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Sazeruh U 1adu sc 1azmatia pr oblem odredivana savisenth grafova po rastojamu u smislu metricke dimenzye
Pokazuyc se da su saviscni g1 afovi u smislu rastojanja il putevi ilt imayu dyametar najvise 3

Kljucne rect saviseni giafovi meti icka dimenzya petersenov graf

Abstract In this papc we consider the problem of determining distance-perfect graphs in the sense of the metric
dimension We show that distance-pei fect gi aphs are either paths or have diameter of most 3
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1. INTRODUCTION

The metric dimension problem, ntroduced by F Harary
m 1976 [4], has been recently widely nvestigated It
ariscs in many diverse arcas including network discovery
and venfication robot navigation connccted joints 1n
graphs, chemustry, cte

Given a simple connected graph G=(V E) and u,velV,
d(u,v) denotces the distance between w and v in G, 1¢ the
length of the shortest u-v path A vertex x of the graph G
1s said to sesohe two vertices w and v of G f
d(x,u) #d(x,n) Anordered vertex sct B= {x; x,  x;}
of G 1s a resoh ing set of G if cvery two distinct vertices
of G arc rcsolved by some vertex of B Given a vertex ¢,
the h-tuple d(1,B) =(d(t,Y,), ,d(t,%)) 1s called the
vector of metiic coordinates (or the metric vector) of ¢

with respeet to B The metric basts of G 1s a resolving sct
of thc muumum cardinality The metric dunension

B(G) ot G 1s the cardinality of its metric basis

Example 1 Consider the graph G of Figure 1 The sct
W, =14 B,C} 1s a resolving sct for G since the vectors of
metric coordinates for the vertices of G with respect to W,
arc

d(4,W)=(0 L1) d(B,W,)=(1,0,1) d(C,W)=(1,1,0),
d(D,W)=(12,1) d(E,W,)=(2,1,1)

However #, 1s not the mmmum resolving sct since
Wy =14 B 1 with  smaller

also a resolving  sct

cardinality, as can be seen from Figurc 1 On the other
hand, thc sct W; ={B} 1s not a rcsolving set sincc

d(A,W3)=d(C,Wy)=1 Using a similar argument 1t 1s

Figure 1. A graph and 1ts mctric basis

casy to check that nonc of singleton nodes forms a
resolving set, and hence B(G) =2 with the metric basis

Wy ={x,, x2}, x)=A, x,=B

The mctric dimenston has many 1intercsting propertics
which arc out of the scope of this paper Interested recader
1s referred ¢g to [1] In [S] 1t was proved that the
problem of computing thc mctric dimcnsion of an
arbitrary graph 1s NP-hard Nevertheless, for some classes
of graphs 1t 1s possiblc to obtain explicit formulas for the
metric dimension path on n vertices has f(P,) = 1, cyclc
on n vertices has B(C,) = 2, complcte graph on » vertices
has A(K,) = n - 1 On thc other hand, thc metric
dimcensions of some important classes of graphs such as
hypcrcubes and Hamming graphs are still not known In
[6,7] arc given results of solving the metric dimension
problem as a combinatorial optimization problem for
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ovin umpurwan uicurcncal classes of graphs as well as for
scveral classcs of graphs from practice

2. DISTANCE-PERFECT GRAPHS

Lct G be a graph on n vertices with the metric dimension
P(G) =k and the metric basis B={x, v, xy} For any
ve(G) d\) =d(x B) = (d, d» dy) 1s the metric vector
of a where d, = d(v 1) Since B 1s a resolving sct we have

V£ = dV) £d0)

Lct D be the diamcter of graph G 1¢ D= max d(u,v)

1 1€V (G)
lor v ¢ B all A coordinates ot d(1) belong to the sct
1,2, D} Smcc there arc at most D* such vertices, we
have n < h + D' If n = & + D¥ the graph 1s called
distance-pei fect

Examples Distance-perfect giaphs exist Trivial examples
are

1) Path P, on n vettices Then D = n-1, f(P,) = 1 (any cnd
vettex provides a metiie basis) Henee, n =1+ (n-1)" and
therctore P, 1s distance-perfect

2) Complete graph K, on n vertices Then D = 1,
p(K,) =n-1 Wehaven=n-1+1" " and therefore K, 1s the
distance-perfect

Onc nontrivial cxamplc 1s wheel on 6 vertices (Figure 2)
Sct of vertices B={x,,x,} rcpresents a metric basis We
have /=2 and D=2 and thercfore, n = 6 =2 + 2> = 4 + D*
Metric vectors for x ¢ B arc all 4 possible distance
vectors and they arc given in Figure 2

(1,2)

(2-2)

Figure 2. Wheel on 6 vertices

In this paper we will concentratc on the following
rescarch problem

Piroblem I Characterize (or find all, or describe some
propertics of) distance-petfect graphs One can consider
special cascs wath restricted n, D, k or/and assuming that
graphs have some special propertics

2.1. Distance-perfect graphs of diameter 2
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If D=2, then for distance-perfect graphs n = k 4 o*
d(x) = (1,1, 1), then vertex v 1s called the top of th
graph ¢

Piroposition 1f the top of a distance-perfect graph

diameter 2 15 not adjacent to a vertex (outside the mctrof
basis), the graph remains distance-perfect when adding ©
cdgc between these two vertices an

Proof The fop 1s, of course, adjacent to all verticeg
the metric basis However, adding an edge betwee
top and a vertex outside the basis docs not mnfluen
distance between any two vertices of the graph

from
N the
CC the

Defuntion A distance-perfect graph G of diameter 2 Is
called complete 1if the top 1s adjacent to all vertices of&

A complete distance-perfect graph G of diameter 2 ¢ap be
represented as a conec G = H V K, where K, represents
the top of G and V the join of graphs

Definition The subgraph H of G = H'V K, 1s called ap
almost complete distance-perfect graph of diameter 2

Definition The subgraph of a graph G induced by 4
metric basis B of G 1s called a foundation of G

Problem 2 Dctermine all rcgular almost complete
distance-perfect graphs of diamcter 2 with the given
foundation

Example 2 Lct a foundation be the graph K, Then we
have =2 and since D=2 1t follows n=2+22~1=5 Let
B={x,, x>}, wherc x; and x, arc adjacent The remaining
three vertices have distance vectors (1,2), (2,1), (2,2) Itis
casy to check that the only possibility for G 1s given
Figurc 3 Wec get a regular graph of degree 2, 1¢ the
pentagon Cs The corresponding complete  distance-
perfeet graph 1s the wheel Cs V K, already given mn

Figure 2
1,2)
@
(&9

22)

(x2)
. @1

Figure 3. Pentagon Cs

Example 3 Figurc 4 contamns the well-known Pcterscnt
graph P with a mctric basis {x;, x, v;} and the metric
dimension k=3 The Pctersen graph has diameter p=2 and
vertices outside the basis have all possible metric vectors
except  (1,1,1) This mecans that the CO“E
P V K; 15 a distance-perfect graph having n = £+ 27
3+2%=11 vertices



Figure 4. Petersen graph P

fhesc two cxamples of regular and almost complete
distance-perfect graphs arc very suggestive and onc might
jook for gencralizations  However, 1t scems that 1t 1s
difficult to find other cxamples

The pentagon Cs and the Petersen graph P from Examples
9 and 3 arc known to be cxamples of the so called Moore

graphs

A Moore giraph 1s a graph of diamcter D and girth (the
length of the shortest cycle) 2D+1 It appcars that at most
four Moorc graphs cxist [3] In addition to Cs and P, there
is the Hoffman-Singlcton graph on 50 vertices and
possibly a graph on 3250 vertices and all they have
damcter D=2 Sincc cquations A + 2¢ = 51 and
k+ 2= 3251 do not have mteger solutions, Cs and P arc
the only 1cgular almost complete distance-perfect Moore
graphs

A graph 1s called st ongly 1egular with parameters 1 e f
if 1t 1s regular of degree 7, any two adjacent vertices have
exactly ¢ common ncighbours and any two non-adjacent
,'chccs have cxactly / common ncighbours It 1s known
:lhat strongly regular graphs have diameter 2

Since Cs and P are also strongly rcgular graphs, another
possibility 1s to try to find othcr almost complcte distance-
perfect strongly regular graphs It scems that also i this
dircction 1t 15 unhikely that examples will be found For
txample, there arc no strongly regular graphs of degree 4
on 20 vertices

The cxistence of strongly regular graphs with given
Parameters 1s investigated using  cigenvalues of the
adjacency matrix  (sce, for cxample, [2], p 195)
However, the following problem mught be nteresting

Problem 3 Construct an algorithm to find a metric basis
of a strongly rcgular graph

22, Distance-perfect graphs of diameter 3

The paper [1] contains a distancc-perfect graph of
diameter D=3, metric dimension k=2 and
n = 2+3% = || vertices, although the paper docs not
Consider the concept of distance-perfect graphs  This
graph is reproduced here n Figure 5

3.3 G,2)

@3)

1,3) (E3)]

Figure 5 A distance-perfect graph of diameter 3

It 15 also shown m [1], that the cquality n = & + D* can not
hold for £ > 2 and D > 4 Hence, distance-perfect graphs
of diamcter D > 3 have k=1 and arc reduccd to paths P,

3. CONCLUSIONS

Wec have introduced the concept of distance-perfect
graphs and have shown that such graphs are cither paths
or have diamcter at most 3 Onc might hope that all
distance-perfect graphs can be found 1n further rescarch
Wec have posed scveral rescarch problems concerning
distance-perfect graphs
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