being
involved must not disturb all good properties of the beginning curve,
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and finally, the computation of the altered curve should not be too much
complicated then calculation of the source model. Such models already
exist. For example, various splines under tension, Polya curves, g-
splines (see[1]) and so on.

Here, we use the natural and easy way to introduce the parameter
into the integral Schoenberg operator T, given by (15). Namely, we
can make the integral mean (13) dependent on the length of the interval
of integration. In this sense we define

(30) wf=— [ fwdu, i=o,..,m,

ni— & .

where =1-0)&+28, p=1-2)&+&: and 2€(0,1] is a
parameter. If we accept the usual convention that for any integrable
function

ate

(31) lim | fudu=fl),

a—e

we can define a A-family of integral Schoenberg splines
(32) (TNO= 3 wf BiD), o0<t<1,
=0

with the parameter 2 runs over [0, 1]. Then, by (32) we have u!f = ﬂE{-‘)
and u{f=u, f, where u,f, is given by (13). In such manner, we have

Tof=8uf, Tnf=Tuf.

The transformation matrix now depends on ) if ¢ is fixed. Some
calculation will give

B 0
ai i v}
(33) MQG)=M(t, ) = 2 - ’
N N S
0 o ;

where
(34) a;}:)\ai’ %=)\Yi9 ﬂ;\:l_)\(ai+yi)’ i=07-")my

where a; and y; are given by (19). The related family of curve models is
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given by
(35) (T, P)t)=bLt) (M) P), 0<t<l, 0s2=<1.
It is clear that

™P=S,P, T,P=T,P,

i.e., for extreme values of A we get B-spline curve or its integral
modification.
The modified control polygon will depend on 2, i.e.,

(36) Q@=MNP.

The transformation matrix, being a 2-matrix of first degree, permits the
following decomposition

(37) MO)=QAQ-0I1+xM(1), 0=sx=<I1,

as the consequence of the obvious relation g =1—x+ 25, 1=0,...,m,
where 3; is given by (19). Note that M(0) = I, an identity matrix. From
(36) and (37), we get

Q=0-HP+)MQ)P,
or, if we recall that @ =Q=M(1)P and P=M(0)P = Q" we have
(38) Q=01-0)Q" +,Q", xrel0,1].

The equation (38) can be interpreted geometrically. Let us restrict
ourselves on i-th coordinate of the vector @. From (22) we have
Qi=a;Pioy +BPi+ viPisy, With a;,8;,7:=0 and o+ +y;=1. Thus,
a;, B and y; are the barycentric coordinates of the point @} with respect
to the triangle P;_,P,P;,,. According to (38), the point @} divides the
segment @’ Q! in the ratio A:(1—2) (see fig. 1).

Therefore, {Q"} ;.1 is an one-parameter family of control polygons
producing a family of B-spline curves. Each curve can be considered as a
blend of two extreme curves in the family, the B-spline curve and its
integral modification

(39) T,P=0b,0)[A- )P +2Q1=Q1-2)S,P)+XT,P).

The following theorem describes the properties of the model 7', P.
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P, =Q}

Pin1

Fig. 1.

THEOREM 2. Forall »€[0,1] and any knot vector t, T:, P preserves
all properties of the curve model T,.P from Theorem 1.

PROOF. The affine invariance and the convex hull property follow
from the fact that M(¢, ») is a Markov chain for all ; e [0, 1] and ¢. This is
the consequence of (37) and the fact that [ = [¢;)and M(t,1)=M =M il
given by (21) are Markov chains (Lemma 1). Namely, if we put
M(t, ») = [M};], we shall have

J J J
and

o“ljZO, MlJZO$M$=(1—)‘)0‘1]+)\M1]>0'

The symmetric property follows from Lemma 2 and the fact that
Sn—im-j = & Wherefrom, for every 2, ¢

Mﬁn—im—‘=(1_A)é\m—zm—"*”)me—im-'=(1_l)¢‘i'+AMi'=Mf"-
\m=j ,m=j ,m=j ij i j

To prove the variation diminishing property, note that Lemma 3
asserts that M(#) is a Decartes matrix for any ¢. The key relation that
Justifies this assertion is the diagonal dominance (28). From (33) and (37)
we have Bl =1— )+ 28> (1—-2) + Alx + y;) and so, for any 2 € [0, 1], we
get B> A(a; + v)) =« + y:. Thus, the matrix M(t,2) is a three-diagonal
with a dominant diagonal for all 2 e[0,1] and any knot vector ¢
According to[4], T%, P diminishes the variation of the control polygon P.
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This also means that transformed control polygon @ oscillates less than
P for any 2 € (0, 1].

From the same argument the uniqueness property follows:
det M(t,») # 0, implies that

T, P=T,R<P=R,
for any 1€[0,1] and t&. O

We call the collection of curves {T% P},co,1 @ pencil of B-spline
curves defined by the control polygon P and denote by =(P).

REMARK 4. It follows from (39) that @ = (1 — )P +2Q (where
Q = Q"). This means that the curve T, P interpolates the points

Q3=(1—A)Po+7\Qo, Q;\n:(l_}\)Pm'F)\Qma

or

Q8=(1_AY0)P0+)\Y0P1; Q)M=Aampm—l+(1—)\am)Pmy

so, by doubling endpoints of the beginning control polygon P, we
provide interpolation of endpoints P, and P,, by any curve from the
pencil =(P).

REMARK 5. The curve T, P reproduces straight line for any
2 €[0,1] but not the arrangement of the points on it (see Remark 2).

REMARK 6. The evaluation of the point (7%, P)(t) for some fixed ¢,
and t, furnishes in the same way as (T, P)(t). First, we calculate
» = M())P and then use the recursion algorithm (12).
Insteed of calculating @ we can calculate the new set of basis
functions

&, =Dy, ..., DM,
which is determined by
T, P = b3,(M() P) = (b, M) P = (M" () b,)" P =(d,)" P,

S0
d,=M"())b,,
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ie.,
D () = B B (8) + o4 Bi (1),
DA (t) =y BY | + B B¥(t) + &2, B, (), i=1,...m—1,
D) = Y1 Brea (D) + B Br(D) .

Finally, we want to mention an important feature of the curve pencil
7(P), the existence of fixed points.

We call the point F fixed point of the pencil =(P) if all curves from
=(P) pass through F'. We saw in the Remark 4 that the end points P, and
P, might be the fixed points if P,=P, and P,,_, = P,,. The following
theorem takes place:

THEOREM 3. Suppose that two curves T™ and T, 1, < X, from =(P)
intersect each other at the point F = T*(ty) = T"(tp). Than, every curve
T € =(P) passes through F.

Proor. First, we need the representation of 7”7 via T™ and T.
From (39) we get

Th=A—-2)T°+ 1T, Tr=0-)2)T°+ 2T"
and
P=A-0)T"+2T.
Elimination of 7° and T" from the above equation yields

2o gy A
Ae = A Az — A

= T,

or

P=(—2 M) 2 e
e=h ra—m ) a—n

Calculation of the last expression for ¢t =t, gives

) A A
T (t) = e -

F=F. 0O
2 — A Ae— A

REMARK 7. Note that we can not change the position of the point
T’(tr) despite of changing . That is why we call F a fixed point.
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Fig. 2a.

Fig. 2b.
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Let the pencil =(P) have ¢=1 fixed points, F, ..., F,. Knowing the
number and location of these points may be very helpful to designer.
The curve model T, P interpolates these points. Also, note that relation
(39) implies that if all control points lie in the plane, the curve 7" lies in
the plane region bordered by the line segments P,Q}, P,, Q}, and two
extreme members of the pencil =(P), T° and T".

4. — Examples.

In the following examples we use integral modification of B-spline
model with the cubic B-splines.

ExAaMPLE 1. Figure 2a shows a family of control polygons
Q' = MQO)P. The beginning polygon P is plotted by a heavy line, while
modified polygons @, for 1 =0(0.1)0.4, are dotted. The corresponding
family of curves {T, P} is displayed in fig. 2b.

Fig. 3a. Fig. 3b.

EXAMPLE 2. The pencil of curves with tripled endpoints is given in
fig. 3a, while fig. 3b shows the pencil with simple endpoints. In both
cases we can notice a fixed point in the middle.
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ExXAMPLE 3. We can apply the described method also for closed
curves. A few examples are displayed in fig. 4. We can remark an
interesting behaviour of the shape of curves involved. Namely, for 2
outside of [0,1] some unstability is appeared.

A=0.0 A=1.0 A=1.6
A=18 A=20 A=24
A=26 A=3.0 A=4.0

Fig. 4.

EXAMPLE 4. Figure 5 shows outlines of two plant leafes (ceasalpina
japonica). The left one is modeled as a composite cubic B-spline curve
(17 segments are used). The shape parameter is zero for all segments.
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The better form is achieved (fig. 5, right), when we adjust these
parameters on some segments.

ExAMPLE 5. The same effect of the shape parameter selecting for
the outline of a Raphael’s female head is given in fig. 6.

oL S

Fig. 6.
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