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Abstract

The aim of this paper is to provide four unified results of reducibility of the Srivastava’s triple hypergeometric series Hg. The
results are obtained with the help of two general results involving products of generalized hypergeometric series due to Rathie et
al. A few known as well as unknown results follow as special cases of our main findings.
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1. Introduction and Preliminaries

We begin by recalling the natural generalization of the Gauss’s hypergeometric function , F'; namely the general-
ized hypergeometric function ,F, defined by [1, 4, 16, 24]
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where (a), is the well known Pochhammer symbol defined for a € C by [24]

1, (n=0),
(a), = {
(a+1)...(a+n-1), (n e N).

In terms of well-known Gamma function, it is written as

r
(@, = —(I‘f(:)") (aeC\Zp).

tArticle ID: MTIPAM-D-20-00062

Email addresses: gvm@mi .sanu.ac.rs (Gradimir V. Milovanovi¢ “*"), ar junkumarrathie@gmail.com (Arjun K. Rathie “")
Received:31 December 2020, Accepted:18 January 2021, Published:25 April 2021
*Corresponding Author: Gradimir V. Milovanovié

155

This work is licensed under a Creative Commons Attribution 4.0 International License.


https://orcid.org/0000-0002-3255-8127
https://orcid.org/0000-0003-3902-3050
https://orcid.org/0000-0002-3255-8127
https://orcid.org/0000-0003-3902-3050

Milovanovi¢ and Rathie / Montes Taurus J. Pure Appl. Math. 3 (3), 155-164, 2021

For more details of , /| and ,F, regarding their convergence conditions, various elementary properties, special cases
and limiting cases we refer [1, 21].

It is not out of place to mention here that whenever Gauss’s hypergeometric function , F; or generalized hypergeo-
metric function , F, reduces to the Gamma functions, the results are very important from the application point of view.
In this regard, several classical summation theorems for the series » F'1, 3F7, 4F3, s F4 and others play an important role.
Applications of these summation theorems are well-known. For this, we refer a very useful and interesting research
paper by Bailey [3] in which several results involving products of generalized hypergeometric series are given. One
of such results is given below:

OFI[ o x] OFI[ o _x] :°F3[ o ip o+ } _%2} (1.1)
In 1973, Srivastava [23] extended the result (1.1) in the following form
ZZ( pyr Comen X7 Z( 1y —=2 s (12)
m=0 n=0 ©)m (O (P)n ()20 n!

where {C,} is a sequence of arbitrary complex numbers.
Another result due to Bailey [3] closely related to (1.1) is as follows:

— — — xz
F x| oF —x| =oF -
Ol[p ]0‘[2—0 } 03[%,%p+%,%—%p‘ 4}
2(1 = p)x [ - xz}
=P - 13
pQ2-p) " 3 dp+12-0p | 4 (13)

Bailey [3] and Srivastava [23] established these results with the help of the following classical Kummer’s summa-
tion theorem [1] for the series ,F viz.

2F

a, b '_]_r(1+§a)r(1+a-b) o

l+a-b CT(+a) T(1+1a-b)

Recently, good deal of progress has been done in the direction of generalizing and extending the classical summation
theorems for the series »F', 3F» and 4F3. For this, we refer research papers by Lavoie et al. [11, 13, 12], Rakha and
Rathie [17] and Kim et al. [9].

By employing the following two generalizations the Kummer’s summation theorem (1.4) in the most general form
for any i € Ny obtained earlier by Rakha and Rathie [17] viz.

b 27T (§)T(b - L1 +a—b+i) Ly T(a-b+ it ired)
Pl vas b ‘_1} T (Sa—b+li+ ! )r(la—b+li+1)z(r)(_l) r2(la—li2+ lr2+i)2
2 2 r=0 2 2 2 2
and
a b T (DI +a-b+i) LT (Ja—b- i+ ir+ )
P ltva-p-i ‘_ ]:F(la—b+li+l)F(la—b+li+1)Z(r) F(la—li+lr+l)
2 2 2 2 2 r=0 2 2 2 2

very recently Rathie et al. [19] generalized the results (1.1) and (1.3) due to Bailey in the most general form in the

156



Milovanovi¢ and Rathie / Montes Taurus J. Pure Appl. Math. 3 (3), 155-164, 2021

following forms for any i € Ny:
c+iit+ir- %)
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Remark 1.1. The result (1.4) is also recorded in [15].

The great success of the theory of hypergeometric and generalized hypergeometric functions of a single variable
have inspired the development of a corresponding theory into two and more variables. In 1880, Appell defined four
functions popularly known in the literature as the Appell’s functions F, F,, F3 and F4 which are generalizations of
the Gauss’s hypergeometric functions. For a detailed account of the Appell’s functions one may refer to [2, 26]. The
confluent forms of the Appell’s functions were studied by Humbert [5, 7]. However, here we would like to mention
the definition of the ¥, as follows:

Sh% (a)k+mwkzm

Yolase,csw,) =y ) T (1.8)

%=0 m=0 (© () k!m!

The following special case of (1.8) is worth mentioning [15] viz.

Ya(cic,c;x,y) = e"”oFl[ . xy} : (1.9)

Later, the four Appell functions and their confluent forms were further generalized by Kampé de Fériet [8] who
introduced a more general hypergeometric functions of two variables. In 1976, Srivastava and Panda [27] defined a
more general double hypergeometric function than one defined by Kampé de Fériet. Just as the Gaussian hypergeo-
metric function »F'; was generalized to ,F, by increasing the number of numerator and denominator parameters, the
four Appell functions were unified and generalized to the Kampé de Fériet function. Later Lauricella [10] introduced
fourteen complete hypergeometric function of three variables and of second order. Lauricella denoted his fourteen
triple hypergeometric functions by the symbols

F], F2, ey F14

of which Fy, F», Fs and Fg correspond, respectively, to the three variables Lauricella functions FS), F g’) , F (03) and
F g). For further details we refer [26]. The remaining ten functions of Lauricella’s set apparently fell into oblivion
[except that there is an isolated appearance of the triple hypergeometric function Fg in a paper by Mayr [14] who
came across this function while evaluating certain infinite integrals ]. Saran [20] initiated a systematic study of these
ten triple hypergeometric functions of Lauricella’s set. In the course of further investigation of Lauricella’s fourteen
hypergeometric functions of three variables, Srivastava [22] noticed the existence of three additional complete triple
hypergeometric functions of the second order. Srivastava denoted his functions by Hs, Hg and H¢ which had neither
been included in Lauricella’s conjecture nor were previously mentioned in the literature. However here, in our present
investigation we recall the series definition of Hp as follows [26]:

= i i O (@ p Blmen (B px™y" 2P

H 9 9 ,; 9 9 ; 9 9
B(a ﬁ ﬁ Ty Yy Z) (71)111(72)n(73)pm!n!p!

provided |x| < r, [yl < s, |zl <t,withr+ s+ +2Vrst = 1.
It is noted that Hp provides a generalization of the Appell’s function F>.
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The following integral representation Hg was given by Srivastava [22]

. . _ 1 e —s—t .a—1,b—-1 -
HB(d,b,b,01,62,63,x,y,Z)—mﬁ[) e s o ‘

where i, is the confluent hypergeometric functions defined in (1.9).

XS[} Un(b'; ca, ¢33y, 25) ds dt, (1.10)

In (1.10) if we take ¢; = ¢, ¢3 = ¢3, b’ = ¢, and making use of the result (1.9) we get

1 o0 (oo _ _
Hgp(a,b,cy;¢1,€2,625%,9,2) = ————= ~(1=9s=(=yr ga=1yb=1  p t|oF tlvdsdr (1.11
p(a,b,co;¢1,02,025%,5,2) F(a)r(b)fo fo {e s oFul [ XstioF lyzs s (L.11)

Finally taking ¢; = ¢; = ¢, x = —yz and making use of the result (1.1), we get the following interesting reducibility of
Hp recoreded in [6, p. 136, Eq. (4.7.21)] viz.

b ~4y°2
1-2%1-y)’Hg(a,b,c;c,c,c;—yz,y,2) = 4F; —_— 1.12
(1 =21 —-y)"Hg ( V2, ¥,2) = 4F3 T2 =27 (1.12)
The aim of this paper is to provide four unified result of reducibility of Hp (in the most general form), out of which

two results are generalizations of the result (1.12) due to Srivastava. A few interesting special cases have also been
given. These are achieved by the applications of the results (1.5) to (1.7).

The results established in this paper are simple, very interesting, easily established and may be potentially useful.

2. Main Results
The four unified results for reducibility of Srivastava’s triple series Hp to be established in this paper are given in
the following theorems.

Theorem 2.1. Let Y =2y/(1 —y) and Z = 2z/(1 — z). For i € Ny, the following two unified results hold true.

! AC(c+Li+dr—1
1° (1—z)“(l—y)bHB(a,b,C;C+i,c,C;—yz,y,z)=k12(—1)’()( 2 2 )
r=0

i 2
r 1,11
F(2+2r 21)

. 11 1 1.
pLAREL LI T A L LY

11 1.1 I 1 1 1 1
2,2C-|-21,2C-|-2l-|- ,C+zl—

I Lo\ (er e )
+ Zkzabyzgol(_l) (r)w

ST AT A I PR
c+sr+ 30,1 —5r+ 5.8

X 6Fs

NI
o
+

—YZZZ
3 1
i’ §l+

i

1 1 1- 1- 1- 1
§,§c+§l+1,c+§1,c+§z+§

2.1

with {a}={%a, %a + %, %b, %b + %}, {B}z{l %a +1, %b + %, %b + 1}, and the constants k\ and k, are the same as

1
a+ 3,
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given in (1.5).

i a\Tle+dir-1i-1
2° (1—Z)“(l—y)bHB(a,b,c;c—i,c,c;—yz,y,z):ng(;)( 2 2 2)

1 1., 1
=0 F(EI"— §l + —)
1 1 111 1.
C+sr—s5i—5,5— 5+ 5i,
2 2T 2272 25
XoFs| 11 1 -r:z?
E’EC’EC+§’C_EZ_§’C_EI
! il“(c+%r—%l)
+ —kyab¥YZ " ]
=0 r r(zr—il)
c+%r—%i,l—%r+%i, -
X ¢F’s - 1 | | . Y-z71, (2.2
3,5¢+ 53, 3¢+L,e—5i,c—5i+3
where {a} = {;a a+— —b b+ 5h {B}:{%a+%,%a+l,%b+% %b+l}andtheconsmntsk3andk4arethesame

as given in (1.6).
Theorem 2.2. Let Y = 2y/(1 —y) and Z = 2z/(1 — 7). For i € Ny, the following two unified results hold true.
1° (1= = y'Hp(a,b,c;2 = ¢ +i,¢,6,-y2,,2)

L (e i)
_T;(_D(r)r(1_l & ])

EC_EH'EV

1

1
1,1—§C+2

z+ér c+
X 7F¢
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+
+
D=
<
|
=
o
~—

|
= [ o=

o

|

2 avz &\
TG Dl —cti) ,:o(_l) ( )p(

D=
LS}

X 7Fq| | , (2.3)
§C+

1 1

2> 2€
_ |1 1 1 1 1 1 1 1 1 1 1 1

where {CL'}— Ea,5a+§,§b,§b+ and{,B 70 +§,§Cl+1,§b+§,-b+l.

2°  (1-2*0-y)Hg(a,b,c;2—c—i,c,c;—yz,y,2)

N
Q
S
~!
—_
N ~.
—~
—
+
=~
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3
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, 2.4

where{a}:{%a,%a+%,%b,%b+%}and{ﬁ} {a+§,§a+1 1b+ 1b+1}.
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Proof. In order to establish the unified result (2.1) asserted in Theorem 2.1, we proceed as follows. In the integral
representation (1.11) of Hg, if wesetc, =c,c; =c+1i,fori=0,1,2,... and x = —yz, it takes the following form:

1 Rl e _ _
. . . - —(1-z2)s—(1-y)t .a—1,b-1 .
Hg(a,b,c;c +i,c,c;-y2,5,2) —F(a)F(b) fo fo {e ST oF [ c et yzst]} dsdz.

Using the result (1.5), we have

stt] 0F|

i . lig 1, 1 i . i1
Hp(a,b,c;c+i,¢,c;-yz,y,2) = ki Z(—l)’(;)rg(-: il ’ 2”1 .)Z)A + koyz Z(_l)r(;)w& (2.5)
r=0 7 r—si r=0

=

where

1 1, 1 1_1 1

00 oo +5r+5i—5,5—5r+5

A= 1 e~ (-0s=(1=y)r ga=1,b-1 o €*2 tT 27 2t
L(@I'(b) Jo Jo g (L SR SMS P DS VIS UPAD PR R
2°2 252 2 ’ 2V T 2

and

00 00 l l — 2 27
B= 1 e~ (1-0s=(1=y)r ga=14b-1 c+ar+ilb 1 2r 3t
T(@I(®) Jo Jo P ter kv L ey Ly et bies Lis
2°2 2 2°2 ’ 2" 2

2

2,227
y7zos°t
I ]} ds dr.
2
Evaluation of A. Expressing ,Fs as a series, change the order of integration and summation, evaluating the

integrals, after little simplification, using properties of Gamma function and then summing up the series, we finally
have

1 1: 11 _ 1 1.
C+sr+si—5,5—>r+ s,
A=(1-27 1~y ¢Fs By omrr -Y?Z3, (2.6)
Lle+dite+divde+di—-dc+di
where {a} = {1a, a+ 1,36, 30+ 3}, ¥ = 2p/(1 - y) and Z = 22/(1 - 2).
Evaluation of B. Proceeding on similar lines as in the case of evaluation of A, it is not difficult to see that
1 1: 1 1:
c+sr+5i,1—5r+ 350,08
B=ab(l -2 '(1 - y) " ¢Fs S a2 —Y2Z2 Q2.7)
dle+div e+ dit e+ die+di+d

where {8} = {%a + %, %a +1, %b + %, %b + 1}, and Y and Z are given before.
Finally, upon substituting the values of A and B from (2.6) and (2.7) in (2.5) and after some simplification, we

easily arrive at the desired result (2.1). This completes the proof of our first unified result (2.1) asserted in Theorem
2.1.

In exactly the same manner, the other unified unified results (2.2), as well as ones in Theorem 2.2 can be estab-
lished. -

3. Corollaries

In this section, we shall mention some of the very interesting known as well as unknown results of our main unified
results. We always set Y = 2y/(1 —y) and Z = 2z/(1 — z).

Corollary 3.1. In (2.1) or (2.1), if we take i = 0, we get the known result (1.12) due to Srivastava [23].
Corollary 3.2. In (2.1), if we take i = 1, we get

1 1 11 1 1
50,50+ 5,5b,5b+ 3
(-2 =y Hp(ab,cic+ Lecmyzy ) =aFsl ° 7 27 20 7 —YZZZ}
C,§C+§,§C+1
. abY7Z %a+%,%a+l,%b+%,%b+l‘ g
e R, _
de(c + 1) ct+lic+ic+3
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Corollary 3.3. In (2.1), if we take i = 2, we get

1 1 1 1 1 1

lolag+ L 1p 1p4 1

272 2°27°2 2
—y*7?

(1= =)' Hp (a,b,c;c +2,¢,¢,-y2,3,2) = 4F3 1 R
C+1,§C+1,EC+§

.\ 2abYZ %a+%,%a+l,%b+%,£b+l vz
2e(c+2)*? o431
c+1,2c+2,2c+2
Corollary 3.4. In (2.2), if we take i = 1, we get
11 117 1 1
50,50+ 5,50, 50+ 5
(1-2°0 = Hg (@, b,cic= Le,csyzy ) =4F3| 7 V272 2y
c 1,2c,2c+%
bYZ la+i ta+ 1,4+ 1, 1p+1
a 24T 253 22V T 202 ' v272
4173 -
4e(c - 1) c,%c+%,%c+1
Corollary 3.5. In (2.2), if we take i = 2, we get
1.1 1151 1
20,504+ 5,5b, 5b + 5
(1=2(0 =yHp(@bcic=2e.cmyzy =aFs| = 5 772 2 2 |-y?Z?
c—l,%c,§c+%
1 11 1 11
abYZ §a+§,§a+1,§b+§,§b+l -
Wk -vZ
2¢(c-2) c-Llesd eyt
L)

In (2.3) or (2.4), if we take i = 0, with ¥ = 2y/(1 —y) and Z = 2z/(1 — z), we get

(1 =2)°(1 —=y)’Hp (a,b,2 = c; ¢, ¢, ¢; =y, 3, 2) = 4F3

(1 - )abYZ Ja+g.za+lgb+i,gb+1]
"2 +F3 i —r’z|.
c2=0) 5,3C+35,2—35¢C
Corollary 3.6. In (2.3), if we take i = 1, we get
A D B A DA
54, 5a+ 5,5b,5b+ 5
(1_Z)a(l_y)bHB(a’b’C;3_C9csc;_yZ9ysZ)=(2_C)4F3 2 2 222 2 2 Y222
3 1oyl 3 1,
222¢7 2272
A N B AN PR
Ea’§a+§,§b,§b+§ -
—(1-c)sF3 S ipg_ 1, Y27
2226472
@-c)ab¥Z Lga+g.5a+13b+5.50+1 ]
43 -¢) 54231 15 _1 Yz
a§3§c+§,§_ic
(1-cabYZ 1,%a+%,%a+1,%b+%,%b+] -
e st Y2z
4e 2,3, L+ 1,2-Le
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Corollary 3.7. In (2.3), if we take i = 2, we get

(1 =21 —y)’Hg (a,b,c;4 - ¢,¢,¢;=yz,y,2) = 2 — ¢)* 5Fy

1-0)2-c)3-c)abYZ F
6¢c(4 - c¢)

1 11
2~ VabYZ l,5a+ 5,5a+1
+( c)a N A

6 4

Corollary 3.8. In (2.4), if we take i = 1, we get

1
(1 -2*0 -y’Hg(a,b,c; 1 —c,c,c;-yz,9,2) = 3 4F3[

Corollary 3.9. In (2.4), if we take i = 2, we get

1
(1 -2)°(1 —y)’Hgp (a,b, c; —c, ¢, ¢; =y, ,2) = 5 43

Similarly, other results can be obtained.
Remark 3.10. For generalizations of the result (1.2), see Rathie [18].

4. Concluding Remarks

In this paper, we have established four unified results of reducibility of the Srivastava’s triple hypergeometric series
Hpg. The results are obtained with the help of two general results involving products of generalized hypergeometric
series due to Rathie et al. The results established in this paper are simple, very interesting, easily established and may

be potentially useful.
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