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ABSTRACT. In this paper we consider extremal problems of Markov-Bernstein type
for polynomials involving the classical results of Markov and Bernstein and their ex-
tensions in the uniform norm. Also, we treat the corresponding problems in L™ norm,
and problems in mixed norms. Finally, we investigate the Markov-Bernstein type in-
equalities for differential operators and connect them with the classical orthogonal
polynomials giving some new characterizations of these polynomials.

1. INTRODUCTION

The first result on the extremal problems of Markov and Bernstein-type was
connected with some investigations of the well-known Russian chemist Mendeleev
[35]. In mathematical terms, Mendeleev’s problem, after some reductions, was as
follows: If t — P(t) is an arbitrary quadratic polynomial and |P(t)] <1 on [—1,1],
how large can |P'(t)| be on [—1,1]? Mendeleev found that |P’(¢)] < 4 on [—1,1].
This result is the best possible because for P(t) = 1 — 2t? we have P(t) < 1 and
P’'(£1) = 4. The corresponding problem for polynomials of degree n was considered
by A. A. Markov [31]. An analogue of Markov’s theorem for the unit disk in the
complex plane instead of for the interval [—1,1] was formulated by Bernstein [5].

Inequalities of Markov and Bernstein-type are fundamental for the proof of many
inverse theorems in polynomial approximation theory (cf. [15], [25], [34]). There
are many results on Markov’s and Bernstein’s theorems and their generalizations
in various metrics and restricted classes of polynomials. Several monographs and
papers have been published in this area (cf. [14], [37-38], [44], [46], [65]).

In this paper we consider such problems involving the classical results of Markov
and Bernstein in the uniform norm (Section 2). In Section 3 we treat important
special cases in L? norm, in Section 4 the corresponding results in L” norm, and in
Section 5 we deals with extremal problems in different norms. Finally, in Section 6
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we investigate the Markov-Bernstein type inequalities for differential operators and
connect them with the classical orthogonal polynomials giving some new character-
izations of these polynomials.

Taking some restricted polynomial classes, the corresponding Markov’s inequal-
ities can be improved. Here, such cases will not be considered.

2. CLASSICAL RESULTS OF MARKOV AND BERNSTEIN AND THEIR EXTENSIONS

We begin this section by considering the following extremal problem: Let P, be
the set of all algebraic polynomials P (£ 0) of degree at most n. For a given norm
Ill, determine the best constant A, such that

1Pl < APl (PePy) (2.1)
i.e.,
17
A, = sup . 2.2)
e ST (

The first result in this area appeared in the year 1889. It was the well-known
classical inequality of A. A. Markov [31]. For the maximum norm on [—1,1], i.e.,

1 =11flleo = max | £ (#)], Markov solved this extremal problem, giving a solution

of Mendeleev’s problem in a generalized form.

THEOREM 2.1. In the mazimum norm, we have the following:

1Pl <n*|Ploc (P € Pu). (2:3)

The equality holds only at £1 and only when P(t) = ¢Ty,(t), where T, is the Cheby-
shev polynomial of the first kind of degree n and c is an arbitrary constant.

A natural question is how to get an upper bound for the k-th derivative of
P. Tterating Markov’s inequality (2.3) yields a crude result. The best possible
inequality for the k-th derivative was found by V. A. Markov [32] in 1892. A
version of this remarkable paper in German was published in 1916.

THEOREM 2.2. For each k =1,... ,n, the inequality
1 k—1
1P®)] o < k-1 [[@*=®)IPle  (PePn) (2.4)
=0

holds. The extremal polynomial is Ty, .

We note that the best constant in (2.4) is equal to ||T7§k)|\OO = T,(Lk)(l). Thus the
inequality (2.4) can be written in the following form || P, < T,(lk)(l)HPHOO.

Markov’s proof of this result is based on a complicated variational method. A
simple proof of Theorem 2.2 was given by Bernstein [5] and an elementary proof by
Mohr [40]. Recently Shadrin [51] gave an elegant short proof of this inequality.
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Another type of these inequalities goes back to Bernstein [3] in 1912, who consid-
ered the following problem: Let z — P(z) be a polynomial of degree n and |P(z)| <1
in the unit disk |z| < 1. Determine how large can |P'(z)| be for |z| < 1. In other

words, if we define || f|| = ‘m‘zix | (2)], this problem can be reduced to the inequality
z|<1

(2.1). Thus, Bernstein’s theorem can be stated in the following form:

THEOREM 2.3. Let P € Py, then ||P'|| < n||P||. The equality holds for P(z) =
cz", ¢ = const.

This Bernstein’s theorem can be stated in several different forms:

THEOREM 2.4. Let 0 — T(0) be a trigonometric polynomial of degree n and
IT(0)] < M, then
|T'(0)] < nM. (2.5)
The equality holds for T(0) = vsinn(0 — ), where |y| = 1.

THEOREM 2.5. Let P € P, and |P(t)| <1 (=1 <t<1), then
n
P (t)] € ———, “1<t<l. 2.6
POl < s (2.
The equality is attained at the points t = t, = cos
if P(t) =T, (t), where || = 1.

This result was proved by Bernstein [3] at the same time as Theorem 2.4, except
that in (2.5) he had 2n in place of n. Inequality (2.6) in the present form first
appeared in print in a paper of Fekete [1], who attributes the proof to Fejér [18].
Bernstein [4] attributes the proof to E. Landau.

(2v—1)7

5 1 < v <mn,if and only

Bernstein’s proof of Theorem 2.4 was based on a variational method. Simpler
proofs of this theorem have been obtained by M. Riesz [48], F. Riesz [47] and de la
Vallée Poussin [57].

Schaeffer and Duffin [49] gave a proof of (2.4), i.e.,

n?(n? —12)(n? —2%)..- (n? — (k — 1)?)
1-3-5---(2k— 1) '

Also, Duffin and Schaeffer [13] proved that for this inequality to hold it is only

necessary to assume that |P(t)| < 1 at n + 1 selected points in [—1,1].

THEOREM 2.6. Let P € P,, such that |P(cosvr/n)| <1 (v =0,1,...,n), then
inequality (2.7) is satisfied for k = 1,... ,n. The equality occurs only if P(t) =
T, (t), where |y| = 1.

An interesting question is whether or not there are n + 1 other points in the
interval (—1, 1) satisfying the same property. Duffin and Schaeffer [13] gave a neg-
ative answer to this question. In fact, they showed that if F is any closed subset
of (—1,1) which does not contain all the points 7, = cos(vw/n), then there is a
polynomial P € P, which is bounded by 1 in F but (2.7) is not satisfied. The
above refined inequality of Markov is known as Markov-Duffin-Schaeffer inequality
(cf. [45]).

According to Theorems 2.1 and 2.5, we can state the following result:
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THEOREM 2.7. If P € P, then

n
ﬁ}||P|\OO, —1<t< 1.

IP'(1)] < min{n2,
Instead of the condition |P(t)| < 1 on [—1, 1], Bernstein [5] used a more general

condition
POl < VED  (-1<t<1), (2.8)

where H is an arbitrary positive polynomial on [—1,1] of degree s. If n > s/2, the
polynomial H can be uniquely represented in the form

H(t) = M (t)” + (1 = t*) N1 (t)?, (2.9)

where M,, and NNV,,_; are polynomials of degree n and n — 1, respectively, such that
all their zeros belong to (—1, 1) satisfying an interlacing property, and M, (1) > 0,
Np—1(1) > 0.

THEOREM 2.8. Let P € P,. Under the condition (2.8), where H is given by
(2.9), the inequality |P'(t)| < [(Mn(t) +iv1 —t2N,,_1(¢t))’| holds, for —1 < t < 1.
The equality is attained for P(t) = yM,(t), where |y| = 1.

Videnskii [61] proved the corresponding inequality for the k-th derivative of P,
ie., [PF ()] < |(Mn(t)+ivV1 —2N,_1())*)|, where k =1,... ,nand -1 < t < 1,
with the same condition for the equality case. He also proved the following result
([62-63)):

THEOREM 2.9. Let P € P,, and |P(t)| < |at +ivV1—1t?] (a>0,-1<t<1).
Then, for k =1,... ,n and —1 < t < 1, we have that |[P%¥) ()| < Mflk)(l), where
My, (t) = 2(a+ 1)T,(t) + 3(o — 1)T—2(t). The equality is attained only for P(t) =
M, (t) at the endpoints t = +1, where |y| = 1.

Several inequalities of this type were given by Videnskil [59-63], and others.

These inequalities can be considered as inequalities of Markov type for curved
majorants. In 1970 at a conference on Constructive Function Theory held in Varna,
Bulgaria, the late Professor Paul Turan asked the following question: Let P € P,
and |P(t)| < (t) for —1 <t <1, where the majorant ¢ is a nonnegative function.
How large can |P®) ()| be at a given point t = 7 in [~1,1]% In (2.8) we have that

H{D) = ¢(t).

Defining || Pll, = sup (|P(t)|/¢(t)) (P € Pn), where the majorant ¢ — ¢(t)

—1<t<1

is a nonnegative function on [—1,1], and puting ||P] = ||P|le = 1111<%)21|P(t)|,

Turan’s problem can be stated in the following form: If || P, < 1, how large can
| P*)|| be?

In the case of the circular majorant ((p(t) =+1- t2) for k = 1 we have that
[|IP']] <2(n—1) (see [43]). Notice that this result is a special case of Theorem 2.9
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for & = 0. Pierre and Rahman [41] considered a more general case when ¢(t) =
(1- t)’\/2(1 +1)*/2 where \, i are non-negative integers. They solved the case when
A+ p)/2 <k <n. The case when 1 < k < (A + u)/2, for (A + p)/2 > 1 was left
unresolved. An asymptotic estimate when n — +oo, for A\ = p = 2, was recently
considered by Pierre, Rahman and Schmeisser [42].

3. EXTREMAL PROBLEMS IN L? NORM
In the L? metric we mention the following result of Schmidt [50] and Turén [56]:
THEOREM 3.1. (a) Let (a,b) = (—o0, +00) and ||f||> = [* e~ f(t)*>dt. Then
the best constant in (2.2) is A, = v/2n. An extremal polynomial is Hermite’s
polynomial H,,.

(b) Let (a,b) = (0,4+00) and || f||2 = [ e~*f(t)? dt. Then A, = (2 smﬁ)_l.
The extremal polynomial is P(t) = 3 sin ﬁLV(t), where L, is Laguerre polyno-
maial. !

Theorem 3.1 b), in this form, was formulated by Turdn [56]. Schmidt [50] gave
only an asymptotic estimate.

Mirsky [39] considered the case of L? metric with a weight function and found
an estimate for the best constant. Dorfler [12] considered the analogous problem
for derivatives of higher order and determined the best possible constant A, j in
| P®)|| < A, x||P| as the largest singular value of an (n — k + 1) x (n + 1)-matrix.

Milovanovié [37] showed that the exact constant in (2.1) can be found as the
maximal eigenvalue of a matrix of Gram’s type. He considered a more general
case with a given nonnegative measure dA(t) on the real line R, with compact or
infinite support, for which all moments p, = [tV dA(t), v = 0,1,..., exist and
are finite, and po > 0. Then there exists a unique set of orthonormal polynomials
m(-) = m(;dN), v =0,1,..., defined by

7 (t) = ayt” 4 lower degree terms, a, > 0,

and
(T, ) = / T (8)m, (t) dA() =y, v, i > 0.
R

For each polynomial P € P, with complex coefficients, we define

171 = ([ PR o)

and consider the extremal problem

pk)
Ap k= Apr(dX) = sup I I <
per, P
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THEOREM 3.2. The best constant Ay, 1 defined in (3.1) is given by

An,k = ()\max(Bn,k))l/2a

(k)

i) k<ij<n’
whose elements are given by bl(.? = Rﬁgk) (t)7r§k) (t)dA(t) (k <i,j <mn). An ez-

where Amax(Bn,k) s the mazimal eigenvalue of the matriz By = [b

n
tremal polynomial is P*(t) = 3. ¢,m,(t), where [ck, Chi1, - .- »cn]” is an eigenvector
v=~k

of the matriz B, corresponding to the eigenvalue Amax(Bn.k)-

In the Hermite case dA(t) = e~ dt, —oo < t < 400 we have m,(t) = H,(t) =
(/7 2"v))~Y/2H, (t), where H, is a Hermite polynomial of degree v. Then, we find
Ap i = 2%/2,/n!/(n — k)!. This result also can be found in the unpublished Ph. D.
thesis of Shampine [52] and [53]. For k = 1, this result reduces to the assertion (a)
in Theorem 3.1.

In the generalized Laguerre case dA(t) = t*e™tdt, 0 < t < +o00, when k = 1, we
find that C), 1 = —J,, where

ﬂnfl
L O ﬂnfl Qp_—1

and g = —(1+5), 0, =—(2+5/(v+1)), o =1+s/v,v=1,...,n— 1. Wesee
that J, is the Jacobi matrix for monic orthogonal polynomials {@,}, which satisfy
the following three-term recurrence relation

Qr+1(t) = (t — ) Qr(t) — BrQr—1(1), k=0,1,2,...
Q-1(t) =0, Qo(t) =1.

The eigenvalues of C, ; are A, = —t,, where @Q,(t,) =0forv=1,... ,n.

The standard Laguerre case (s = 0) can be exactly solved. In that case, we
obtain the Turdn result (Theorem 3.1 (b)). In the case when k = 2 and s = 0, we
obtain a five-diagonal symmetric matrix Cp 2 of the order n — 1 (see Milovanovi¢
[37]). Using the minimal eigenvalue of such matrix, we obtain the best constant

Apo = (/\min(Cnyg))fl/Q. For n =2 and n = 3 we have exact values: As o =1 and
Az = (3+ 2\/5)1/2 respectively.
A case with a special even weight function, involving the Gegenbauer weight,
was considered by Milovanovié¢ [37], but exact constant is not yet known.
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4. GENERALIZATIONS IN L" NORM
It is interesting to extend the inequalities of A. A. Markov and S. N. Bernstein
1/r
to<LTspaces,w&mme|Uﬂ\::H}ﬂL1::((bg—a)*lj:|fxtﬂrdt) (r > 1). The case
r = 2 was considered in the previous section.

Let 7, denote the set of all trigonometric polynomials of degree at most n.
Zygmund [65] proved the following theorem:

THEOREM 4.1. Let r > 1, (a,b) = (0,27), and T € T,,. Then | T'||, < n||T|,.

Taking r — 400, this Zygmund’s inequality reduces to the Bernstein inequality.
Using the norm in the space L"(0,2) of a function f, defined by

1/r

1= (5 [ 100 a) < <o

as well as limiting cases: for r — +oo the uniform norm | f||s, and for r —

0 the quasi-norm of L°(0,27), defined by ||f|o = exp ((2#)_1 fOQW log | f(9)] d@),

Golitschek and Lorentz [21] recently proved:
THEOREM 4.2. IfT € T,, then

1
=T |,<ITl.  (0<7<+00). (4.1)

For 0 < r < 1, the inequality (4.1) is due to Maté and Nevai [33], but with an
extra factor (4e)'/" on the right hand side. Later, Arestov [2] proved this inequality
in the form (4.1), using subharmonic functions and Jensen’s formula. Golitschek
and Lorentz gave a new simpler proof of the inequality (4.1).

An important generalization of A. A. Markov’s inequality for algebraic polyno-
mials in an integral norm was given by Hille, Szeg8, and Tamarkin [24], who proved
the following theorem:

THEOREM 4.3. Letr > 1 and let P € P,,. Then

(/11 |P'(t)|" dt)w < An? (/11 \P()|" dt) UT, (4.2)

where the constant A = A(n,r) is given by

1 r n—1+1/r
A(n, T‘) = 2(T — 1)1/7071 (T + _) (1 + ) 9

forr>1, and A(n,1) =2(1+1/n)" "



The constant A(n,r) in Theorem 4.3 is not the best possible. We can see that
A(n,r) < 6exp(l + 1/e), for every n and r > 1. Also,

204+1/(n— 1))n71 <2 (n fixed, r — 400),
Aln,r) — < 2e (r=1, n— +o0),
2er(r — 1)0/1-1 (r>1 fixed, n —» +00).

Some improvements of the constant A(n,r) have recently been obtained by Goet-

gheluck [20]. He found that A(n,1) = /8/m(1+ 3/(4n))2, as well as a very com-
plicated expression for r > 1.

5. EXTREMAL PROBLEMS IN DIFFERENT NORMS

There are several interesting results, including different norms. In the following
we will first discuss a few of those inequalities which involve the norms

1/2

[flleo = max [f(#)] and |f|2</_1w(t)|f(t)l2dt) ;

—1<t<1

where t — w(t) is a given weight function.

In the case when w(t) = 1, Labelle [28] proved the following inequality

(k) 2k — D (n+k+1) (n+k
1P ]lo0 < eI (n - k) 1P, (5.1)

with equality in (5.1) only for constant multiples of the polynomial

n—k .

2%
3 (2i+ 2k + 1)( ;r ’) Pesilt),
1=0

where P, (t) denotes the Legendre polynomial of degree p.

Lupas [30] investigated a more general case using the Jacobi weight w(t) =
w(t;a, B) = (1 —1)*(1 +1)? (a,8 > —1). He obtained the best constant in the
following inequality

IPW < Au(k, 0 B)IPIl, (P € Pa). (5.2)

THEOREM 5.1. Let P € P, and ¢ = max(«a, 3) > —1/2. Then the best constant
in inequality (5.2) is given by

il n ﬂ i 1/2
— : }: (ap)(Vta+p+ vtq
An(kvavﬂ) - (22k+a+,@+1 Cng ( k v—k )
v=k
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where
(a,8) _
Cl/,k -

y!(2u+a+ﬂ+1)r(u+a+ﬂ+k+1)<u+q>
Frlv+a+1)I'v+8+1) v—k)

Fquality is attained for P(t) = C > CﬁczB)P,Ea’ﬂ)(t), where C is a constant and
v=k ’

P,Ea’ﬁ)(t) 1s the Jacobi orthogonal polynomial of degree v.

A general extremal problem was studied by Daugavet and Rafal’son [10] and
Konjagin [27], taking

1 1/r
Iflw(/_llf(t)(1t2>“|’”dt> L 0<r< oo,

:esssup|f(t)|(1—t2)“, r = +00,
_1<t<1

where p is a real number such that ru > —1. (This condition, for r = 400, should
be understood as p > 0.)

Konjagin [27] considered the following general extremal problem

rP®
Ap e (r, p; p,v) = sup il Y

. (5.3)
PePu 1Plrp

For example, the best constant in (2.4) is A,, x (400, 0; +00,0). Also, the Bernstein’s
inequality (2.6) can be represented in the form ||P'||s 1/2 < n||Pllcc,0 (P € Pp).
The case when p =1 > 1, u = v = 0, and k = 1 was considered by Hille, Szegd,
and Tamarkin [24] (see Theorem 4.3).

Bojanov [7] considered the problem (5.3) in the case when r = 400, p =v =0,
and 1 <p < +o0.

THEOREM 5.2. Let P € Py, and r € [1,+00). Then |P'|l; < T+l P]lco-
Equality is attained only for P(t) = £T,(t).

In two boundary cases we have ||T!.|| o = n? and ||T0,||1 = 2n. Recently, Ciesielski
[9] has given theoretical estimates for |77 || in the whole range of the parameters
n and r and formulated a conjecture on the best estimates based on numerical cal-
culations. Theorem 5.2 is a particular case of the following more general assertion:

THEOREM 5.3. Let G, = {P € Py, | ||Pllec < 1}. For every increasing convex
function x — @(x), for x > 0, the quantity sup fil o(|P'(t)]) dt is attained only
Pegn

for P(t) = £T,(t).

This result was proved by Bojanov [8]. Since z — ¢(z) = 2P (1 < p < 4+00) is
an increasing convex function on [0, +00), Theorem 5.2 follows from Theorem 5.3.
For p(x) = v/1+ M?222, Theorem 5.3 provides the solution of a conjecture on the
longest polynomial stated by Erdés [17] (see [6]).
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6. MARKOV-BERNSTEIN TYPE INEQUALITIES FOR DIFFERENTIAL OPERATORS

Using the interpolation in polynomial classes, in 1957 Stein [55] proved the fol-
lowing result:

THEOREM 6.1. Let P € P, n>1, and 1 < r < 400. For the Legendre differ-

ential operator D = %(1 — tQ)%, there exists a positive constant depending only on

1/r
r such that |DP|, < Con?| Pl (1 <1 < +o0), where |||, = (S, 17(0))" dt)

and || flleo = max |f(?)].

—1<t<1

Forr =400 and r = 2, we have Co, = 2 and Co = 1+ 1/n, respectively.

Taking L™ norm with the Jacobi measure, Stein [55] also proved the corresponding
results for the operator

o L, d . d
Dap=(1—1)"(1+1) ﬁ%[(kt) P2l

Since Da,gPlga’ﬂ)(t) = —k(k—i—a—i—ﬁ—i—l)P,Ea”ﬁ)(t) (o, B > —1), where Plga”ﬁ)(t) is the
Jacobi polynomial of degree k, we see that the Jacobi polynomials are eigenfunctions
of the operator D, g. Recently, Dzafarov [16] has considered similar problems for
operators which correspond to the classical orthogonal polynomials.

The classical orthogonal polynomials {Q,} on (a,b) can be specificated as the
Jacobi polynomials P,Sa’ﬁ)(t) (a, 8 > —1) on (—1,1), the generalized Laguerre poly-
nomials Lf (t) (s > —1) on (0,4+00), and finally as the Hermite polynomials H,(t)
on (—oo,+00). Their weight functions ¢ — w(t) on an interval of orthogonality
(a,b) satisfy the differential equation (A(t)w(t))" = B(t)w(t), where the functions
t— A(t) and ¢t — B(t) are defined as in Table 6.1.

TABLE 6.1
The Classification of the Classical Orthogonal Polynomials

(a,b) w(t) A(t) B(t) An

L) (1-0°0+0° 1- f-a_(@tB+2)t nntatfil)

(0, o0) tse~? t s+1—t n
(—00,0) et 1 —2t 2n

The classical orthogonal polynomial ¢ — Q,(¢) is a particular solution of the
following differential equation of the second order L[y] = A(t)y"” + B(t)y' + Any = 0,
where )\, is given in Table 6.1.

Let (f,9) = f: FWg®)w(t)dt and | f||? = (f, f). Similarly to the well-known
Landau inequality ([29]) for continuously—differentiable functions and other gener-
alizations (cf. [11], [26], [36], [54]), Agarwal and Milovanovié [1] stated the following
characterization of the classical orthogonal polynomials:
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THEOREM 6.2. For all P, € P, the inequality
(2, + B'O) VAP < A2 |1Pal® + | APY|1?

holds, with equality if only if P,(t) = cQn(t), where Qy, is the classical orthogonal
polynomial of degree n orthogonal to all polynomials of degree < n—1 with respect to
the weight function t — w(t) on (a,b), and c is an arbitrary real constant. A, A(t)
and B(t) are given in Table 6.1.

The Hermite case was considered by Varma [58].

Recently Guessab and Milovanovié [22] have considered a weighted L2?-analogues
of the Bernstein’s inequality (2.6), which can be stated in the following form:

V1= 2P (t)[lsc < nl|Plloc- (6.1)

Let w be the weight of the classical orthogonal polynomials (w € CW) and
t — A(t) be given as in Table 6.1. Using the norm ||f||2, = (f, f), we consider the
following problem connected with the Bernstein’s inequality (6.1): Determine the
best constant Cp, m(w) (1 <m < n) such that the inequality

1A 2P|y < Gy (W) [Pl (6.2)

holds for all P € P,,.

At first, we note if w € CW, then the corresponding classical orthogonal poly-
nomial ¢ — @, (t) is a particular solution of the differential equation of the second
order

d

dt

(A(t)w(t)%) + Mw(t)y =0, (6.3)

dt

where A, = —n (3(n —1)A”(0) + B’(0)). The k-th derivative of @, is also the
classical orthogonal polynomial, with respect to the weight t +— wy(t) = A(t)*w(t),
and satisfies the following differential equation

4 (4000 ) + A = o (6.9

where A\, p = —(n — k) (3(n+k — 1)A”(0) + B'(0)). We note that An0 = Ay,.

THEOREM 6.3. For all P € P, the inequality (6.2) holds, with the best constant
Chm(w) = \/)‘n,O)‘n,l - Anm—1. The equality is attained in (6.2) if and only if P
is a constant multiple of the classical polynomial Q,, orthogonal with respect to the
weight function w € CW.

Now, we give the special cases:
11



COROLLARY 6.4. Let w(t) = (1 — t)*(1 +t)? (o, 8 > —1). Then, for every
P € P, the inequality

T 1
ja—2ymepemy, < [ Metatftmil) g,
(n—m)T'n+a+p+1)

holds, with equality if and only if P(t) = cP,Sa’ﬁ)(t).

COROLLARY 6.5. Let w(t) =t%e~* (s > —1) on (0,+00). Then for every P € Py,
we have |[t"/2P)|,, < v/n!/(n —m)! |P|lw, with equality if and only if P(t) =
cLi (¢).

The Hermite case with the weight w(t) = e~* on (—o0, +00) is the simplest.
Then the best constant is C,, ,, (w) = 2"/2\/n!/(n —m)!. This result was obtained
in Section 3.

Finally, we consider extremal problems of Markov’s type

HDmPHdU

Ch.m(do) = sup —————— 6.5
(@)= 58 4P, o
for the differential operator D,,, defined by
dm
D, P = e [A™P] (P €Pp, m>1), (6.6)

where || Pllas = (fi, [P(t)|? do(t)) /.

Guessab and Milovanovié [23] found the best constant C), ,, (do) in three following
cases:

1° The Legendre measure do(t) = dt on [—1,1];

2° The Laguerre measure do(t) = e~'dt on [0, +00).

3° The Hermite measure do(t) = e™" dt on (—o0, +00).

Let P € P, do(t) = w(t)dt on (a,b), and Dy, be given by (6.6). An application
of integration by parts and Cauchy-Schwarz inequality gives

b pAm 1/2

A 2
Dw Pl < 147 Plar ([ (1wDnPi) )
a w

with equality if and only if F,, P = (—1)™w ™ {wD,, P]™ = AP (P € P,), where
A is an arbitrary constant. Taking a norm with respect to the measure do,,(t) =
A™do(t) = A™w dt, we have

HDmPHdU < H]:mPHdUm

1/2

, 6.7

||Am/2P||da—( 1Pl ) 6.
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with equality if and only if F,,P = AP. We are interested only in polynomial
solutions of this equation. If they exist, then from the eigenvalue problem and the
inequality (6.7), we can determine the best constant in the extremal problem (6.5).

Namely,
Cmm (da) =4 /0r<na§ |)‘V7m| )

where A, ., are eigenvalues of the operator F,,,. Then, the extremal polynomial is
the eigenfunction corresponding to the maximal eigenvalue.

THEOREM 6.6. Let do(t) = dt on (—=1,1). Then Cy m(do) = /(n+2m)!/nl.
The supremum in (6.5) is attained only if P(t) = 7077{1“/2(15), where CF is the
Gegenbauer polynomial of degree n, and (£ 0) is an arbitrary real constant.

THEOREM 6.7. Let do(t) = et dt on (0,400). Then Cy 1 (do) = /(n+m)!/nl.
The supremum in (6.5) is attained only if P(t) = yL™(t), where L™ is the gener-
alized Laguerre polynomial of degree n, and v (# 0) is an arbitrary real constant.

Finally, in the Hermite case when do(t) = e~t" dt on the real line R, the extremal
problem (6.5) reduces to the corresponding problem (6.2).
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